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Preface

In almost every branch of quantitative sciences, inequalities play an im-
portant role in its development and are regarded to be even more impor-
tant than equalities. This is indeed the case in probability and statis-
tics. For example, the Chebyshev, Schwarz and Jensen inequalities are
frequently used in probability theory, the Cramer-Rao inequality plays
a fundamental role in mathematical statistics. Choosing or establishing
an appropriate inequality is usually a key breakthrough in the solution
of a problem, e.g. the Berry-Esseen inequality opens a way to evaluate
the convergence rate of the normal approximation.

Research beginners usually face two difficulties when they start resear-
ching—they choose an appropriate inequality and/or cite an exact ref-
erence. In literature, almost no authors give references for frequently
used inequalities, such as the Jensen inequality, Schwarz inequality, Fa-
tou Lemma, etc. Another annoyance for beginners is that an inequality
may have many different names and reference sources. For example,
the Schwarz inequality is also called the Cauchy, Cauchy-Schwarz or
Minkovski-Bnyakovski inequality. Bennet, Hoeffding and Bernstein in-
equalities have a very close relationship and format, and in literature
some authors cross-cite in their use of the inequalities. This may be due
to one author using an inequality and subsequent authors just simply
copying the inequality’s format and its reference without checking the
original reference. All this may distress beginners very much.

The aim of this book is to help beginners with these problems. We
provide a place to find the most frequently used inequalities, their proofs
(if not too lengthy) and some references. Of course, for some of the more
popularly known inequalities, such as Jensen and Schwarz, there is no
necessity to give a reference and we will not do so.

The wording “frequently used” is based on our own understanding.

It can be expected that many important probability inequalities are not
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collected in this work. Any comments and suggestions will be appreci-
ated.

The writing of the book is supported partly by the National Science
Foundation of China.

The authors would like to express their thanks to Ron Lim Beng Seng

for improving our English in this book.

Zhengyan Lin
May, 2009
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Chapter 1

Elementary Inequalities of
Probabilities of Events

In this Chapter, we shall introduce some basic inequalities which can
be found in many basic textbooks on probability theory, such as Feller
(1968), Loéve (1977), etc.

We shall use the following popularly used notations. Let Q be a
space of elementary events, .# be a o-algebra of subsets of Q, P be a
probability measure defined on the events in F#. (2, %, P) is so called
a probability space. The events in .# will be denoted by A, Ay, -+ or
A,B,--- etc. A|UB,AB(or A(B),A— B and AAB denote the union,
intersection, difference and symmetric difference of A and B respectively.
A€ denotes the complement of A and @ denotes the empty set.

1.1 Inclusion-exclusion Formula
Let Ay, As,---, A, be n events, then we have

P(OAi>zn:P(Ai)— S P(AA) -

1<i<j<n

HEDRE YT P4y - Ay

1< < <ipg<n
NI (_1)”—1P(A1 S AY).

Proof. When n = 2, it is trivially known that

P (A1 UAQ) — P(A1) + P(As — A1 As)
=P(A;) + P(A2) — P(A1A2). (1)

Z. Lin et al., Probability Inequalities
© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010



2 Chapter 1  Elementary Inequalities of Probabilities of Events

We show the formula by induction. Assume that the formula holds for
n. We will show that it holds also for n + 1. In fact, by (1) and the
induction hypothesis,

n+1 n
P(U Ai) =P (U Ai) + P(Ant1) (U A An+1>
i=1 i=1 i=1

n+1
=D "P(A) = > P(AiAj)+ (-1 P(Ar - Ay)
i=1 1<i<ji<n
{ZP(A Anp) = Y P(AiAjA L)
i=1 1<i<jsn

4+t (—1)”_1P(A1 “ee AnAn+1)

n+1

=3 P(A)— > P(AiAj)+ - +(—1)"P(A1 - Anp).
i=1

1<i<j<n+1

1.2 Corollaries of the Inclusion-exclusion Formula

From the inclusion-exclusion formula, it is easy to deduce the following
two conclusions.
1.2.a. When Ay, .-+, A, are exchangeable, we have

(00)-5 e

= 1

Remark. A set of events {A;,---,A4,} is said to be exchangeable if
the probability of the intersection of any subset depends only on the
size of the subset, that is, for any integers 1 < 4; < --- < ¢; < n and
1<j<n, P(Ai A, -+ Aiy) = pj.

1.2.b. When A,,---, A, are independent and p = P(4;), we have

(Gn) -z

1.3 Further Consequences of the Inclusion-exclusion
Formula

The following inequalities are also consequences of the inclusion-exclusion
formula.
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1.3.a S P(A)— Y P(AA) <P (Q A,-) < éP(A,-).

i=1 1<i<j<n
Remark. The right hand side (RHS) of the above inequality can be
improved to

P (O Ai) < zn:P(Ai) - ZH:P(/hAi)-

=2

Proof. When n = 2, the inequality with the improved RHS reduces to
the inclusion-exclusion formula. Now, by induction we have

)+(00) - o{(21)0)

<D P(Ai) =Y P(A1A) + P(Api1) — P(A1An ).

This proves the improved right hand side. Similarly, by induction, we
have

) 00) ({30

>ZP(A1')— Z P(AiA;j) + P(Ant1) —ZP AiAn1).

1<j<n i=1

This proves the left hand side (LHS) of the inequality.
1.3.b. |P(AB) — P(A)P(B)| < }.
Proof.

|P(AB) — P(A)P(B)|=|P(A)P(AB)+P(A°)P(AB)

+
P(A)P(AB) — P(A)P(A®B)|
|P(AC)P(AB) — P(A)P(A°B)].

Since A® and AB are disjoint, P(A°)P(AB) < 1/4 (by noticing that
Juax, p(1 —p) =1/4). Similarly, P(A)P(A°B) < 1/4 as desired.
Remark. The difference P(AB) — P(A)P(B) can be regarded as the

covariance of the indicators I4 and Ig. The inequality 1.3.b can be

<
<

easily proved by using the Cauchy-Schwarz inequality. Here, we proved

the inequality by deliberately avoiding the use of moments.
1.3.c. |P(A) — P(B)| < P(AAB), (AAB = (A—-B) (B — A))
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Proof. By 1.3.a,
P(AAB) > P(A—B)=P(A)— P(AB) > P(A) — P(B).
By the symmetry of A and B, 1.3.c is proved.

1.3.d. (Boole inequality). P(AB) > 1 — P(A¢) — P(B°).
Proof. P(AB)+ P(B¢) > P(A) =1— P(A°).

o0 oo o0 o0
1.3.e. Let limsup A, = (| U An,liminfA, = |J () A,. Then
n—o00 N=1n=N n—oo N=1n=N
P(liminf A,) < liminf P(4,) < limsup P(A,,)
< i < i .
< P(hrrLILSoL;p An) < ngr(lxj E;V P(A,)
n=

Proof. For any positive integer N, we have
o0 o0
() Anc Av C | An,
n=N n=N

which simply implies

P(ﬁ An> < P(Ay) <P(D An> < f: P(A,).

Letting N — oo, we obtain the desired inequalities.

1.3.f If P(A) > 1 —¢,P(B) > 1 —¢ for some 0 < & < 3, then
P(AB) > 1 — 2e.

Proof. P(AB)=P(A)+ P(B)—P(AUB)>1—2e.

1.3.g (Bonferroni inequality). Let Pp,j(FP,,) be the probability that
exactly (at least, correspondingly) m events among Aj,---, A, occur
simultaneously. Putting

Sy = > P(A;, - A;).
1< < <im<n

Then
S — (m + 1>Sm+1 < P[m] < S, Sm — mSm+1 <P < Sy

Proof. Let Ay, (A(m)) denote the event that exactly (at least, corre-
spondingly) m events among Aj,--- , A, happen simultaneously. Then
we have

Apm) C Apy = U Ay, - Ag

1< < <im<n

m-
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The RHS of the above inequalities follows by using the semi-additivity
of probability measure.
On the other hand, we have

A D U Ajy o Ay, — U Aiy o Ai

1< < <im<n 1<i1 < <imy1<n
This implies py,) = pm — Smy1. Also, for each iy < -+ < ipq1, the

probability P(4;, --- A is included at most in each of P(A;; --- A;: )
in S, where (¢}, --- ,4' ) is a subset of (41, - ,4m+1). Among the m+1,

’ “m

Tm41 )
one needs to contribute to p,,. Therefore,
Sm — Pm 2 mSm,+1~

The LHS of 1.3.g then follow.
Remark. In fact, the inequalities 1.3.g can be proved from the following
identities:

1 2
Py = S — (m+ >Sm+1+ (m+ )sm+2+...+(_1)n—m(”)sm
m m m

m m+1 nem [ 1
PmSm(m_1>sm+1+(m_1>Sm+2+"'+(1) (m_1>5n,

S = zn: (Tzn) Py and S, = zn: (;__11>Pi.

i=m i=m

By definition, we have

Py= Y P4 4),

FeZ,; JEF LeFe
where .%; is the collection of all subsets of size i of the set {1,2,--- ,n}.
Note that for each F' € Fm, the set [ A can be written as the union of
teF

disjoint subsets (| A; () AS, for all i > m where F € .%; and F C F.
JEF  [LEFe

This proves that
"~ (i
Sm = Pz )
=3 ()

which implies S, = > (;;_11)1% by noticing that P = P; — Pi11.

i=m
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Substituting the expression of Sy, in terms of P into the RHS of
the first identity, we obtain

m-+1 m+ 2 nem{ T
Sm_( m )Sm+1+< m )Sm+2+"'+(_1) ( )Sn

S (0

j=m i= M
" fi-m .
= P 1)y ™ = .
> () ()=
i=m j=m

By the same approach, one can prove the second identity.
1.4 Inequalities Related to Symmetric Difference

l.4.a. P{(UAn)A(UBn)} < P{ U (AnABn)} < P(A,AB,).

n

Proof. The left inequality follows from ( U An) A( U Bn) cU(4,ABy,)

by the definition of the symmetric difference. The right one follows from
1.3.a.

1.4.b. P{(A1 — A2)A(B; — B2)} < P(A1AB;) + P(A2ABs).

Proof. The inequality follows from the observation

(Al — AQ)A(Bl — BQ) C (AlABl) U(AQABQ)

1.5 Inequalities Related to Independent Events

1.5.a. Let {A,} be a sequence of mutually independent events. Then

1-P (O Ak) <€XP{—Xn:P(Ak)},
k=1

k=1

1-P (kL_Jl Ak> gnh_)rroloexp {— ];P(Ak)} .

Remark. The inequalities are useful in the proof of the Borel-Cantelli
lemma.

Proof. The conclusions follow from an application of the inequality
1 —x < e™® for real x to the RHS of the identity

1-P (CJ Ak> =P (ﬁ A;) = ﬁ(l — P(Ag)).
k=1 k=1

k=1
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1.5.b. Suppose that A and B are independent, AB C D and A°B¢ C
D¢. Then P(AD) > P(A)P(D).

Proof.
P(AD)=P(ADB) + P(ADB®) = P(AB) + P(AB®) — P(AD“B®)
= P(A)P(B) + P(AB°) — P(D°B®) + P(A°D*B")
= P(A)P(B) + P(AB®) — P(D°B®) + P(A°B®)
— P(A)P(B) + P(B°) — P(D°B°)
> P(A)P(BD) + P(A)P(B°D) = P(A)P(D)

1.5.c (Feller-Chung). Let Ay = &, {A,,} and {B,} be two sequences of
events. Suppose that either

(i) By, is independent of A, AS_,--- A§ for all n > 1, or

(ii) By is independent of {A,,, A, AS 1, Ay AS  AS o, -+ }foralln >

1. Then .
P(UAW,B,L>/H§1P (UA)
n=1

Proof. In case (i),

and in case (ii),

{UA }:i {AB ﬂ (AiBy) }>nP{Aij ﬁ Af}
j=1 i=j+1 j=1 i=j+1
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1.6 Lower Bound for Union (Chung-Erdés)

P (Q Ai> > <iP(Ai)>2/<iP(A¢)+2 > P(AiAj)>.

1<i<j<n

Proof. Define random variables Xj(w),w € €, by

07 if w ¢ Ai,
1, ifwe A;.

X = {
Then

2 Y PMA)=EX 4+ X, -~ EX{+--+X2).

1<i<j<n

By the Cauchy-Schwarz inequality (see 8.4.b), we have

(B(X1+ -+ X)) <PXyi 4+ X, >0)E(X;y + -+ X,,)%

Note that EX; = EX? = P(4;),P(X1+ -+ X, >0) = P (U Ai)
=1

by definition. Combining the above two relations yields the desired in-
equality.
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Chapter 2

Inequalities Related to Commonly
Used Distributions

Commonly used distributions play an important role in applied statistics,
statistical computing and applied probability. So, inequalities related to
these distributions are of great interest in these areas.

Let £ be a random variable (r.v.). Then its distribution function
(d.f.) is defined by F'(z) = P(£ < z) and its probability density function
(pdf.) p(x) (if it exists) is defined to be a measurable function such that
F(z) = [*__ p(y)dy. Write

1 z 2 1 2
d(z) = — e /24t and z) = ——e " /2
@=-—=/ o(2)
for the standard normal d.f. and pdf. respectively,

b(k:;n,p)=<2)p’“q”_k, k=0,1,---,n, 0<p<l q=1—p

for the binomial distribution with parameters n and p,

Aee—A

T k=0,1,---, A>0

p(k; ) =

for the Poisson distribution with parameter .

2.1 Inequalities Related to the Normal d.f.

2.1.a. ﬁ(b —a)exp{—(a®Vb?)/2} < ®(b) — ®(a) < ﬁ(b —a),—00 <
a <b<oo.
Proof. It follows from the fact that e=**/2 on [a, b] is between exp{—(a?V

b?)/2} and 1.

Z. Lin et al., Probability Inequalities

© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010
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2.1.b. For all z > 0,

(1 _ 1> o(z) < Jimg@(x) <1-9®(x) < é@(l’)-

x a3

Proof. The most right inequality follows from integration by parts

/OO e~ t/2dt = le*””z/2 — /OO le*t2/2dt

for all x > 0. The most left inequality is elementary. The middle in-
equality follows from the observation that for all z > 0,

%/ e_tz/th>/ t%e_t2/2dt:ée_’”2/2—/ e~ t/24t,

Hence
1 1 >
—em7/2 < (1 + 2) / e~t/24s,
T T -

which implies what is to be proven.
Remark. By repeatedly integrating by parts, the above inequality can
be extended as, for any integer k > 0 and = > 0,

2k+1 o
(=1)7(2j — DN (=1)7(25 — 1!
ZO P <1-%@) < Z x2g+1 (),
=
where (2j — 1)1 =(2j—-1)---3-1= (22]},' and by convention (—1)!I! = 1.
The reader is reminded that one can only do finite steps of the integration
o0 1 .
by parts because the series »_ % does not converge for any
j=0

x > 0. That means, one cannot get an identity by making k — oco.
2.1.c. For all real 7, 1 — ®(z) > (Va2 + 4 —2)p(z) for all 2 > —1,1—

2
®(z) < grveme(@)-

Proof. Using the Cauchy-Schwarz inequality (see 8.4.b), we have

oo 2 oo oo
(e="/2)2 = (/ tet2/2dt> < </ t2et2/2dt> </ et2/2dt>
- (zex2/2 +/ et2/2dt) / et /2dt,

which implies the first inequality. Let

Uy = em2/2// e /24t and 0r = (Ve — )20, — ).
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By the LHS of 2.1.b, for all > 0, we have v, > x%’—ilgo(a:) and hence
for all z > 0,

22 (2% + 1)

ISRV

Next we show that ¢, > 1 is true for all z. If not, by continuity,

> 1.

there is an zg such that
Pzo = 1, <p;0 > 0.
But
Lp;O = (1/;0 — 1) (20 — x0) + (Vay — Z‘o)(Ql/;O -1
= Vo (2o — 1) + 2(Vay — x0)(vy, — 1)
=2(Vy, — x0) (v}, —1).

xo

By the RHS of 2.1.b, we have v, —x > 0 for all real x. By the assumption
1 =g, = 207 — 3xgls, + 3, we have

2 2 21 _ 2
Ve — 1 = V3 — ToVay — [2v5, — 3T0Vs, + 5] = —(T0 — vs,)” <0,

which implies that ¢/, < 0, contradicting the assumption that ¢, > 0.
Hence, for finite z,
gz > 1.

Considering the above inequality as a quadratic inequality in v,, we
obtain that for all x, either

3z 4+ Va2 +8 3z — Va2 +8
— = = -

or v, < 1

It is obvious that the first inequality is true for x < 0 since the second

Vyp >

one is impossible. By continuity, we conclude that the first inequality is
true for all real . Then, the second inequality of 2.1.c follows from the
fact that @ >0 for all z > —1.

2.1.d. 1-®(z) ~p(2){2 - H4+L2— .4 (-1)F (2;2;3”} as ¢ — oo and

z a3

for z > 0 the RHS overestimates 1—®(x) if k is even, and underestimates
if k& is odd.

Proof. See the remark to 2.1.b.

2.1.e. Let (X,Y) be a bivariate normal random vector with the distri-

(5 1)

bution
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If 0 <7 < 1, then for any real a and b,
b—ra

(1 - ®(a)) (1—q><m

<(1—¢>(a)){<1—‘1’<%>>”% (1_@@%))}'

If —1 < r <0, the inequalities are reversed.

)) < P(X >a,Y >0

Proof. By integration by parts we get

P(X >aY >b) :/:Oap(x) (1—@(%))@
v (o222

+ [T ane (55)

Suppose 0 < r < 1. The lower bound then follows immediately. Next
note that (1 — ®(z))/¢(x) is decreasing. Thus

b—rx dz

/a“u—@(x))so(ﬂ_rz) i
< 1;((1;561) /:0 o(z)e (jl__rfz) \/1df 72
L [ (2]

which gives the upper bound. For the case —1 < r < 0 the same argu-

ment works by noting the reversed directions of the inequalities.

2.2 Slepian Type Inequalities

2.2.a (Slepian lemma). Let (Xi,---,X,) be a normal random vector
with EX; =0, E'AXJ2 =1,j=1,--- ,n. Put vy = EX; X; and I' = ("Ykl)
which is the covariance matrix. Let I/! = [z,00),I;! = (—o00,z) and

A; = {X; € I}, where ¢, is either +1 or —1. Then P{ N Aj;F} is
j=1

an increasing function of vy if exe; = 1; otherwise it is decreasing.
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Proof. The pdf of (Xy,---,X,) can be written in terms of its charac-
teristic function (c.f.) by*

n .” 1
p(x1, -, ) =(2m) /—~-/exp 1_Eltjxj—§ kgl Yiitrty pdty - - - dty,.
J= ,

It follows that
dp 8%p

—_— = , 1<k<l<n.
OV OxpOxy "

Hence we regard p as a function of the n(n — 1)/2 variables vy, k < [.
Moreover

P ﬂAj;l" :/ / plug, - up; D)dug - - - duy,.
i1 ! s

Consider the probability as a function of v, k < [, we then prove the
conclusion by verifying the nonnegativity of an example. Consider 719
and the integral intervals are I ;7! and If'. We have

j=1

O
62
:/ / ———p(u1,us, - s up; I)dusdus - - - duy,
rJ Jigy Ou10us

:/ / p(xl,xg,u;),,---,un;F)du?,---dun}O.
33 o

xn

n
Hence P { Aj; F} is an increasing function of v1,.
=1

j=
2.2.b (Berman). Continue to use the notation in 2.2.a. We have

n n
P ﬂAJ‘ —HP(Aj) < Z vkl (T, T2 v50) s
Jj=1 j=1 1<k<i<n

where ¢(z,y;~;,;) is the standard bivariate normal density function with
a covariance v;, and v}; is a number between 0 and ;.

1 In this book, “” sometimes denotes an index or at other times denotes the
image unit. It is not confused from the context.
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Proof. Put I; = I3},

Q((Ih’l'ﬂ)’F):/ / p(uhaunvr)dUldU/rL
I I,

and I to be an identity matrix of order n. Then, by the mean value
theorem, there exist numbers v}; between 0 and ~yy; such that

PSAsT=P (N Ailp= > ma(0Q/0w) (L1, In): (v)
j=1 j=1

1<k<I<n

< D lwmale(@r zs ).
1<k<i<n
2.2.c (Gordon). Let {X;;} and {Y;;} (1 <i < n,1 < j < m) be two
collections of normal r.v.’s satisfying:
(1) EXj; = EY;; =0, EX} = EY2, 1 <i<n,1
(2) B(X X)) < BE(YiYik), 1<i<n, 1< j,k<my
Then for any x5,

P ﬂ U(le > xij) =P ﬂ U(YU P> l'ij)

i=1j=1 i=1j=1
Proof. Denote a vector z = (z1,- -+, Zpm) in R by
T = (mlla"" sy Lim, L21y° " s T2my " s Tnly """ 7x71m)a

where T;; = T(;_1)m4j, 1 <i<n, 1 <j<m.

For a given positive definite matrix I' = (Yyo )nm, let Z = (Z1,- -,
Znm) be a centered normal random vector with covariance matrix I
Then its pdf can be written as

9(Z;T) = (2m)~"™ /nm exp {i(x,Z) — ;xTx} dz.

As mentioned in subsection 2.2.a, if u # v then 0g/07v,, = 0%g/02,0%,.
Notice that if u = (i —1)m+j,v=(I-1)m+k (1<,I<n, 1<), k<
m), then by our notation

Yuv = E(ZUZU) = E(ZZJZlk)
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Let Aij = {Zij 2 xij}; BiO = Ail and Bij = A§1-~'Afin7j+1.
Then we can verify that

n m m—1 m—1
AUA4;=U - U BijiBajy -+ Bnjy).
i=1j=1 j1=0  jn=0
By this relation we obtain
azn=r[AUa;) =3 - Z/ g
jn=0" Bnijn Bij,

i=1j=1 71=0

where we have used the facts that for any function f(z11 - 2zpm) and
indices 1 <i<n, 0<j<m—1,

0o e} 0o
Bio T;1 J —00 —oo
and
Ti1
[ oo ton= [ [ [
B o0 Ti,j+1

/ f(2)dzipm, - - - dziedzi.

By differentiating @) with respect to v,, we obtain

9Q(xT) A
Ve Z Z / 8zu8zv uF v

51=0  jn=0"B1i1  /Buin

There are two possibilities for the above integrals:

(a)u = (i—1)m+k, v=(i—1)m+Il, where 1l <k <l<m, 1 <i<n;

Mu=>GE—-1)m+k, v=>—1)m+1, where 1<k <I<m, 1<
1<i <n

In case (a), without loss of generality, we take 2z, = 21 m—1,20 =
z1m(ie,i =1,k =m — 1,1 = m), then

2
/ Mdzll"'dzlm
B

1, 071,m-1021m

L1jq [ee) 82 ( )
— " dziy, - d
/ / /ac1 G141 / 0 021,m—1021m “ o
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and we see that this is equal to zero if j; < m — 1 because

o] 2
/ %) 4,

— 00 8217m,1821m

But when j; = m — 1, then

2
/ 09 e
B

11 52’1,m—1321m

T11 T1,m—2
- / e / g(z)|21,m71:$1‘m71721m:$1md217M—2 -o-dz
—0o0 —0o0

Hence, it follows that in case (a), 0Q/0Vyy < 0

In case (b), without loss of generality, we take z,, = z1,, and z, = zo,.
Then, when either j; or js is smaller than m — 1, we obtain as in the
above manner,

—————dz1 - dzypdeeg - d —0.
/3272 /317 821mazgm 11 Z1mdza1 Zom

However, if j; = jo = m — 1, then
/ / ) lel R lemd2’21 s dZQm
Bz m-1 Y Bim-1 8217”8227”

T1,m—1 T2,m—1 o0 (92
A B Y R Ty G do
Tim J — Tom 0z1m0%2m
T1,m—1 T2,m—1
:/ - / / - / 92 |z1m=21m 20m =2 d22,m—1 "
— 00 — 00 — 00 — 00

dzo1dzy m—1 - -d2n1

=0.

Hence it follows that in case (b), 0Q/07vu, = 0
Let I'x and I'y be the covariance matrices of X = (X711, -+, X1m, -+,
X1, Xnm) and Y = (Y1, -+, Yip, -+, Y1, -+, Yom). By a stan-
dard approximation procedure we may assume that I'y and I'y are both
positive definite. For 0 < 6 < 1, let 'y = (yu) and T'y = (sy4y) and
I'(0) = 0T x +(1—0)T'y. By assumption (1), Yup = Suv for all u, therefore
dQ(Zd;(e)) Z a%,(_yz F) |’Y:’Y(9) (’Y'U,v - Su'u).

u<v
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By the assumptions (2) and (3), Yu» < Sy in case (a) and Yup = Sup
in case (b), hence dQ/df > 0. Therefore Q(z,I'(1)) > Q(z,I'(0)), i.e.,
Q(X;Tx) > Q(Y;T'y). The proof is completed.

Remark. As a consequence, under the conditions (1), (2) and (3),

E min max X;; > F min max Yj;.
1<i<n 1<j<m 1<i<n 1<j<m

2.3 Anderson Type Inequalities

2.3.a. Let X be a zero-mean Gaussian vector in RY and let D be a
convex set in RV symmetric with respect to the origin. Then for any
0 < |h| €1 we have

P{X +z €D} < P{X + hx € D}.

Proof. This is a direct consequence of the following integral inequalities
(Anderson, 1955): For the convex set D of RY where D is symmetric
with respect to the origin, a non-negative function f(x) in RY satisfies:
(i) f(2) = f(—a);
(ii) for any u>0, {x: f(x) > u}is a convex set;
(iii) [, f(z)dz < co (under the meaning of Lebesgue integral).
Then for any 0 < |h| < 1, we have

/fwﬂ/ /fx+hy (2)

Assume that f(z) = (21) N2 exp{—2'Y " '2/2}, in which ¥ is the pos-
itive definite covariance matrix of X, the proof follows from (2).
2.3.b. Let X; and X5 be Gaussian vectors with means zero and covari-
ance matrixes X, and Xy, respectively. If Xy — Y is positive semi-definite
and D is a convex set symmetric with respect to the origin, then

P{X, € D} > P{X, € D}.

Proof. Let Y be a Gaussian vector in RY with mean zero and covariance
matrix Yo — X7, and is independent of X;. Then X5 and X; + Y have
identical distributions. From 2.3.a, we have

P{X,€D}=P{X,+Y € D} = /P{X1 +yeD}dPy(y)

< / P{X, € D}dPy(y) = P{X, € D).
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2.4 Khatri-Siddk Type Inequalities

2.4.a. Let X and X® be Gaussian vectors in R™ and R"™ respec-
tively, and Dy, Dy be two convex sets in R™ and R™ which are sym-
metric with respect to the origin. If the rank of the covariance matrix
Cov(X™, X)) is not larger than 1, then we have

P{XM e D, X® e Dy} > P{XW € DIP{X®? € D,}.

Proof. Let g and h be two functions defined in RY. Suppose that
for any x1,70 € RY, (g(x1) — g(x2))(h(z1) — h(x2)) < 0. Let X be a
random vector in RV and Y be an iid. copy of it. Then from E(g(X) —
g(Y))(h(X) —h(Y)) = 0 we have

Eg(X)h(X) > Eg(X)Eh(X). 3)

Let X} and X, be the covariance matrixes of X (1) and X () respectively.
Since the rank of Cov(X™, X)) is at most 1, there exist a vector a €
R™ and a vector b € R” which satisfy Cov(X®, X)) = ab’, and X1,
X @) can be expressed as

XU =yW aaq, X =v® 1 pq,

where G is a standard normal variable, Y1) and Y are Gaussian
vectors with mean 0 and covariance matrices X; — aa’ and Xy — bb'?
respectively, and Y, Y2 and G are independent of each other. From
2.3.a, we obtain P{Y(l) +ay € Dy} and P{Y(Q) + by € Dy} are both
nondecreasing functions of |y|. Therefore, by using (3) we have

P{XW e D, X® e Dy}
=P{YD + 4G e D;,Y?® +bG € Dy}

:/P{Y(l) +ay e D, Y® £ by e Dy} dP,(y)

2 If we arbitrarily choose the vectors a and b for the expression of
COV(X(1)7X<2)), the matrices X1 — aa’ and Yo — bb’ may not be non-negatively
definite (nnd.) and thus Y1) and Y(®) are not well defined. We just remind the
reader that we can always select suitable vectors a and b such that the matrices
Y1 — aa’ and Yo — bb’ are both nnd. and our proof is based on such a suitable
selection of the vectors a and b.
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_ / PIY®D fay e DIYPY® 4 by € Dy} dP, (y)

> / P{YW 4 ay € D} dP,(y) / P{Y® 4 by € Dy} dP,(y)

=P{YW 4 age D;}P{Y® +bg e Dy}
=P{XW € D;}P{X® € Dy}.

As a special case of 2.4.a, we have
2.4.b. Suppose (X1,---,Xy) is a zero-mean Gaussian vector in RY.
Then for any positive number \;,7 =1,--- | N, we have

N N-1
P{ﬂm < A»} >P{ (N (X1 <2 JPUXN] <)

i=1 i=1

N
> PUXil = A}
=1

When the rank of Cov(X ™), X)) is larger than 1, Shao(2003) proved
the following conclusion.
2.4.c. Suppose (X1, -+, X,) is a zero-mean Gaussian vector. Then for
any ¢ > 0 and each 1 < k < n,

p {1<?<}(k‘ il <} {k<?<xn| il <}
<P{m X <2< p tP{m X.| <2 YP{m X.| <
= {1g?§n| il <ab<e {1g?<Xk| il <o} {k<?<Xn| il <,

where p = (| Z|/(|£11|| Z22])) /2, X, £11 and Xy are covariance matrixes
of (X1, ,Xn), (X1, ,Xg) and (Xp41,- -+, X,) respectively.

2.4.b can be regarded as an analogy of an absolute-value situation of
Slepian lemma. Another analogy is 2.5.

2.5 Corner Probability of Normal Vector

Let X = (Xi1,---,Xn) be a zero-mean Gaussian vector in RY with
covariance matrix I' = (a;;) satisfying a;; = oyaj(aia;;)'?, i # 7,
where |a;| < 1 and a;; > 0,4 =1,---, N. Then for any positive number
Ni,i=1,---, N, we have

P{m(|Xi| > )\i)} > HP{(lXi| > Ai)}

i=1
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Proof. Put 0? = a;;. By the assumption, the covariance matrix I' can
be written as I’ = T + aa/, where a = (011, ,oyay)’, and T is a

N x N diagonal matrix of which the diagonal elements are o2(1 — o).

Moreover, X can be written as
X =Y +ag,

where Y = (Y7, -+ ,Yn) is a zero-mean Gaussian vector with covari-
ance matrix 7', ¢g is a standard normal variable independent of Y, and
Y1,---,YyN, g are independent of each other. From 2.3.a, we obtain that
for each i, P{|Y; + o;a;y| = A\;} is a nondecreasing function of |y|. By
using (3), we have

P{ﬂ(|xi| > Ai)} =/HP{|1@- + oy = A} dPy(y)

=1 i=1

N
>H/P{|}/i +oiouy| = Ai} dPy(y)
i=1

N
=TI P{xil = A}
=1

2.6 Normal Approximations of Binomial and Pois-
son Distributions

2.6.a (DeMoivre-Laplace). For n = 1,2,---, let k = k,, be a non-
negative integer and put z = x;, = (k—np)(npq) /2, where ¢ = 1—p, 0 <
p < 1. If 2 = o(n'/%), there exist positive constants A, B,C such that
b(k;n, A Blz]? Cl=
np) || A Blaf Cle
(npg)~/2p(z) no Vn vn

Proof. The condition = o(n'/®) implies k/n — p. By the Stirling

formula
1 1
| — n+1/2 —n+en, 2 -
n n e V2T, o1 <ep < Ton’

we have

n _ nn+1/2 exp(—n + e, 27t —1/2pkqn—k
b(kin,p)=|{ |p"¢" " = ——7 (,k e J2m)

k kR +1/2(n — k)n—k+1/2 exp(—n + ef + en_k)

B eE (k)—k—l/Q (n_k>—n+k—l/2 (n )71/2
= on np ng Prq )
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where ¢ = ¢, — £, — €5, Since k/n — p,e = O(n~1). Now

log{(2mnpq)*/?b(k;n,p)}

1 k 1 —k
—c—(k+=)log— — (n—k+=)log™
2 np 2 nq
£ ayipg+ - ) log (14 2,/
=c— z -
np + Ty/npq 9 g np
— [ ng —zyn —|—l log (1 — s
q Pq 2 g T ng

B 1 g z’q |z [?
=c— (np—i—:v,/npq—i— 2) [a: np_ 2np+0(n3/2

afieo(28) o) ro(2)]

This proves the desired inequality.
2.6.b. For z = (k — \)/vVA ~ o(A\Y/6) as X\ — oo, there exist positive
constants A, B and C' such that
p(k; ) ’ A Bz | Cla]

T o S+ + —.

‘Al/%(w) AV A
Proof. Since z = (k — \)/VA = 0o(A\Y®), k= X+ 0o(A\*/3) and v \/k =
o(A713),

k —X\ k+1/2
log {(27{)\)1/2)\;‘} = log { (2) e_/\+k_g’”}
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<k+;)1og<1—kf>+xf—ak
({2 o () i
B st R o ()
o) ro(3)+o ()

which implies the desired inequality.
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Chapter 3

Inequalities Related to
Characteristic Functions

The characteristic function (c.f.) or Fourier transformation is an impor-
tant mathematical tool in probability theory, especially in the theory of
limiting theorems of sums of independent random variables. Most of the
inequalities can be found in Loéve (1977) and Petrov (1995).

Let € be ar.v. with d.f. F(x). Its c.f. is defined as

f(z) = Bel'® = /OO e dF(z).

— 00

3.1 Inequalities Related Only with c.f.

3.1.a. For any real t,
L= [f)) <40 - [F(O)P).

Proof. Let G(x) be an arbitrary d.f. and let g(t) be the corresponding
c.f. Then

o0

Re(l—g(t)):/ (1 — cost2)dG(x),

— 0o

where Re denotes the real part. It is clear that
t 1
1 — costr = 2sin? — > —(1 — cos2tx)
2 7 4
and therefore for every t,
Re(1 — g(2t)) < 4Re(1 —g(t))
(this inequality is of its own interest). The desired inequality then follows

by setting g(t) = |f(t)[*.

Z. Lin et al., Probability Inequalities
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3.1.b. If [f(t)] < ¢ < 1 for all |t| € [b,20] (b > 0), then

1—¢2

2
8b2 t

lft)<1-

for [t| < b.
Proof. It follows from 3.1.a that

L= [f@")F <4"( - fOF)

for every n. For t = 0 the inequality is trivial. Suppose t # 0, |t| < b.
We choose n so that 27"b < [t| < 27"!b. Then |f(2"#)]* < ¢* and
1= |f(6)2 > 5582 or |f(8)] < 1— L2842

3.1.c. Let f(t) be the c.f. of a non-degenerate distribution. Then there
exist positive constants § and € such that |f()| < 1 — et? for |t| < 6.
Proof. We first prove that for any non-degenerate distribution with
c.f. f(t), there is a constant b such that |f(¢)] < 1 for any |t| < 2b.

If this is proved, then the conclusion follows from 3.1.b by choosing

€ = SUp¢pp 0p) | ()| which is less than 1 by continuity of the c.f.

Now, we proceed with the proof of our assertion. If there is a positive
value tg such that |f(tp)] = 1, then there is a real number a such that
f(to) = €%, which implies that f(to)e™'® = 1. Considering its real part

we have

/(1 — cos(tox — a))dF(x) = 0.

Since 1 — cos(tox — a) > 0, we conclude that with probability 1, tox —
a = 2nk, k = 0,%+1,---. That is, F' is a lattice distribution valued at
a + 2nk/ty. If there is a sequence t,, | 0 such that |f(¢,)| = 1, then the
r.v. can only take values in

(V{an + 2k /tn, k= 0,41, }.

n=1

The intersection can contain at most one point by the fact that ¢, — 0
and thus F' is degenerate which contradicts the assumption. Our asser-
tion then follows from 3.1.b and consequently 3.1.c is proved.
3.1.d. Let ¢ be a bounded r.v. with |(| < M and variance o2. Then

1

2,2 2,2
T L) <eT Bt < I
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Proof. Suppose first that £ = 0. By Taylor’s formula

\t|”

[+ Ra(t), [Ra()] < = E B

Hence, we have

and
o2

Mo?|t|]3
‘l—f(t)— 5 < ||

S 06

If z is a complex number and |1 — z| < 1,

e 11— 2|2
/Z<< 1>d<‘< B

(integrating along a line segment). Then, using (4), we obtain

[logz+1—2z| =

1O _ ot
f@ T 41— 0%?/2)
Combining this inequality with (5), it follows that

[log f(t) +1— f(t)] < M2 < 2.

242 - ottt Mo |t|? - ot?
2 | T 4(1-0%t2)2) 6 6

g

I\DM—

—log f(t) — Mt <

Taking real parts, we find that the desired inequality is true for |¢| <
1/(2M). If we now drop the restriction that E¢ = 0, we apply the in-
equality to £ — F to obtain 3.1.d.

3.1.e (increment inequality). For all real ¢ and h,

() = F(t+D)[* < 2(1 = Ref(h)).

Proof. By the Cauchy-Schwarz inequality

2

() — F(t+ B \/ (1 - )R ()

< /dF(x)/|1—ei’””|2dF(x)

:2/(1 — cos hz)dF(x)
=2(1 — Ref(h)).
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3.2 Inequalities Related to c.f. and d.f.
3.2.a (truncation inequality). For u > 0,

/}<U:ﬁdFu» 20— Ref(u),

[ ar@<
ol >1/u

2,2 2,2
/(l—cosux)dF(m)>/ £ (1_u:lc >dF(x)
lo|<1/u 2 12

11u?
>
24 |z|<1/u

i/ou dt/(l —costz)dF(x) =/ (1 - Sizzx) dF(z)

> (1 —sin 1)/ dF(x).
lz|>1/u

3.2.b (integral inequality). For u > 0 there exist functions 0 < m(u) <
M (u) < oo such that

%/u(l ~ Ref(t))dt.

0
Proof.

z2dF(x);

u l‘2 u
m(w) (1= Ref)i < [ P < M) [ (1= Refo)ar

For u sufficiently close to 0,

1'2 “
/ T adF @) < —M(u) /0 (log Ref(t))d?

Proof. The first part follows from the facts
“ sinur 1+ 22 22
dt | (1 —costx)dF(x) =u 1- 5 SdF ()
0 uzx ¢ 14z

Sinu:c> 1+ 22

<M ) < .

0<m u) < |u <1 - 5

uxr x

The second part follows from the fact that In(1 —z) ~ 2 as « — 0.
3.2.c. f1+2dF < JoT e = f(t)|dt.
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Proof. Integrating by parts yields

o 1
/ e teosxtdt = ——,
0 1 + :EQ

which implies

132 °
| T re) = [ et Rear

as required.

3.3 Normality Approximations of c.f. of Indepen-
dent Sums

Let X1, -+, X, be independent r.v.’s, EX; = 0, E|X;|*> < o0, j =
1,--- ,n. Put

n n
0} =EX;, Bn=)» o3, L,=B?> EIX;
j=1

j=1
Let f,(t) be the c.f. of the r.v. By/? Z X;. Then
j=1
[Fult) = e 2] S 16Ly[tf'e0/?
for |t| < 11—
Proof. We begin with the case in which |¢| > %Lfll/?’. Then 8L, [t]® > 1,

and we will show that
_ 2
()] <e7?/2, (6)

which implies that
1fn(t) — e /2 < fu ()] + e /2 < 2671 /3 <16L,|t2e /3,

Write v;(t) = Fel'™™i (j = 1,--- ,n) and define the symmetrization
rv. X ; = X; =Y}, where Y} is independent and identically distributed
as X;. Then, X; has the c.f. |v;(t)|? and variance 207. Furthermore,
E|X;|* <8EB|X,P?,

4 4
l;()* < 1—ojt* + g\t|3E|Xj|3 <exp {—a]?ﬁ + 3|zs|3EXj|3} .



28 Chapter 3 Inequalities Related to Characteristic Functions

Therefore in the interval |t| < +— we have the estimate

iL
|f (t)|2=ﬁ v (e 2<exp ) b < exp _2p
' j=1 "\VB. h 3" = 3 )
and (6) is proved.
Now suppose that || < ﬁ and [t| < 1L 1/3 .For j=1,---,n, we
have
(BIX;[)? s 1 t
t| < t<L/7f<f7 Vil —=—)=1-ry,
i< S <L < g v () =1
where - ,
o5t E|X;|
i 2JB +6 6B3J/2 [, 1651 < 1,

so that |r;| < & and

2,2 2 13 2 13
Iri|? <2 (gg ) +2 <E)gj/|2 |t|3> < E|)§J/|2 It]3.
n 6B8;, 3B,

Therefore

t o3t E|X,|3
logv; | —= | = — 22— + ¢/ —=J
o8t (\/Bn> 2B, 33"

logfn(t) = —— + 9—|t|3 0] <1

P, 105 <1

Using the inequality L, |t|3 < %, which implies that exp {%Ln|t|3} <
2, we find that
L, t2 L,
fu(t) — e ¥ /2| <ot /2 e Enltl — 1‘ < [t exp {—2 - 2|t|3}

< Ly|t)Pe /2,
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Chapter 4

Estimates of the Difference of Two
Distribution Functions

Rates of weak convergence are important for application of weak limit
theorems. Thus, investigation on convergence rates has been an active
research topic for decades. Generally speaking, the convergence rates are
established by various basic inequalities between two distribution func-
tions and/or functions of bounded variation in terms of various trans-
formations. The first work was done be Berry-Esseen who established
the convergence rate of normal approximation in terms of Fourier trans-
formations or characteristic functions. Stein and Chen created a new
method to evaluate the convergence rates of normal or Poisson approxi-
mation for non-independent sums. In 1993, Bai established convergence
rates of empirical spectral distributions of large dimensional random ma-
trices in terms of Stieltjes transforms. In this chapter, we only introduce
some basic inequalities of difference of two distribution functions. Their
applications can be found in Petrov (1995), Stein (1986) and Bai (1993).

4.1 Fourier Transformation

4.1.a (Berry-Esseen basic inequality). Estimate of the difference of the
corresponding c.f.’s.

Let F'(z) be a non-decreasing bounded function, and G(x) a function
of bounded variation on the real line. Suppose that F(—o0) = G(—00).
Let

£ = [ d=ar@), g0 = [ a6,

Z. Lin et al., Probability Inequalities
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and T be an arbitrary positive number. Then for any b > ﬁ we have

10 a0,
4

T

mplﬂmfﬂ@KQ/

—oo<r<oo -T

+20T  sup / |G(z +y) — G(x)|dy,
lyl<e(b)/T

—oo<r <o

where ¢(b) is a positive constant depending only on b and is usually
chosen as the root of the equation

r=—+ —

c(®)/2 gin? T 1
d )
/0 x? 4 8b

Proof. Note that w(z) = Sinn;z”’ is a probability density function with
c.f. h(t) = (1 —|t|) or 0 according to whether [t| < 1 or not. Let F (G)
be the convolution of Tw(Tx) with F (G, correspondingly). Then, we

have

T on —it

from which it follows that

F(z)—G(z) = ! / h e_it“Mh(t/T)dt,

— 00

T p—
%mﬂ@émn<;/;”@““ma. 7)
On the other hand, we have
ﬁm—amszw@wm—ww—Gu—Wﬂmy

Let A = sup,, |F(x)—G(z)|. There exists xq such that either F(zq)—
G(zox0) = A or G(xox0)— F(xg—0) = A. We consider the first case.
Then, we have

F<x0+c2(;)> —G<x0+c2;)>
e
y

—A w(y)dy
ly|>e(b)/2
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— c(b)/2
>—/ -l G(a:oj:O)—G(zo—y c(b)/ )‘dy
lyl<c(b)/2 T

+A (1 - 2/ w(y)dy)
ly[>c(b)/2

A
>— — n_lTsup/ |G(z) — G(x — y)|dy.
27b e Jly|<e(v)/T

The Berry Esseen inequality follows by substituting the above into (7).
The proof for the second case is similar and therefore is omitted.
Remark. By the difference of the corresponding c.f.’s, this inequality is
to be used to establish the convergence rate for normal approximation
or Edgeworth expansions for sums of independent r.v.’s. Most of the
key inequalities are due to Berry and Esseen and can be found in Loéve

(1977) or Petrov (1995).
4.1.b (Esseen and Berry-Esseen inequalities). Let X3, -, X,, be inde-
pendent r.v.’s with EX; =0, E|X;| < o0, j=1,---,n. Put

ojzzEX?, BH:ZJJQ», F,(x)=P B;l/ZZIj<z ,
j=1 Jj=1

L, =B, E|IX;|*.
j=1
Then there exists a constant A; > 0 such that
A,= sup |F,(z)—®(x)| <AL,

—oo<r<oo
(Esseen’s inequality). Specially, if X7,---,X,, are independent identi-
cally distributed (i.i.d.) with 02 = EX? p = E|X1|3/0®, there exists a
constant A > 0 such that

(Berry - Esseen’s inequality).

Remark. Here A7 < 0.7915, A; < 0.7655.

Proof. The d.f’s F,(z) and ®(z) satisfy the conditions of 4.1.a and
sup |®'(x)| < 1/v/2n. Putting b = 1/n, T = 1/(4L,,), we find that

_ o—t?/2
A<t / fult) —e 7
T J1t1<1/(4Ln)

o / = luldy
AL Jiyi<an,c/m) V21 ’
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which, together with 3.3, implies Esseen’s inequality.

4.1.c (generalizations of Berry-Esseen’s inequality). Let Xq,---, X, be
iid.r.v.’s with £EX; =0, EX12 = ¢2. Then there exist constants ¢;, co >
0 such that

1 n
P —— . _ < —-1/2
Y jgzl X<z O(x) c1(d(n) +n=7%),

1 & _
P W;XJQU —®(x)|| +n? > cré(n),

where

5(n) = EXPI(1X| > Vi) +n~ V2 E[X,[P1(1X)
< Vi) +n T EXHI(X] < Vi),

sup | f(z)], if p=oo,

£ (@)l (/ |f(x)pdx> ,if 1< p< oo

For the proofs, refer to Hall (1982).
Remark. The inequalities can be extended to the non-identically dis-
tributed case.
4.1.d (non-uniform estimates). Let Xi,---, X, be independent r.v.’s
satisfying the conditions in 4.2.a. Then there exists a constant C' > 0
such that

|[Fu(z) = (2)| < O BIXi*/(Ba(1+ [2]*)).

i=1
For the proof, refer to Bikelis (1966).
4.1.e (approximation of moments, von Bahr). Let Xi, -+, X,, be inde-
pendent r.v.’s with EX; = 0, E|X;|” < oo for some r > 2,j=1,--- ,n.

n
Put s2 = 3 EXJZ. Then there exists a constant M > 0, such that
j=1

|E|S, /sn|” — E|N(0,1)]"| < Mn~0NT=2)/2,

If r is an integer > 4 (or > 3 for the i.i.d. case), then the absolute
moments can be replaced by moments.
For the proof, refer to von Bahr (1965).
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4.2 Stein-Chen Method

This is an alternative method avoiding the use of c.f.’s for establishing the
convergence rate for the Poisson approximation for sums of independent
or weakly dependent integer-valued r.v.’s.
Let us consider the following example. Suppose ey, - ,e, are inde-
pendent r.v.’s with P(e; = 1) =p;, P(e; =0) =¢; =1-pj,j=1,--- ,n
n
Put S, = ) e;. Denote the distribution of .S,, by Zs, and let Py de-
j=1
n
note a Poisson distribution with the parameter A\ = > p;. Let Z* be
i=1
the collection of non-negative integers. Then the total variation distance
between Zs, and Py satisfies

dry(ZLs, , P\) = sup{|.Ls, (A) — Px(A)| : ACZT} < (1A N Z

Proof. For any A C Z*, let function g = gx 4 : ZT — R be the solution
to the difference equation:

MG+ 1) —jg(j) = 1a(j) — Pr(A), j=0. (8)

The value ¢(0) is not unique but irrelevant, and is conventionally taken
as zero. The solution of (8) is easily accomplished recursively, starting
with j = 0. Substituting j = S,, and taking expectation, we obtain

P(S, € A) — Px(4) = E{\g(Sn + 1) — Sng(Sn)}, (9)
from which the total variation distance between .Zs, and Py can be

found, provided that the RHS of (9) can be uniformly estimated for all
the g 4. To see how this works, write

E(e;g(Sn)) = E(ejg(5} + 1)) = p; Eg(S}, + 1),

where SJ = " e;, because of the independence of e; and S7. Thus
i#]

B0(S+ 1)~ S,0(5.0) = 30, B{a(S,+1) — g(S3 + ).
Jj=1
and since S,, and SJ are equal unless e; = 1, an event of probability p;,
it follows that

|P(S,, € A) = PA(A)| < sup lgra(i +1) = gx,a()| Y vl (10)

Jjz1 j=1
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We now estimate the supremum in the above inequality. Put U, =
{0,1,--- ,m}. Then it is easy to verify that the solution g = g 4 to (8)

is given by
g(j + 1) =177 LjleM Py (Aﬂ Uj) — Py(A) P (U;)}
=AM Py (AﬂUj) P\(U7) (11)
-A (aN05) P@Y G0 (12)

Note that the solution to (8) shows that gx.a = > gx ;3. Taking A =
€A
{i}, it follows from (12) that g(j + 1) is negative and decreasing in j
for j < i, and positive and decreasing in j for j > ¢, so that the only
positive value of gy (;1(j + 1) — gx i} (j) reaches at j = i. Therefore,
1)

— x5 (4)
0 J

=e AT DT ey 4 Y ()

r=j+1 r=1

<A1 —e™).

A+ 1) —gaa() <o (G +
r
J

On the other hand, we have

A+ —anal)= D oG+ =g ()
i20,%]
==l U+ 1D = ax 53 0)]
>-A"H1—e ™).

Combining the two inequalities, it follows that

suplgxa (i +1) = x4 0)| < ATl —e ) <A
721

Inserting it into (10), the desired estimate follows.

4.3 Stieltjes Transformation

In this section, we establish bounds for difference of d.f.’s in terms of their
corresponding Stieltjes transforms. For a bounded variation function
G(z) on the real line, define its Stieltjes transform by

malz) = [ A dF(),

r—z
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where z = u +iv is a complex variable and v > 0. Let F(x) be a d.f.

satisfying
J|F(z) (z)|dx < co. Then

F G )|d
s [P - G)l< Gt { [ e - mota)laa

1
+—  sup / IG(x+y)—G(w)|dy},
y|<2va

U —co<z<oo J|

where v > 1/2 is defined by

1 / 1 q
= - ——dz.
7 Yt |z|<a 1+ x?
Proof. We have

1t [meo) - mo(2)du > [ ; T (m (=) — ma(2)du

_ -1 v B .
o /_Oo/_oo (u_y)2+vzd(F(y) G(y))d

e e g
st [ )~ Gl

-1

= / lw 1 w) - G

1/ (z — uv) — Gz — uv)

00 u? +1

—1 (z — uv) — G(z — w)
/Iu|<a u? +1 du —A(1—7)

VF(z — av) — G(z — av)]

73_(71/ G(xfav)fG(x—uv)du_A(l_,y)
lul<a

du

u?+1
>[F(z — av) — G(z — av)]

—n ! sup /u|<2a |G(x) — G(x — u)|du — A(1 — 7).

x

Thus we obtain

slip’y[F(x) —G(z)] - A1 —7)

x

<n_1/ Ime(2) — ma(2)|du—a"" sup /|u|<2a G(2)=G(z —u)|du. (13)
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Similarly, we have

x

nt / |mp(2) — ma(2)|du >t / Im(mg(2) — mp(z))du

> v[G(x + av) — F(x + av)] )
—nflsup/ |G(z) — G(x — u)|du — A(1 — 7).
|u|<2a

x

supv[G(z) — F(z)] — A(1 —7)

x

<at [ me(e)—mae)du=xtsup | 6@ 66—l (1

x

Combining (13) and (14), we obtain

x

A(2’y—1)<n1/|mp(z)mg(z)|dunlsup/ - |G(z)—G(z—u)|du.

The desired inequality follows.
Remark. By the difference of the corresponding Stieltjes transforms,
this inequality is to be used to establish the convergence rate for empir-

ical spectral distributions of large dimensional random matrices.
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Chapter 5

Probability Inequalities of Random
Variables

Probability inequalities of random variables, especially those of sums of
random variables, play important roles in analytic probability theory,
say, limiting theorems. Not only the applications of these inequalities,
the proofs of these inequalities are also good illustrations of some impor-
tant mathematical methodologies in probability theory.

Most of the inequalities and their proofs can be found in Loéve (1977),
Hall and Heyde (1980). Some new inequalities will be referenced therein.

5.1 Inequalities Related to Two r.v.’s

5.1.a. For any two r.v.’s X and Y,

P(X+Y >2)<P(X >2/2)+P(Y >z/2);
P(X +Y| =) < P(X| = 2/2) + P([Y| > z/2);
|IP(X <x1,Y <y1) — P(X <22,Y < y2)|

<|P(X <z1) — P(X <z9)|+ |P(Y <y1) — P(Y < y2)|.

5.1.b. Suppose that X and Y are independent. Then

P(X+Y <) > P(X <z/2)P(Y < z/2);
P(X+Y|<z) 2 P(X]<z/2)P(JY| < z/2)

and for = > 0 large enough,
P(|X|>z) <2P(|X| >z, Y| <z/2) <2P(| X +Y| > z/2).
5.1.c. Let X and Y be i.i.d. r.v.’s. Then for any a > 0.

P(IX +Y|<a) <2P(|X - Y| < a).

Z. Lin et al., Probability Inequalities

© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010



38 Chapter 5  Probability Inequalities of Random Variables

Proof. At first, without loss of generality, we may prove the inequality
only for a = 1. Furthermore, the inequality follows from

P(X +Y|<1) <AP(X —Y|<1), ¥vy>2. (14)

Now, let v > 2 be a given constant. We first show that for any probability
measure P following which X and Y are distributed,

P({z; P(lz+ Y| < 1) —yP(jz — Y| < 1) < 0}) > 0. (15)

If (15) is not true, then P(A) = 1, where A = {z; P(lza + Y| < 1) >
vP(lx — Y| < 1)}. Define a = sup,c4 P(Jz — Y| < 1). Choose as
positive £ < y72(y —2)(y — 1)a. Then there is a point zg € A such that
P(Jzo—Y| < 1) 2 a—e. Consequently, we have P(|zg+Y| < 1) > ya—
~e. If there is a point 1 € A(\[—z0, —xo + 1], then P([—x0, —z¢ +1]) <
P([z1 — 1,21 + 1)) < a. Therefore, P([—z¢ — 1, —x¢]) = (v — 1)av — ve.
If such an z; does not exist, then P([—zo, —z¢ + 1]) = 0 and we also
have P([—zo — 1, —2¢]) = (v — 1)a — ~ye. Finally, we can choose a point
x2 € A([—x0—1, —z¢] such that P([zo—1,29+1]) > P([—xz0—1, —x0]) >
(v = Da—~e.

Furthermore, P([—xo — 1,—29 + 1]) > (v — 1)a — v%¢. Using the
above argument, we may choose a point 3 € A()[—x2 — 1, —z3] such
that P([z3 — 1,23 + 1]) = (v(y — 1) — 1)a — 7% > a. This leads to a
contradiction to the definition of a. The proof of (15) is now complete.

Finally, let us prove (14). We first consider the discrete case. Suppose
that X takes value a; with probability ¢;, i = 1,--- ,n (note that > ¢; =
1). In this case, we have

YP(IX -Y|<1) = P(X +Y|<1) =qQq,

where g = (g1, ,gn), @ = (VI(las — a5] < 1) — I(|ai + a5 < 1)?,_y.
By the method of Lagrange multiplier, the minimum of ¢’Qq is reached
when 2Qq — tl = 0, where [ is the vector of all entries 1. By (15), Qq
has at least one positive element. Thus all elements are positive and
hence ¢'Qq > 0. This proves (14). The general case follows by a routine
approach.

Remark. The constant 2 is sharp by the following example. Let
X,Y take values {—2n+1,--- ,—1,2,4,--- ,2n} with probability 1/(2n).
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Then P(|X —Y| < 1) = P(X =Y) = 1/(2n). On the other hand,
PIX+Y|<1)=(4n—2)/(2n)?> = 1/n — 1/(2n?).

Although the constant 2 in 5.1.c cannot be further reduced, we have
the following integrated inequality.
5.1.d. Let X and Y be i.i.d. r.v.’s. Then for any a > 0,

/ P(|X +Y| < z)dz < / P(|X - Y| < z)dz.
0 0
The conclusion 5.1.d follows easily from the formula

a T
/ POX| < 2)do = Tim [ 2290000 ponar
0

T—o0 _T T[?t2

where f is the c.f. of X.

Remark. As a consequence of 5.1.d, we have the following expectation
inequality. Let X and Y be i.i.d. r.v.’s. Then E|X —Y|< E|X +Y|.
Proof.

E|X+Y|-E|X -Y]|

T
:Tlim (P X +Y|>z)—P(|X -Y|>ux))dx
— 00 0
T
:Tlim (P(IX -Y|<z)-P(X+Y|<z))dr > 0.

An alternative proof is to use the formula
E|X+Y|-E|X -Y]| :/ (1-F(u)— F(—u))(1 - G(u) — G(—u))du,
0

where F' and G are the distribution functions of X and Y respectively.

5.2 Perturbation Inequality

Let {X,,n > 1} and {Y,;,n > 1} be sequences of r.v.’s such that either
(i) X,, and (Y7,---,Y,) are independent for all n > 1 or (ii) X,, and
(Y,,Y,41, ) are independent for all n > 1. Then for any constants

€n,y0n, € and 4,

P { L:Jl(Xn +Y, > sn)} >P { L:Jl(Xn > €7L+6n)} inf P{Y, > —6.);

P {H(Xn TY,) > 5} >P {HXH > et 5}h7mp{yn > ).

n—oo n—oo n—oo
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Proof. Put A, = {X,, > e, +d,}, B, ={Y, > —d,}. By 1l.5.¢c, for
m>1

{L_JX+Y >€n}>P{UAB}>P{UA}nlgfan).

Letting m = 1 yields the first inequality while letting m — oo and
en = €,0, = 0 yields the second one.

The following inequalities all are related to the sum S, = 3 X;.
j=1

5.3 Symmetrization Inequalities

Let X and X’ be i.i.d. r.v.’s, X® = X — X'/, mX be the median of X,
i.e. the number satisfying P(X > mX) > 1 < P(X < mX).
5.3.a. (weak symmetrization inequalities). For any = and a,

1
§P(X —mX > z) < P(X° 2 x);

SP(X —mX| > x2) < P(X°| > 2) <2P(|X — af > z/2).

Proof.

P(X® > 2)=P{(X —mX) — (X' —mX') > z)

>P{X -mX >z, X —mX <0}

=P(X —mX > z)P(X' —mX' <0)
1

>§P(X—mX > ).

This proves the first inequality, which, together with the inequality ob-
tained by changing X into —X, prove the left inequality in the second
one. The RHS inequality follows from

P(X*| 2 2)=P{(X —a) = (X' = a)| > =}

<P(|X-al> ) P(1X'~a > )

:ZP(X— >f).
X —a>?

5.3.b (symmetrization inequalities). Let {X,,,n > 1} be a sequence of
r.v.’s. Then for any z > 0 and any sequence {c,,n > 1} of numbers,
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1
§P {sup(Xn —mX,) > x} <P {suprL > x} ;

n>1 n>1

1
-P {sup | X — mX,| > x} <P {sup | X > x}
2 a1 n>1

<2P {sup | X0 —cnl = x/Q} .

n>1

Proof. Let X$ = X, — X/ . Putting the events
A, ={X, —mX, >z}, B,={X,-mX, <0}, C,={X;>ux}

we have A, B,, C C,,. Using 1.5.c, with inf, P(B,) > %, we obtain the
first inequality. The second one follows by arguments similar to those
used in the proof of 5.3.a.

5.4 Lévy Inequality
Let X4q,---,X,, be independent r.v.’s, x > 0.
5.4.a. P{ max (S; —m(S; —S,)) > x} < 2P(S, = x).

1<j<n

5.4.b. P{ max |S; —m(S; — Sp)| = x} < 2P(|Sn| = ).

1<jsn
Proof. Let Sy =0, S; = max (S; —m(S; —S,)) and
1<5<k

A ={S;_1 <z, S, —m(S,—5,) >z},

By = {Sy — S, — m(S, — Si) = 0}

Note that m(S, — Sx) = —m(Sk — Sp). Then
P <

AkBk> ZP (AxBy)

P(A ZP (Ap) = =P(S; > z),
k=1

P(S

\\/

ol
s

from which 5.4.a follows. Replacing X; by —X;,1 < j < n, in 5.4.a we
obtain 5.4.b.

The most applicable form of Lévy inequality in limiting theorems is
the following corollary.
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5.4.c (corollary to Lévy’s inequality). Suppose that EX; = 0, EX? <

00, j=1,---,n. Put B, = > EXJZ. Then
j=1

P{ max S; > x} <2P(Sp =2z —\/2B,). (16)

1<gsn

Proof. By Chebyshev inequality (see 6.1.c),

1
P(|Sj—Sn|§\/2ES%)>§ for j <,

which implies |m(S; — S,,)| < /2ES2 and therefore 5.4.c follows from
5.4.a.

Remark. As mentioned in 6.1.e, the inequality [m(S; —S,,)| < /2ES2
can be improved to [m(S; —S,)| < \/ES2. Thus, (16) can be sharpened
to

P{ max S; = :c} < 2P(S, =z —+/By,).

1<jsn
This inequality is frequently used in proving the strong law of large
numbers.

5.5 Bickel Inequality

Let X4, -+, X, be independent symmetric r.v.’s, and ¢; > ¢co > --- >
¢n = 0 be constants and let g(z) be a nonnegative convex function?.
Define

k—1
Gy = Z(Cj - Cj+1)g(5j) +crg(Sk), k=1, ,n.

j=1
Then for any = > 0,
P{ max ¢;g(S5;) = m} < 2P(Gy, = o).
1<j<n
Proof. At first, we prove that for any 0 < » < n — 1 and any real a,

n—r

1
P3N (errj = rpi41)9(S) +a) = eragla) <0 p < 70 1 =0.
=1

(17)

L A finite real function g on an interval J C R! is called convex on J if whenever
z1,z2 € J and A € [0,1], g(Az1 + (1 — N)z2) < Ag(z1) + (1 — N)g(z2)
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Recall the following facts for a convex function g: A convex function is
continuous and possesses right and left derivatives at every point. Let
these derivatives be ¢/, and g’ respectively. Then for all z,y, g(z +y) —
9(z) = yg4 () and ¢/ (z) > ¢g_ (z), implying that yg' (z +y) > yg’ (v).
Hence, we can write

n—r

D (erty = copi1)9(S; +a) — crragla)

j=1

=S (erss — crgin) (9(S; + a) — g(a)
=1

n—r
=2 Z g (a)(Cntj — Cnyjs1)S;
j=1

Consequently,
P (er4j — Crrjr1)9(Sj +a) — crr1g(a) <0
j=1

<P ghla)(ensj — cnaj1)S; <0
j=1

which proves (17) by symmetry of the r.v.’s.
Let T = min{k < n: G > 2} and T = n + 1 if no such k exists.
Then, since g > 0, we have G > ¢xg(Sk). Hence,
. D > < L >
p {fél?é‘n ¢;g(S;) 2 x} <P {ggjagn Gj > ff}

n

=N(P{T =k,G, — Gy >0} + P{T = k,G, — Gy < 0})

k=1
<P(Gpz2)+ Y P{T=kG,—Gr <0}
k=1
But
P{T:]{Z,Gn—GT<O}:/ P{Gn—Gk<O|X1,'~-,X;C}dP
{(T=k}

n

</ P Z (Cj — CjJrl)g(Sj) — Ck+1g(Sk) < 0|X17 e 7Xk dP
{T=k} j=k+1

<=P(T =k)

1
2
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by using the independence of X?s and (17). Then Bickel’s inequality
follows from the above two inequalities.

5.6 Upper Bounds of Tail Probabilities of Partial
Sums

Let X1, , X, be independent symmetric r.v.’s. Then for any 1 < p <
2, there exists a constant C(p) > 0 such that

sup 2P P(|Sy| > z) < Zsup 2P P(|X;| > z). (18)

x>0 =1 x>0

Proof. If ) supa?P(|X;| > x) = 0 or oo, the inequality (18) is trivial.
j=1z>0

Otherwise, if Y supa? P(|X;| > z) = a” € (0, 0), we may prove (18) for
j=12>0

Y; = X;/a and y = z/a instead of z; and x respectively. Thus, without
loss of generality, we may assume that Z supaPP(|X;| > ) = 1. Then

j=1z>0
for any x >0

2PP(|Sy| > z) <1+ aPP ZXjI(|Xj| <z)| >z
j=1
2

<1+2P7%E ZXjI(\Xj| <a)| <1+2"2) XJI(X;| < 2)
j=1

<1+mp2/ ZP{le y}dy? <1+mP2/ y Py’
0

The conclusion follows.
5.7 Lower Bounds of Tail Probabilities of Partial
Sums

5.7.a. For any r.v.’s Xy, -+, X,

P{1I£ax |S;| = x} > P{ max |X| 2x}.
NS
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Proof. Note that X; =.5; —S;_4
5.7.b. For independent symmetric r.v.’s X1, -+, X,

2P{|S,| =z x} = P{ max | il =z}

Proof. Let 7 =inf{j : | X,| > x}. We have

P{|S,| = 2} = P{|Sn| = z,7 = j}.
j=1

Now, since for every j = 1,--- ,n, (=X, -, = X1, X;, = Xj41,- -,
—X,,) has the same distribution as (X1, ---,X,), and {7 = j} only
depends on |X1|,---,|X;|, we also have

n
P{|Su| > 2} =Y P{X; - Ty| > z,7 = j},

j=1
where T = S, — X, j < n. Then, summing the two preceding probabil-
ities and notlng that |S,| + | X; — Tj| = | X; + 1| + | X; — T}| > 2|X,],
we obtain

P(IS:] > 2) > Y P(r = j) = P{ max |X,| > z}.

1<j<n

5.8 Tail Probabilities for Maximum Partial Sums

Let Xi,---, X, be independent r.v.’s.
5.8.a (Ottaviani’s inequality).

P{ max |S;| > 2z} < P(Sn| 2 )

1<j<n min P(|S, — S| < z)’
1<j<n
In particular, if for every j =1,--- ,n, P(|S, — S;| <z) > 1, then

P{ max |S;| = 2z} < 2P(|S,| > ).

Proof. Let T = inf{] |S | > 22}. Then, by independence, we obtain

P(ISul = 2) = P | J(T = 4,180 = Sj] < x)
j=1

=3 P(T = j)P(S, — S| < ),

Jj=1
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which implies the desired inequality.
5.8.b (Lévy-Skorohod inequality). For any 0 < ¢ < 1,

P(S, > cx)
< .
P{lrgjazcn 552wk < min P(S, —S; > —(1 —c¢)x)

1<j<n

The proof is similar to that of Ottaviani’s inequality.

5.9 Tail Probabilities for Maximum Partial Sums
(Continuation)

Let Xy, -+, X,, be r.v.’s. Put Sy=0,5;= ZXk, n—lmax |S;], M, =

max (|S IN|Sn—S;]), mijr = 15;—S; |/\\Sk—S l, L, max Mgk
0<5< CIgigj<k<n
5.9.a.

P(M, > z) < P(M., > 2/2) + P(|Sn] > ©/2);

P(M, >z) < P(M), > z/4) + P( max. | X;| > x/4).
<i<

Proof. The first inequality is due to
|55 < min{[Sn| + |85, [Snl 4 [Sn — S5l = [Snl + 1S5 A 1Sn — S5 (19)
For the second inequality, we only need to show that
/ .
M, < 3M, + max | X (20)

Consider the set I = {5,0 < j < n;[S5;| < |S,, — S;|}. Obviously, 0 € I.
If S, = 0, then M,, = M/, and (20) trivially holds. We need only
consider the case S, # 0. In this case, n € I and thus there is an
integer 7,0 < 7 < m such that j —1 € [ and j € I. Consequently, we
have |Sj_1| < |Sn — S;—1|, [Sj—1| < M. Also, |S, — S;| < |S;| and
|Sy, — Sj| < M),. For this j we have

1Sn| < |Sj-1] + | X5] + 1S — ;| < 2M), + | X

Then, (20) follows from this and (19).
5.9.b. Suppose that there exist v > 0, > 1 and nonnegative numbers
U1, - , Uy such that for any = > 0,

P(|S; —Si| > z) < Zul /x’y, 0<i<j<n
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Then there exists a constant K, , depending only on v and o such that

n o
P(M, > ) < Ky.4 (Z ul> /xv.
=1

5.9.c. Suppose that there exist v > 0, > 1 and nonnegative numbers
U1, , Uy such that for any = > 0,

[e%

P(mgjr > x) < Zul /$2W, 0<i<j<k<n

i<I<k

Then there exists constant K;’a depending only on v and « such that

P(L, >z) < K, (Z ul> /127
I=1

The proofs of 5.9.b and 5.9.c can be found in Billingsley (1999) (Chap-
ter 2, Section 10).

5.10 Reflection Inequality of Tail Probability (Hoff-
mann-Jgr-gensen)

Let X1, -+, X, be independent r.v.’s. Then for any s,t > 0,

2
P{max [S;] = —|—s}§<P{max |S|>t}> +P{max |X|>5}
1<5< 1<i<

If the r.v.’s are symmetric, then for any s,t > 0,
P{|S,| = 2t + s} < 4(P{|Sn| = t})? +P{1rg_a<x 1X;] > s}.
IIN

Proof. Let 7 = inf{k < n: |Sg| > t}. Then, on {1 = k}, |S;| <t for
7 < k and

|S;| <t + |Xk|+|S; — Sk|, for j>k.
Therefore, in either case,
max [S;] <t+ max |Xi|+ max |S; — Skl
1<5< 1<k<n k<j<n

Hence, by independence,
P{r =k, max |S;| = 3t+ s}

< = - = — >
<P{r k7lrgja§ang\/s}+P{T kpP{ max [S; — Si| > 2t}.
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Since maxg<<n |[S; — Skl < 2maxigj<n S, a summation over k =
1,--- ,n yields the first inequality.
For the second one,
|Sn| < [Sk—1] + | X&| + |Sn — Skl
for each k =1,--- ,n, so that
P{r=k,|S,| =22t +s} < P{r =k, max |X;| > s}
+P{r = k}P{|Sn — Sk| = t}.

Noting > P{r = k} = P{ max |Sk| = t}, using Lévy’s inequality
k=1 Sksn

5.4.b and summing over k yield the second inequality.

5.11 Probability of Maximal Increment (Shao)

Let {X,,} be independent r.v.’s. Suppose that there exist ¢ > 0,0 < a <
1, and integer p > 1 such that for a certain z > 0,

P{ max |Sg| = ew} < a.

1<k<p
Then
P 1
P{U( max [Spix — Shl ga;)} < P{ max | Sy| < (1—}—5)3:}.

1<kSN 1l -« 1<k<N

n=0
Proof. Let
By ={ max |Spex— S| <},

1<ESN

Bi= () { g 8w = Sl > o} (Vg Isive - St < 0},
i<n<p

Z:p71>p72,30

Apparently,

U s, 80k =il <2)
= U E, ﬂ{ max, 1Sk] < (1+¢)x}
U <U ( m{ max ISkl = (1 +€)z}>>
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p

C{ max_ |Sk] < (14¢) x}U(U ( ﬂ{ max |Sk (1+5)m})>

u(nul( 15> 00 )
(En,ﬂ{lgggnsk| (1+¢)x }))

C-=

C{lg}cang ISk < (1 +€):17}U (

U (U (Bn {1S0] > e2})

n=1

1

3
I

N———

C{ max |Sk| < (1+¢) :E}U(

n C=

(E ﬂ{ max |Sk| z—:x}))

Noting that E,, and {maxi<r<n |Sk| = ez} are independent, we have

P{Oagg S 21 2)
0

n=

<P{ max. [Sk] < (1+¢) x}—l—ZP P{ max \Sk| ex}

<P{ max. [Sk] < (1+¢) x}—l—aZP

n=1

p
< < — .
\P{lg}caéXNLSk‘ B (1+€)$}+C¥P {nLJO(lg}caéxN|Sn+k S | )}

This proves the desired inequality.

5.12 Mogulskii Minimal Inequality

Let Xq,---, X, be independent r.v.’s, 2 < m < n, x1,z2 > 0. Then

P{ min |Sk| <21} < P{|Sn| < 21+ 22}/ mné P{|S,, — Sk| < z2}.

m<k<n

Proof.

n
P{|Sp|<xz1+x2} >]€2P{m§1§%fl |S;|>x1,|Sk| <21, [Sn| <21 + 22}
=m
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n

2; P{mgr;lgc_l 1Sj] > @1, [Sk| < 21 }P{]Sy — Skl < 22}
=m

> i < i — < .
= P{mgllirén |Sk| = 581} mrglign P{|Sn Sk| = x2}

5.13 Wilks Inequality

Let X have a distribution function F(x1,---,2;) and let F(x;), i =
1,--- ,k, denote the marginal distributions. We have

A 1/k
F(zy, - ,21) < (HF(:CJ) .

Proof. By the Holder inequality, for any random variables Y7, - -+, Yy,
1/k

we have E|V7 - - Yi| < (E|Y1|'c : -.E|Yk\k) . Then, the Wilks inequal-

ity follows by taking V; = I(X; < z;),i=1,--- | k.
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Chapter 6

Bounds of Probabilities in Terms of
Moments

Let X be a r.v. with the d.f. F(z). If [ |x|dF(z) < co, we say that the
(mathematical) expectation, or mean, of X exists. The expectation is
defined by [xzdF(x) and denoted by EX.

Let k be a positive number. If EX* and E|X|* exist, then we call
them the moment and the absolute moment of order k (about the origin)
respectively. If E(X — EX)* and E|X — EX|¥ exist, they are called the
central moment and the absolute central moment of order k, respectively.
In particular, E(X — EX)? is called the variance of X, usually denoted
by VarX.

Let (Q,.7, P) be a probability space, X be a r.v. defined on Q with
E|X| < 00, & be a sub-c-algebra of .%. The conditional expectation of
X given &7, denoted by E(X|g/), is defined to be a r.v. satisfying

(i) E(X|«) is o/-measurable,

(ii) [, B(X|o/)dP = [, XdP for all A € o

Let {Y,,n > 1} be a sequence of r.v.’s with E|Y,| < oo, {<,,n >
1} be an increasing sequence of sub-o-algebras for which Y, is 7,-
measurable (we say that Y, is adapted to «7,.) The sequence {Y;,, &,,n >

1} is called a martingale, if for every n,

EYpi1|l9) =Y, a.s.

“w_»

It is called a submartingale (or supermartingale) if the in the above
equality is replaced by “>” (correspondingly “<”). If {Y,, o} is a
martingale, putting X, =Y, — Y,,—1 with Y5 =0, {X,,,n > 1} is called

a martingale difference sequence.

Z. Lin et al., Probability Inequalities

© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010
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6.1 Chebyshev-Markov Type Inequalities

6.1.a (general form). Let X be a r.v. and g(x) > 0 be a nondecreasing
function on R. Then for any x,

Eg(X)
PX>2) <=5 (21)
Proof.
. Eg(X)I(g(X) > g(x)) _ Eg(X)
P el S /{g<X>>g<ar>}dP< 9() S Tola)

Here, and in the sequel, I(-) denotes the indicator function of the set in
the braces, that is, it takes value 1 or 0 according to whether or not the
sample point belongs to the set.

6.1.b (inequality with lower bounds). Let g(z) > 0 be an even function
and nondecreasing on [0, c0). Suppose that Eg(X) < oco. Then for any
x>0,

EoX) —90) o p(ix) 5 2y < ZLX)

a.s.sup g(X) (22)

in which a.s.sup g(X) = inf{¢t : P(g(X) > t) = 0}.
Proof. The right part is the same as (21), and the left follows from

Eg(X)= /{ o S0P /{ 80P

La.ssup g(X)P(|X| = x) + g(x).

Two important consequences of general form are the following in-
equalities:
6.1.c (Chebyshev inequality). For any x > 0,

P(|X — EX| > x) < Var(X)/z?%.
6.1.d (Markov inequality). For any r > 0 and z > 0,
P(|X| >z 2) < B|IX|" /2"

6.1.e (generalization of the Chebyshev inequality). Put o2 = Var(X).
For any z and a,

o2 + a2

P(X —-FEX > < —.
( z) (x 4+ a)?
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By taking a = 0?/z,

0.2

Furthermore, letting = o, we have P(X > EX + o) < 1/2, which

implies m(X) < EX + 0. By symmetry, we obtain |[EX —m(X)| < o.
E(X—-EX+a)® _ o2+4a?

Proof. P(X — EX > x) < BE- Al — otey

6.1.f (discrete case). Let X be a discrete r.v. with possible values

1,2,---. Suppose that P(X = k) is nonincreasing in k. Then for all
kE>1,
2
P(X =k) < ﬁEX

Proof.

0o k k

EX=Y jP(X=j)>) jP(X=j)>> jP(X =k)
j=1 j=1 j=1
k(k+1 k2
- %P(X = k) > S P(X = k).

6.2 Lower Bounds
6.2.a. If | X| < 1, then
P(|X|>z)> EX? - 22

This is a special case of the left hand side (LHS) inequality in 6.1.Db.
6.2.b. If X >0, then for any 0 < z < 1,

P(X >2EX) > (1-2)*(EX)*/EX?.
Proof. By the Cauchy-Schwarz inequality (see 8.4.b),
EX=EXI(|X| > 2EX) + EXI(|X| < 2zEX)
<(EX?P(X > zEX))Y? 4+ zEX.
6.3 Series of Tail Probabilities

If X >0, then

o0

iP(X >n)<EX <) P(X>n).
n=0

n=1
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Proof. The inequalities follow from the following observation
o] 00 s 1
EX :/ xdP(X < x) z/ P(X >z x)dx = Z/ P(X = n+a)da.
0 0 —0J0

6.4 Kolmogorov Type Inequalities
Let Xy,---, X, be independent r.v.’s with EX; =0,z > 0.
6.4.a (Kolmogorov inequality).

P{ max |S;| > :c} < Var(S,)/2?.

1<j<n

If, in addition, there is a constant ¢ > 0 such that | X;| < ¢,1 < j < n,

we also have )
(z+¢)

> >1- .

P {1r<n]agxn 191 2 x} > 1 Var(S,)

Proof. Let Sop =0,A4; = {1I£1axk |S;| < & < |Sk|}. Noting independence
of SgI(Ag) and S, — Sk, we have

/ SZdP:/ (Sk.+SnfSk)2dP:/ S,fdP+/ (S, — Sp)%dP
A Ay Ap Ay

> [ SEP > 2?P(A).

Ak
Summing over kK =1,--- ,n, we obtain
> 2 = 2 >z,
Var(S,) > =P (}pl Ak> x“P {élgagxn |S;] > x}

The upper bound part is proved.
Consider the case of | X;| < ¢. Let By = Q, By, = {lrgaéck |S;| < z}.
SVYA

Since
Sk—11(Br-1) + XpI(Br-1) = SkI(Bi—1) = Spl(Br) + SkI(Ag)

and Sk_1I(Bk-1) and X} are independent while I(By)I(Ax) = 0, it
follows that

E(Sk_11(Bx_1))*> + EX?P(By_1) = E(SkI(By))?* + E(SpI(Ax))>.
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Since P(By_1) > P(B,) and |X;| < ¢, and hence
1SkI(A)| < [Sk—11(Ag)| + | Xk (Ag)| < (z + ¢)I(Ay),
it follows that
E(Sk_11(Bx_1))? + EX?P(B,) < E(SkI(By))? + (z + ¢)*P(Ag).

Summing up over k =1,--- ,n we obtain

(Z EXk> E(S,1(By))* + (z + ¢)*P (0 A

<2?P(B,) + (z+¢)*P(BE) < (z + ¢

~
N

which implies the second inequality.
6.4.b (generalized Kolmogorov inequality). Let » > 1. Put A =
{max |S;| = x}. We have

1<5<

2" P{max |5 > v} < EISa|"I(A) < EIS,|"
<<

Proof. Let Sy = 0,4, = {121'a§k|sj| < x < |Sk|}. By the moment
SVAS
inequality in section 8.7,

E|S,|"I(A ZE|S I"I(Ag) > ZE|S;€\’"I(A,€) z"P(A).
k=1 k=1

6.4.c (another generalization).

P{ max S; > x} < Var(S,)/(z® + Var(S,)).

1<j<sn

Proof. For any a > 0,

e
Ay

S, + a)2dP / (Sk+a+ Sy — Sp)2dP
Ag
:/ (Sk +a 2dP—|—/ (Sn—Sk)QdP
Ak Ak
> [
Ak

)
Sk +a)?’dP > (z + a)*P(Ag).

From this it follows that

P{max S; >z} < [Var(S,) + a®]/(z + a)?.

1<5<n

The generalized Kolmogorov inequality follows by choosing a = Var(S,,)/x.



56 Chapter 6 Bounds of Probabilities in Terms of Moments

6.5 Generalization of Kolmogorov Inequality for a
Submartingale

Let {Y,,, “,,n > 1} be a submartingale, > 0.
6.5.a (Doob inequality).

zP{max Y; >z} < Y,dP < EY,F < E|Y,|.
IS { max Y;>z}

1<5<n
Proof. Let a =inf{k <n:Y; >z}, and @« = n+ 1 if no such k exists.
Clearly Y, is a r.v., and {o = k} € ;. Moreover by the definitions of
a submartingale and conditional expectation, for k < n,
/ Y. dP g/ E(Yies1|,)dP :/ Viy1dP
{a=k} {a=k} {a=k}
and inductively

/ YidP < / Y, dP.
{a=k} {a=k}

Then
zP{max Y; >z} < / Y,dP
Isjsn { max Y;>z}
1<5<n
gZ/ Y dP = Z/ Y. dP
=1 {lgljaé(anZLa:k} =1/ {a=k}
< Z / Y, dP = Y, dP.
k=17 {a=k} {121,2(n Yi2a}
6.5.b.
zP{ min Y; < —z} < E(Yn—Yl)—/ Y,dP < EY,} —EY;.
1<j<n { min ¥;<—a}

1<5<n
Proof. Let = inf{k < n:Y; < —z}, and § = n+1if no such k exists.
Put
—{min YV; < -z} = {8 < k.
A {1I<njlgkYg < -z} ={f <k}
B is a stopping time relative to {2%,}. Hence {Y1,Ysn,} is a two-term
submartingale (cf. Chung (1974), Theorem 9.3.4), and so

EY;, < EYs= / YsdP+ | Y,dP
{B<n} Ag

<—2P(A,) + EY, — / Y, dP.
Anp
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6.5.c. Let 1 <m < n, A, € o, and A = {1r£1ax Y; > x}, then
<<

P(AnA) < / Y, dP.
A A

Proof. Same as for 6.5.a.

6.5.d. If {Y,,, #,,n > 1} is a martingale, p > 1, then for any = > 0,

2P P{ max |V;| > 2} < Y, [PAP < E|Y,,[P.
1<j<n { max Y]2m}
1<5<

Proof. Apply 6.5.a to the submartingale {|Y,,|P}.

6.6 Rényi-Hajek Type Inequalities

This is a generalization of the Kolmogorov inequality for the weighted
sums. We give a result on a submartingale. A consequence in the inde-
pendent case is clear.

6.6.a (Rényi-Hajek-Chow inequality). Let {Y,,, <%, n > 1} be a sub-
martingale, r.v. 7; € & with 74 > 70 2 -+ 2 7, > Ty = 0 as.
Then for any = > 0,1 < m < n,

n

P{ max 7,Y; >} <{E(raY,0)+ Y BE(r(Y;" - Yj)}/z.

mLj<n
SYAS j=m+1

Proof. Let A, = { max Tj|Y'| <z < 7|Y|}, m < k < n. Similar to
the proof in 6.5.a, for k 7 we have

/ ’Tj+1Y}‘dP < / Tj+1Y}+1dP.
Ak Ak

Hence

/ TkkaP:/ (Tk—Tk+1)kaP+/ Tk+1kaP
Ag A Ak

g/ (Tk77k+1)ykdp+/ Ti1 Yigr1d.P.
Ag Ag

Repeating this procedure we obtain

/ TkkaPé/ Z(Tj — 7j11)Y;dP.
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Then

k=m
<Z/ 7 YdP < Z/ (15 — Tj31)Y;dP
k=m * Ak k=m j=k Ak

Z / (1j — Tj31)Y; AP

max TEYr>T
m< k<j ze}

Z E(rj — 1j41)Y;"

n

=E(taYy) + Y E(r(Y; =Y.
Jj=m+1

6.6.b (a special case). Let {X,,,n > 1} be a martingale difference se-
quence with 02 = EX2 < oco,n=1,2,---, let constants ¢; > cp > --- >

cn>0,1<m<n Put S, = > X;. Then for any = > 0,
j=1

m n

1 2 2 2 2
st < 5@ S+ 5 )

6.6.c (further generalization). Let Y7,Ya,---,Y,, be r.v.’s and @, o,
, @, be o-algebras. Suppose that Y; is adaptive to <7 (j = 1,2,--- ,n),
and

E(|Yj||4j-1) = a;|Y;—1] as. for 1<j<n

(where Yy = 0) with 0 < a; < 1 for every j. Let constants ¢; > cp >
2y > 1 =0,r 21,1 <m < n. Then for any z > 0,

n
P{m?g?gn ¢l¥;] = w} < Z (cf = aj cj ) B /a"
Jj=m
n

=2 GEY;|" = G EY; ") /2"
J

m
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Proof. Along the lines of the proof of 6.6.a and note that

n k k
¢ = Z(ck — Ak41Ck+1) H a; |, here H a; = 1.
k=j i=j+1 i=k+1
6.6.d (without moment condition). Let {Y7,---,Y,} be a martingale

difference sequence with EY; = O,EYj2 <o0,j=1,---,nand {Z, -,
Zy} be a sequence of random variables. Write X; = Y;+Z;, and suppose

n
thatc1 2 co > -2 ¢, >0, 1<m<n. Put S, = > X;. Then for any

j=1
rz>0and 0<e <1,
P{mngl?gncﬂsﬂ >z} < (1_7 Cm, ZEY2 + Z 2EY2
j=m+1
n m 1
+2 Z (Z; #0)+ P< ¢y ZZj >§5x
j=m+1 j=1

Proof. Put U, = > Y;,V,, = > Z;. Then

j=1 j=1

P{ max || >z} <P U (Ul = (1 = e)a)

j=m

+PS | (V] =

j=m
For the first term on the right hand side, we have, by 6.6.b,

n

P U (¢j|Uj] = (1 —¢e)x) P{mn<13)<< ¢;|Uj| = (1 —e)x}

<— ZEY2+ Z GEY?
( Jj=m+1

To deal with the second term, set A; = {¢;|V;| > ex}. Then

n n—1

PSJlVil zex) p = P(A) + Y Pq (] A4 ¢

j=m j=m k=j+1
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while
n
PL () A4 S P(Zjr #0)
k=j+1
and

n

1
5w}+P Cnl Z Zj|>§ax

P(A)<P {cn|vm| >
j=m+1

N —

N| =

5x}+ Zn: P(Z; #0).

<P {Cnlvm| >
j=m+1

Combining these inequalities, we conclude the proof of the desired result.

6.7 Chernoff Inequality

Let {X,,n > 1} be a sequence of i.i.d. r.v.’s with EX; = 0 and the
moment generating function (m.g.f.) M(t) = Ee!X1. Let

m(x) = irtlf e "M (t).

Then for any = > 0,
P{S,, =z nz} <m(z)"

and
lim PY"{S, > na} = m(z). (23)

n—oo

Proof. The first inequality is from
P{S, = nz} < iItlf e 1T Fetn — (irgfef"”tM(t))” =m(z)"

by 6.1.a.

Now, we prove the second conclusion. If for some zy > 0, P(X; >
xo) = 0, then for all x > zg, P(S, > nz) = 0 and m(xz) = 0. Then (23)
is trivially true. We assume that P(X; > z) > 0 for all z. Then, X is
not degenerate and it is easy to see that R, (t) = e **M(t) attains its
minimum at a finite ¢ and m(xz) > 0. Let 7 = 7(z) = inf{¢t : m(x) =
R, (t)}. Write F'(y) = P(X; — 2z < y) and define

G(z) = / T AR (y) fm(a).

— 00
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It is a d.f. of some r.v., say Z. Let {(t) denote the m.g.f. of Z. Then

£(t) = / e AG(u) = Ra(r + 1) /m(z).

Hence EZ = &'(t)|t=0 = m/(7)/m(z) = 0 by the definition of 7. Fur-
thermore 02 = VarZ > 0 since X is non-degenerate. Let Z;, Zy,--- be
a sequence of iid. r.v.’s with the common d.f. G(-). Put

1 n
U, = m;zj and  H,(z)= P(U, < z).

By the central limit theorem, lim H,(x) = ®(x). Then for any € > 0,

n—oo

n

P{S, zna}=P{> (X;—2)>0

_ // dF(y1) - dF (y,)

y1+-+yn =0
/ / —rt ) dG (z) - AG )
z1+ 42,20

=m(z)" /0 e VIOTUAH,, (u)

)T [ eI, ()~ H, (0)du

0

mie)"vior [ " e VIO (u) — Hy(0))du
> (@) (Ha(e) ~ Ha0)Viior | e viarTugy
— ()" (Hy(€) — Hy(0))e Ve,
which implies that

“12)og(m(z) " P{S, > nzx})) > —ore.

lim inf(n

By the arbitrariness of ¢, it follows that n=/2log(m(z) " P{S,, > nx}) =
o(1), which implies

1
- log P{S,, = nx} =logm(x) + o(1),
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proving the second conclusion.
Remark. From the proof, one can see that there is a more precise result
which is the existence of positive numbers by, bs, - - - , with log b, = o(1),

such that
bn

m(z)" (1 + o(1))

(cf. Bahadur and Rao (1960)).

6.8 Fuk and Nagaev Inequality

Let X;,j =1,--- ,n, beindependent r.v.’s with d.f.’s F;(z),j =1,--- ,n
Let x,y1, -+ ,yn be positive numbers. Put n = (y1,* ,Yn),y =

max(ylv e 7yn)7

Ar =Y [ jrap),

j=1"Iul<y;

where 0 < r < 1. Then
n xyrfl
<Y P(X;| = y;) +exp ST ( +1>}.
= y oy A(r,m)

If zy"~! > A(r,n), then

- x  A(rm) = xy !
(1Sn P(X; —|—exp{——log< .
PAIS| > ; (151> y oy y A(r,n)
Proof. Let
s | X;, if | X] <y, .
Xj = { 0, otherwise, j=10m,
=2 %
j=1

Clearly, for any ¢ > 0,

P(|Sn| = 2) <P(Sy # Sn) + P(ISn| > )

< Z P(X;| > y;) + e " Ee!lSnl, (24)
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We estimate EeflS»| as follows. Observe that |u|~!(efl*l — 1) attains its

maximum value in the region |u| < z for |u| = z. Therefore

j=1 j=1
n fy] _ 1
< (1 ° /‘ mwiwg
j=1 y] |u\<y7
n ty _ 1
e
<[1<1+ —/ mvwzmﬂ
j=1 Y |u|<y;

Hence
S ety -1
e @ Ee!lonl L exp ( A(r,m) — tx) . (25)
y'f‘

Then, the first inequality follows by substituting (25) into (24) with

1 Iyr71 )
t=-1o +1].
y g(Aum>

The second inequality follows by minimizing (25) with respect to ¢ and

noticing the condition zy"~* > A(r,n) which implies the minimizer ¢ =
y~Hlog(zy" AT (r,n)) > 0.

6.9 Burkholder Inequality

Let {Y,, ¢,} be a martingale or nonnegative submartingale. Then for
any x > 0,

o0

_ 2
P{Z(Yn Yoo1) >x}<3:grl>ElYnl/\/5.

n=1

Proof. We only need consider the case where sup E|Y,| < co. Under
n>1
this condition, by the martingale convergence theorem, there exists a

r.v. Yo such that Y, — Y as. and E|Ys| < sup,>; E|Yy|. Set
Yo =0, X, =Y, —-Y, 1, g = inf{n > 1: Y, > z} with the
convention that © = oo if no such n exists, hence for this case Y, are
Y,,—1 and well defined. By the dominated convergence theorem, we have
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EY, Y, 11(p=o00) = EYZ <z lim E|Y,|I(p= ).
n—oo
On the other hand, since |Y,,_1| < y/x, we have

EY, Y, 1I(1 < 00) =liminf > " VaE|Y,I (1 = k)|
k=1
<Vzliminf Y EJY,|I(p = k) < aliminf B[V, |I(n < n)
k=1
<Vzliminf E|Y,|I(u < o0).
Combining the two inequalities, we obtain

EYuYu—l < \/Esup ED/H‘
n>1

Let v = u A n. By the same lines we can prove that

EY,Y, 1 < Vosup E|Y,|.

n>1
Furthermore . .
V2= X742 VX
j=1 j=1
Thus
n—1 n
Z X7+ Y2 =2V2 42V, 1 X, =23 VX
j=1 J=1

=2V, Y, 1 -2 Y, X;.
j=1

Clearly, the above equality holds with n replaced by v. Hence, by noticing
Y;_1 = 0 for the submartingale case, we obtain

EY Y;iaX; =Y E{I(n=>j)Y;1E(X;|e-1)} > 0.
j=1 j=1
Thus

EZX? < 2EY,Y,_ 1 < 2y/zsup E|Y,,|.

n>1
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Making n — oo, one gets

p—1
EY X7 <2Vasup E|Y,|.
j=1 n>1

Since Z X: = Z X7 on {p=o0} = {bupE|Y | <z}, we have

{ZX xsup|Y| } ZXJQ

pn—1

gEZXQ/x QSupE\Y |/

Therefore

P{ZX5>x}<P{sgrilYnl>\/§}+P{Z > z,sup|Y,| < f}
n=1 nz

— nzl
n>1

6.10 Complete Convergence of Partial Sums

Let {X,,n > 1} be iid. r.v.’s, EX; = 0. Then there exist positive
constants C7 and C such that for any = > 0,

C1z2EX2I(|1 X, > Z (|Sn] = zn) < Cox2EX?I(|X4| > ).
See the proof in (Pruss, 1997).
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Chapter 7

Exponential Type Estimates of
Probabilities

Exponential rate is the best in convergence in probability. Such inequal-
ities are important when investigating the law of large numbers and the
law of iterated logarithm. Some of such inequalities are well known
and frequently employed in statistics and probability, such as Hoeffding,
Bernstein, Bennett and Kolmogorov inequalities. These inequalities can
be found in most textbooks on limiting theorems, such as Loeve (1977),
Petrov (1995). Some new inequalities will be referenced therein.

7.1 Equivalence of Exponential Estimates
7.1.a. There exist positive constants b and ¢ such that

P(|X|zz) <be™ forall z > 0.
7.1.b. There exist a constant H > 0 such that

Fe'X < o0 for |t| < H.
7.1.c. There exist a constant a > 0 such that
Ee'Xl < .
7.1.d. There exist positive constants g and T such that
EetX—EX) < eIt for |t <T.

Proof. Denote the d.f. of X by F(x). Note that

0 )
Bel¥! = / e ""dF (x) + / e**dF (z) < Be** + e~
0

—00
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Hence 7.1.b and 7.1.c are equivalent.
If 7.1.c is true, then

P(|X]| > z) < e~ Eel Xl

for every = > 0 by 6.1.a. We can conclude that 7.1.a is also true. We
shall now show that 7.1.a implies 7.1.c. In fact, from 7.1.a, we have

F(z) <be ! for <0 and 1— F(z)<be™®® for x> 0.

Hence for 0 < a < ¢, by integration by parts, we obtain

Eeal X :/O e “*dF(x) — /000 e™d(1 — F(x))

o0

0

<2F(0) + ab/

— 00

elem @y 4 ab/ e (T gy « oo
0

At last, we show that 7.1.b and 7.1.d are equivalent. Obviously, 7.1.d
implies 7.1.b. Conversely, if 7.1.b is true, then

t2
log Bet(X—EX) — §Var(X) + o(t?) as t—0.

For any constant g> %Var(X), the inequalities log Fe!(X ~FX) L gt? and
EetX-EX) < 09t hold for all sufficiently small ¢, i.e., 7.1.d is true.

In the following sections 7.2 to 7.8, assume X1, --- , X,, are indepen-
n
dent r.v.’s and write S, = > Xj.
j=1

7.2 Petrov Exponential Inequalities

7.2.a. Suppose that there exist positive constants g1, -+, g,, T such
that
Eeth < egkt2/27 ,7 = 17 e, N,
n
for 0 <t < T (or for =T <t < 0). Then, putting G = > g;, we have
j=1

P(S, > z) < e /26 (correspondingly P(S, < —z) < e_$2/2G)
for 0 <z < GT and

P(S, >z) < e T/2 (correspondingly P(S, < —z) < e~ T2/2)
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for x > GT.
Proof. Obviously, it is enough to consider the case of 0 < ¢t < T. For

every x, we have

n
P(Sn > x) < ot FetSn _ o=tz H EetXi < e—tx+Gt2/2_ (26)
j=1
For fixed 2,0 < < GT (the case of x = 0 is obvious), the function
f@®) = GTtZ — tz attains its minimum at ¢ = x/G, which satisfies the
condition 0 < ¢t < T. Taking t = /G in (26) yields the first inequality.
Now assume z > GT. At this time, f(¢) is non-increasing. Putting
t =T in (26) gives the second inequality.
7.2.b. Suppose that FX; = 0,5 = 1,---,n, and that there exists a
constant H > 0 such that

ml o rm oo ;
‘EX]m‘<7U]Hm ) j=1-n,

for all m > 2, where 0]2 = EXJZ. Put B, = Zn: 032». Then for 0 < z <
B./H, =
P(S, > 1) < e~ /(4Bn) P(S, < —2) < o—@°/(4B)
and for z > B, /H,
P(Sy > ) <o T2, P(S, < —x) < e T2,

Proof. For |t| < 1/(2H),

Eeth:1+ﬁo'2,+ﬁEX3+...
273 g
t2
<1+§vﬂ1+HﬁL+H%2+~J
t20'2 2 2
<1 J <1 t2 2< ta'..
oy SISO

Applying 7.2.a, we obtain the assertion in 7.2.b.
7.2.c. If EX; > 0,57 = 1,---,n, then the assertion in 7.2.a can be
strengthened as follows:

P(max S; > ) <e_$2/(2G), if 0<2<GT,

P(max S; > x)<e T%/2  if x> GT.
1<j<n
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Proof. We just need to point out the following fact. Since EX; >
0,7=1,---,n,{S;,1 <j < n} is a submartingale, and furthermore, so
is {e*%1,1 < j < n} for any ¢t > 0. Hence we can use the Doob inequality
6.5.a.

7.3 Hoeffding Inequality

Suppose that 0 < X; < 1. Put p; = EXj, X =

Si=

> X
j=1

=
Il
t
>

Then for 0 <z < 1— p,

P(X — p > )< P{max (S; — ES;) > nz}
1<isn

T 1—p—z) "™
_ M Ht 1—p Iz
= w+x l—p—=x

2 2
—glp)nx —2nx
Le 9T Lo

)

where L L L
log—H  for 0<p< =,
1-2p o 2
9(p) 1 1
. for —<p<l.
2p(1 — ) 2
If there exist a; < b;, such that a; < X; <b;,5 =1,---,n, then for any
z >0,

P(X — p > 2)< P{max (S; — ES;) > na}
1<j<n

n
< exp —2n2x2/2(bj —a;)?
j=1
Proof. We only prove the first inequality as the proof of the second one
is similar. Let ¢ > 0. Since '@ is a convex function of z, we have
e < (1—x)+ze', for 0<z<1.

Hence the m.g.f M;(t) of X satisfies

M;(t) < 1= pj+ pje’.

Thus, noting that the geometric mean does not exceed the arithmetic
mean and using the Doob inequality to the submartingale e*(5i —F5i)  we
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obtain

P{ max (S; — ES;) > nx}

1<jsn

_P{ max exp{t(S; — ES;)} > exp(nxt)}
1<ji<n

< 7n:ctE t(Sn—ES, 7n(u+w H

j=1
<ot TT(1 = (1 —e)
j=1

n
n

1
< —n(p+z)t | = 1 — (1 — et
e . > (1= pi(1—eh)

j=1
= (eI~ (1 — )"
The RHS is minimized by the choice

(1—p(p+z)

> 0.
p(l—p— )

to = log

Then we obtain

B L n+x 1_M l—p—zx n
Pzl (L) (2 = exp(—n22Gla, 1),

where

1—p— 1—p—
,u+x10g,u+x+ o xlog‘ .

Gla,p) == m = =

We will minimize G(x, 1) with respect to = for 0 < z < 1 — u, and the
resulting minimum will be denoted as g(u). Now

23G(I # (1—21M> log <1— . )
oz T 1—p

_(1—2Ml—x)10g(1—uix), (27)
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with all positive coefficients. Thus H(s) is increasing for 0 < s < 1.
Hence we see from (27) that (0/0x)G(z, i) > 0 if and only if /(1 —pu) >
x/(u + x) or equivalently > 1 — 2u. G(z, u) achieves its minimum at
x =1 —2p; while if 1 — 2y < 0, then G(x, ) achieves its minimum at
x = 0. Inserting these values into G(z, 1) yields its minimum

1 1— 1
log #, for 0< <=,
1-2u " 2
9(p) = 1 ]
—_— for —<u<l.
2p(1 — ) 2

Moreover, g(u) > g(%) = 2 obviously. The first inequality can be proved
by combining these results.

7.4 Bennett Inequality

Supposethat X;<bEX; =0,j=1,--- ,n. Put ajz.:EX]2 and 02 =
%ZO’ Then for any x > 0,

P(X > )< P{ max S; > nx}

1<j<sn

<exp{—”b [(Hz;) log (1+i§) —1]}.

Proof. Also using the Doob inequality, for any ¢ > 0 we have

P(S, > nz) < P{max S; > na} <e ™! H Fe'Xi,

1<j<n

Noting that EX; = 0 and g(z) = (e* — 1 — x)/2? (conventionally with
g(0) = %) is nonnegative, increasing and convex on R, we have

Ee'Xi <1+ t202 (th) < ex 2ﬂ
g p 7 :

Hence

et —1—1¢b
< — Ch e
P{lglfg(n S; nx} < exp < nxt + no B2 )
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Minimizing the exponent by the choice t = (1/b)log(l + bz/0?), we
obtain

P >
{ max S; > na}

nx bz no? [ bx bx
<exp —Tlog 1+? +b—2 ;flog 1+§
ne o? bx
—exp{—b [(1+bx)10g (1—1—02) —1]}.

Remark. If 0 < x < b, the bound can be changed to

b\ ~ (b /%) /(B 40”) o — (/b2 /6o )
I+ (1-3)
7 b

7.5 Bernstein Inequality

Suppose that EX; = 0 and E|X;|" < ajzn!a”*Q/? for all n > 2 where

-

% a?, for any = > 0,

07 = EX7,a > 0. Then, putting 0* =
1

J

\/HI2
> < > < v
P(S,, > v/nz) < P{ [max. S; = \/ﬁx} < exp{ S Jio® tar) |

Proof. The LHS inequality is trivial. To prove the RHS inequality,
we first note that for any ¢ > 0, e!* is a convex function and that
{e%,j < n} forms a submartingale. Let ¢ > 0 satisfy ta < ¢ < 1. Then,
we have

n
P{ max S; > \/ﬁx} = P{ max exp(tS;) > em‘/ﬁ} e tVR H EetXi,

NS NSO .
Jj=1

EetXf—1+ﬁEX2+ﬁEX3+m
D R T

2 3

= o U o
<1+50j+50ja+~'
t20? t20?
<1 I~ < 0
Toa-g S 20—

Hence

e VPP BetSn L exp { —v/nat + tono” (28)
= 2(1—c¢) "
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The exponent achieves its minimum at to = (1 — ¢)x/(y/no?). Letting

tpa = ¢, we obtain
ax

=Y,
Vno? + ax

and
T

Vno? +ax’

Inserting them into (28) yields the required inequality.

to =

Remark. If | X;| < a a.s., then the moment condition is met.

7.6 Exponential Bounds for Sums of Bounded Vari-
ables

Suppose EX; = 0 and |X;| < d; as., j = 1,---,n, where dq,--- ,d,

1/2
n
are positive constants. Let > 0. Put ¢ = <Z d?) and b =
j=1

max j'/?|d;| for some 1 < p < 2.
1<5<n

7.6.a. For any = > 0, P(|S,| > r) < 2exp(—22/2a?).
Proof. Note that the function y — exp(ty) is convex and ty = ¢(1 +
y)/2 — (1 y)/2. For |y| < 1

exp(ty) < cosht + ysinht < exp(t?/2) + ysinht.

Hence, applying this inequality with y = X;/d;, we have

E exp(tSy) H t2d2/2 = exp(t?a?/2).

By taking t = z/a?, it follows that
P(S, > x) < exp{—tz + t?a*/2} = exp(—2?/2a?).
7.6.b. With ¢ = p/(p — 1), there exists a constant ¢, > 0 such that

P(S, > z) < 2exp(—cqz?/b7).



7.7  Kolmogorov Inequalities 75

Proof. For any integers 0 < m < n write
n

Sal <D IXG1+| D X[ <Y TP Y X
j=1 j=1

j=m+1 j=m+1

<bgm'/1 + Z Xl -
j=m+1

Consider first the case where z > 2bq and let m = max{j : > 2bgj*/4}.
Then by 7.8.a,

P(|Sp| =2 2)< P Z X;| =bgm?!/

j=m+1
n
< 2exp —b2q2m2/‘1/ 2 Z d? ,
j=m-+1

where

n n b q

> g 3 s D

Jj=m+1 j=m+1 q
Hence

P(|Sh| > x) < 2exp{—q(q — 2)m/2} < 2exp(—cyz?/b7),

where c; =q(qg—2)/(4(29)7).
When z < 2bg, taking c; = (log2)/(2¢)?, we have

P(|Sy] > ) <1< 2exp(—cjz?/b?).

The inequality follows with ¢, = ¢, V cj.

7.7 Kolmogorov Inequalities

Suppose that EX; = 0, 0']2» = EX]2 < oo, |Xj| <cspas,j=1,---,n,

where ¢ > 0 is a constant and s2 = 2?21 032-. Let = > 0.

7.7.a (the upper bound). If z¢ < 1, then

332

P(Sn/sn > ) < exp {—2 (1- 2)} :
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and if xc > 1, then
T
P(S,/sn > x) < exp{—@} :

7.7.b (the lower bound). For given v > 0, there exist z(y) and w(v)
such that for all z(y) < z < 7(vy)/c,

2

P(Sy/sn > @) > exp {(1 +7)} .

Proof. Let ¢t > 0. It follows that for tcs, <1,

202 t t222
BeXi <14 2 (1+ O g +)

ol 8

2 4.
< tZU tcsn
X €xXp 5
Then -
t tcsy,
et BetSn L exp {—tsnx + ;” (1 + C; ) }

from which 7.7.a follows if ¢ is chosen to be z/s, or 1/(csy) according
toxc<1lor > 1.

We begin to proceed with the proof of 7.7.b. Let a and  be small
positive constants to be determined later by the constant . Set ¢t =
x/(1 = B). Then, tc < 2a0 < 1 by choosing 7(y) to be small enough.
Thus,

>exp{t22 <1 - t;)} > exp{t;(l —a)}. (29)

On the other hand, putting ¢(y) = P(S,/sn = y) and from integra-
tion by parts, we have

EetSn/sn —t/ Wa(y)dy.

Split the real line R into the five parts Iy = (—o0,0], Is = (0,¢(1 — 5)],
Is = (t(1 - 0),t(1 + B)], Is = (t(1 + ), 8t] and Is = (8¢, 00). We have

0 0
Ji = t/ eVq(y)dy < t/ edy = 1.

— 0o — 00
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On I, noting that ¢ < 1/(8t) (provided m < 1/8), in the light of
7.7.a, we obtain

exp(—y/(4c)) <exp(—2ty), ify>1/c,
q(y) < 2

exp {_y2 (1 - %) } <exp(—y?/4)<exp(—2ty), ify<l/ec.
Therefore

Js = t/ eVq(y)dy < t/ e Wdy < 1.
8

t 8t
On I and I, we have y < 8t < 1/c. Then, by 7.7.a,

2
e"q(y) <exp {ty - %(1 - y;)}

<exp {ty - %(1 - 4tc)}
=exp{g(y)}-

The function g(y) attains its maximum for y = which, for 7 (hence

t
1—4tc’
¢) sufficiently small, lies in I5. And consequently, for y € I | Iy,

<t2—(t—y(1—4tc))2 t2< 3 )

X g o 1—-—
9) 2(1 — 4tc) 2 2

Hence

t(1—p3) 8t 2 ﬁQ
Jo+Jy = t( + )etyq(y)dy <9t%expd = (11— ) 5.
0 H(148) 2 2

Now let a = 32/4. By (29),

t2 2
Jo +J4<9t2exp{2(1 - 52)}

927 z? 3 tS,
ST s ———F 2n L
(1- 52 e"p{ 8(1 - 6)2} eXp{ o }
Then for x > z(8) = z(v) that is large enough, we obtain
1 1
Jit s <2< zEetsn/s"# Jo+ Jy < ZEetS"/S".

As a consequence, we have

t(1+8) 1
Js = t/ eq(y)dy > = Ee'Sn/n
t(1-5) 2
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which, together with (29), implies that

2t2ﬂe +8g(x) > lexp{ﬁ(la)}.
2 2

Hence

1 12 t2
q(x) > 4t2ﬁexp{ }exp{—2(l+2a+2ﬂ)}

¢ 1420+ 20
>eXp{‘2 (1—3) }

provided that > z(v), and ¢ is large enough. For given v > 0, it suffices
to choose 3 > 0 such that

1428+ 5%/2
(1-p)?

Therefore, for 7(y) sufficiently small and « = z(vy) sufficiently large,

Sty

q(z) > exp{—x;(l +’y)}.

This completes the proof.
7.7.c (sharpened Kolmogorov upper inequality). In addition to the as-
sumptions in 7.7.a, we assume that for some ¢ € (0, 1],

n
Ly =5, " B|X;|* < o0,
i=1
Then, for any = > 0,

21
P(S,/sn =2 x) < exp {—z + 6x3cl_6Lne”} .

Proof. For any t > 0, we have

n 242 20 th k=20 | X |+
tX n J J
v e (14520 (320 2
k=3 Sn

t2 t3 1 5Ln tc
geXP{Q'FCGe}, (30)

from which the conclusion follows by taking ¢ = x.
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7.8 Prokhorov Inequality
Under the conditions of 7.7, for any = > 0,
x xe
> < - i — .
P(S,/sn = x) < exp{ 2Carcsmh ( 5 )}

Proof. Let G(z) = 1 >j-1 P(Xj < z). The d.f. G is concentrated in

T n

the interval [—cs,,, ¢s,], and
1
2 _ 12
[vacw =52
Let G* be a d.f. with
G*({=csn}) = G*({esn}) = 1/(2n¢*),  G*({0}) =1~ 1/(nc?).
It is easy to verify that

/(cosh ty — 1)dG(y) < /(cosh ty — 1)dG* (y)

1
— —(coshtes, —1).
e (coshtcs )
Then for ¢ > 0,

P(S,/sn > x) <e 1%n Betdn

n
— o~ tTsn H Eeth
Jj=1

n
<exp{ —tws, + Z(Eetxj -1)
j=1

:wp{%mn+n/@w—1—me@%
<exp {—txsn + 2n/(cosh ty — 1)dG(y)}

2
<exp {—txsn + — (coshtes, — 1)} .
c
The exponent achieves its minimum at

1 .. xc
t = —arcsinh—.
CSp, 2

We find the minimum value is

T .. xC
——arcsinh—.
2c

2
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7.9 Exponential Inequalities by Censoring

7.9.a (partial sum). Let Xy, ---,X, be iid. r.v.)s, a > 0. Define
censored r.v.’s
Z; =(—a)V (Xj Aa).

n
Put T,, = > Z;. Then for any positive numbers 7 and s,
j=1

P{IT, = BT, > —e'nB(XF Aa?) + 2} <267,
2a T
Particularly, for any 0? > E(X? A a?), z > 0,

1
P {|Tn ~ BT,/ > 3 (1 +exp (\;%)) x\/ﬁo} <2072,

Proof. Clearly, it is enough to prove the one-sided inequality
P{T, - BT, > S nB(X} A a?) + 2l<e
a r

Put F(z) = P(X1 < z), G4(x) = P(X; > ), G_(z) = P(—X1 > ).
Let t = r/a. Then

1
Ee!Z' < E <1 +tZ, + 2t2Z12e'“>

1
<exp {tEZl + 2e?"tQEZf} .
The first inequality now follows from

P {Tn —ET, > Le”nE(Xlz Aa?) + %}
r

2a
t t
<exp {—tETn - éernE(Xf Aa?) — % +ntEZ; + ZertQEZf}

=e 5,

Letting s = #2/2 and r = az/(y/no), we obtain the second inequality.
Remark. The conclusions are also true if the censored r.v.’s Z;,j =
1,--- ,n, are replaced by the truncated r.v.’s

}/}:XJI(‘XJ|<CL)ﬂ j:]-a"’,na

provided E(X? A a?) is replaced by EX?1(|X;| < a) in the inequalities.
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7.9.b (increments of partial sums, Lin). Let {X,,n > 1} be a sequence
of independent r.v.’s satisfying that there exist positive constants J, D
and o such that for every j,
n+tk
EX; =0, E|X;P"<D, ol,= > EX;>
Jj=n+1

Let N and Ny = Ny(N) be positive integers satisfying that Ny < N and
NZT9/N? — 00 as N — oc. For a given M > 0, put

n

Y, =X1(1X;| < MNY@®) _EX;I(X,| < MNYCD) T, ="y

Then for any given 0 < e < 1, there exist C = C(g) > 0, Ny =
1/2

No(e), zo = z0(¢), such that for any N > Ny, zg < x < N,/*/N1/C+)
CN _
P > < ——e /2,
{ms o, e = Tulfous, > (-4 2)e) < e

Proof. Let € > 0 be given. Define m, = [Ny/r] and n, = [N/m, + 1]
for a large positive r to be specified later. Then, by the fact that EXJ2 <

2/(2+9)
(Blx;12+) < DY+ for any n € ((j — 1)my, jm, ],
o2 D2/(2+6)
M I < (146/10),

2
a.jmle NlO'

provided 7 is large enough. Similarly7 we can prove the same inequality
2

when GZ"’NI is replaced by M or jm, is replaced by (j — 1)m,..
jmr,Nqp ”‘Nl

Therefore, we have

T, -1,
1glna<XN 12}1%)1(\! Ttk |/on.m,

<(1+¢/10) (pax | max Tyt — Tjma|/0jmn, N

+(1+2/10) max | max |Tjm,—k = Ljm, |/0G-1ym, N

Thus,

>
P{lglna<xN | Dnax [Ttk — Tul/onn, = (1+e)x}

)

+P{1g;g};rl<n,ggx Tim.—k = Tjm, |/ 0G-1)m, .y = 8w}~ (31)

<P< max max |7} e — 1 Cim.. N, = | 1+
<P{ max mo T o= T im v >

—_ W
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By sharpened Kolmogorov upper bound (see 7.7.c) with ¢ = MNl/(2+6)/
Timy Ny < Mo INVEHOINTY2 for o < NJ2N-1/249),

1
P<{ max max |T; p— 1% Oim. N, = |14+ =¢|x
max  max (T = Do, |/, 0 > (145

My
. 1
<2 p {15%2}1(\71 Tim,tk = Tjm, |/ Ojm, Ny = (1 + 3€> l’}
p

1\2
x? <1 + 35) )
<n"exp —— (1 _ 3(M/U)l—éeM/aDa—(era)N1—5/2)
22
<CO1rNN; exp (—2> , (32)

for all large IV so that (1—1—%5)2(1—%(M/a)1*56M/5DU*(2+5)N1_5/2) > 1
Note that o/, m, < /m, DY), By taking r so large that

€0 jm,.,Ny S EO’\/Nl S EO’\/’I7 > 14 15
30 imrm. . 3ym, D/ Z 3p1/e+) Z 1 T3S

and using the same argument as in the proof of (32), we have

1
P< max max |Tim.—r— 15 O(i_ > —¢
1<j<nT1<k<mr| ek = Tom /0 G-1ym, Ny 2 3

n,
Exo_(jfl)m,v,Nl
<Y P max (Tim,—k = Tjm, |/0G-1ym,m, > 5t
= 1<k<m,. 3U(j_1)m7‘7m7‘

\- 1
<;P{ max |Tjm, —k — Tjm, |/ OG-1)my,m. = <1 + 35) gc}

1<k<m,
22
<C21“NN1_1 exp (—2> . (33)

The desired inequality then follows by substituting (32) and (33) into
(31).
7.10 Tail Probability of Weighted Sums

Let {X,,n > 1} be a sequence of i.i.d. r.v.’s with P(X; = 1) = P(X; =
—1) = 1/2, the so-called Bernoulli (or Rademacher) sequence, {a,,n >



References 83
0 1/2
1} be a sequence of real numbers with a = ( > Oz%) < 00. Then for

n=1
(o)
P { Z anXy,
n=1

If there exists a constant K > 0 satisfying * > Ka and zm§¥|an| <
nz

K142, then
P { > anX,
n=1

Proof. The first inequality is shown by noting that for any ¢ > 0,

> = 2, t2a>
E t nXn | < — = — .
e (13 a nr_[lexp<2an> exp( 2)

n=1

any x > 0,

> x} < 2exp(—z?/2a?).

> x} < exp(—Kz?/a?).

And the second one can be deduced from 7.9.a.
Remark. Let {Y,,n > 1} be a sequence of r.v.’s. 'We may consider
the sum > X, Y, instead of }_Y,,, where {X,,} is a Bernoulli sequence
independent of {Y,,}. The two sums have the same d.f. As the first step,
one investigates > X,,Y,, given {Y;,} conditionally.
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Chapter 8

Moment Inequalities Related to One
or Two Variables

In this chapter, we shall introduce some important moment inequali-
ties, such as Holder, Cauchy-Schwarz and Jensen inequalities. These
inequalities not only frequently used in research works, but also help
to embedding random variables into some linear spaces so that many
probabilistic problems can be understood and analyzed geometrically.

The following moment inequalities are given by the expectation E(-),
but they are also true if we replace E(-) by the conditional expectation
8.1 Moments of Truncation
For any positive numbers r and C,

E|XI(X| < O)" < BIX[".

Proof.

E|X|T:/P{|X7" >z} da
>/P{|X|”I(|X| < 0) > zhde = E|XI(|X| < O)".

8.2 Exponential Moment of Bounded Variables
If X <1 as., then

E(exp X) < exp(EX + EX?).
Proof. The inequality follows from the elementary inequality

e <1+x+22 forallz <1.

Z. Lin et al., Probability Inequalities

© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010
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8.3 Holder Type Inequalities
8.3.a (Holder inequality). For p > 1 and ¢ > 1 with L +1 =1,
EIXY| < (E|X|")» (B|Y|)7.

Proof. We may assume that 0 < E|X|P, E|Y]? < oo, since the inequal-
ity is trivial otherwise. Note that —logx is a convex function on (0, co).
Hence, for a,b > 0 we have

L 1 1
—log <a + ) < ——loga? — = logb? = —log ab,
p q p q

or equivalently

Thus

E(X|/(EIXP)P)([Y/(E]Y|))

1 1
< ];E(IXI/(EIX\”)””)” + gE(\Yl/(EIY\q)”q)q
p g

which implies the desired inequality.

8.3.b (Cauchy-Schwarz inequality).
E|XY| < (EX?)YV2(EY?)Y/2,
Proof. Let p = ¢ = 2 in the Holder inequality.
8.3.c (Lyapounov inequality). Put 8, = E|X|P. For 0 <r < s < t,
BT < B

Proof. Let p ==, g = z:: and let X and Y in 8.3.a be replaced by

t—s?

‘X|ST and |X|%t respectively.

Remark. From Lyapounov’s inequality, we have

s—r
log 3.

log Bs <
t—r

t—s
log 3, +
t—r
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That is to say, log G5 is a convex function in s.
8.3.d (a generalization of Hélder’s inequality). For 0 < p < 1 and

q=—p/(1—p),

EIXY| > (E|X|")/P(E|Y|7)Y.
Proof. Put X' = |[XY|?, Y' =|Y|P. Then by the Hélder inequality
E|IXPP = EX'Y' < (EX VPP (BY VD) = (BIXY|)P(E[Y]7)! 7,

which implies the desired inequality.

8.4 Jensen Type Inequalities

8.4.a (Jensen inequality). Let g be a convex function on R. Suppose
that expectations of X and g(X) exist. Then

g(EX) < Eg(X).

Equality holds for strictly convex ¢ if and only if X = EFX a.s.
Proof. We need the following property of a convex function on R: for
any x and y,

9(x) = g(y) + (. — y)g,(y), (34)

where ¢/ is the right derivative of g (c.f., e.g., Hardy et. al. (1934,
91-95)). Let x = X, y = EX in the above inequality. We obtain

9(X) = g(EX) + (X — EX)g,(EX).

Taking expectation yields the desired inequality.

When g is strictly convex, g.. is strictly increasing. If X = FX a.s.,
Eg(X) = g(EX), obviously. On the contrary, if Eg(X) = g(EX), by
letting z = EX, y = X in (34), we obtain

E(EX - X)g,(X) =0 = E(EX - X)(g,(X) - g,(E(X))) =0,

which implies that X = FX a.s.
8.4.b (monotonicity of L,-norm

consequence of the Jensen inequal-
ity). For any 0 < r < s,

(BIX[)Y" < (BIX[).
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In particular, for any p > 1,
E|X| < (E|X[P)V?.

Proof. Take g(z) = |x|*/" and replace X by | X|" in the Jensen inequal-
ity.
Remark. This inequality shows that ,6’;/ ® is an increasing function in
s.
8.4.c (arithmetic-geometric inequality). Let X be a non-negative r.v.,
then

EX > exp{Flog X }.
Unless X is a degenerate r.v. or E'log X = oo, the inequality is strict.
Proof. Apparently we only need to consider the case where EX < co.
The inequality is a direct consequence of 8.4.a, setting g as: when x > 0,
g(z) = —logx; when z < 0, g(z) = oco.
Remark. A formal generalization of the inequality above is: let X be
a non-negative r.v., then

(EXT)Y" > exp{Elogz}, r>1;
(EX")V" < exp{Elogz}, 0<r<l1.

8.5 Dispersion Inequality of Censored Variables
PuuY=al(X <a)+XI(a<X <b)+bI(X >b) (—oo<a<b< o0).
Then, if E|X| < oo, for 1 < p < o0,

E|X — EX|P > E|lY — EY]P.
Proof. Put a(t) =aV (tAD) and 5(t) =t —a(t) — EX + Fa(X), where

both are nondecreasing in ¢t. By inequality (34) for a convex function
used in 8.4.a with g(z) = |z|P, we have

X — EX]P > [a(X) — Ea(X)| + B(X)g,(a(X) — Ea(X)).
Since both g.(a(t) — Ea(X)),and $(t) are nondecreasing,
EB(X)g,((X) ~ Ba(X)) > EB(X)Eg,(a(X) — Ea(X)) = 0.

Taking expectation in the above two inequalities yields the desired con-
clusion.

Remark. As a consequence, we have Var X+ < Var X, Var X~ < Var
X.
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8.6 Monotonicity of Moments of Sums

If X and Y are two r.v.’s with E|X|" < oo, E|Y|" < o0, r 2 1, and
E(Y|X) =0 a.s., then

E|X +Y|' 14> E|X| L4,

where A is a event defined on X. In particular, if, in addition, X and Y
are independent with Y = 0, then

EIX + Y| > E|X|". (35)

Proof. The desired inequality follows from the following (conditional)

Jensen inequality,
[X["La = |[E((X + Y)La| X)|" < E(|X + Y|"L4]X).
Remark. In general, if f(z) is a convex function on [0, 00), then
Ef(IX +Y|1a) > Ef(|X[1a).
This follows from the conditional Jenssen inequality f(|X|[4) =
FAE(X +Y)La[X)]) < E[f(IX + Y[L4)[X].
8.7 Symmetrization Moment Inequalities

Let X and X’ be iid. r.v.’s satisfying F|X|" < oo for some r.

8.7.a. 1E|X — X'I" < E|X|" for0<r<2.

Proof. For the case of r = 2 the inequality is trivial. If 0 < r < 2,
denote the d.f. and c.f. of X by F(x) and f(t) respectively. We have
the formula

|z|" = K(r) /(1 —cosxt)/|t|"Trdt, 0<r <2,

where x is a real number and

—1
1—cosu F(r+1) . rxn
K(r‘)z </Wdu) :Tsmg.

BIX| = / " dF (2 / / |t|‘j‘fl“dtdF(x)
—K(r) / ﬂdt. (36)

‘t|r+1

Then
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Using this and the identity 2(1 —Ref(t)) = (1 —[f(#)[?) + |1 — f(t)|?, we
obtain

r 1 "1 1 |1_f(t)|2

which implies the desired inequality.
8.7.b. For any a,

1
§E\X -mX|" < E|X — X'|" <2¢.E|X —a|]" forr>0.

Proof. By the elementary inequality |a + 8|" < ¢.(|a|” + |5]"), where
¢r =1 or 277! in accordance with r < 1 or not, we have

EX - X'"=E|(X —a)— (X' —a)]" <c.(E|X —a|" + E|X' —a|")
=2¢.E|X —a|".

This is the RHS. As for the LHS, it is trivial if F|X — X'|” = co. Then,
according to the inequality just proven (with a = mX), E|X —mX|" =
oo. Thus we can assume that F|X — X'|” < co. Let

g(z) = P{{X —mX| >z} and ¢’(z)=P{X—-X|>z}.

By the weak symmetrization inequality 5.3.a, ¢(x) < 2¢°(z). Therefore
it follows, upon integration by parts, that

E|X —mX|" = / re"tg(r)dz < 2/ re"lgf (z)dr = 2B|X — X'|"
0 0
as desired.

8.8 Kimball Inequality

Let u(x) and v(z) be both nonincreasing or both nondecreasing func-
tions. Then
Eu(X)Ev(X) < E(u(X)v(X)),

if the indicated expectations exist.
Proof. We use the Hoeffding lemma.

Cov(u( //{P ) < 5,0(X) < 1)
) < s)P(v(X) < t)}dsdt. (37)
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Since u(z) and v(x) are both nonincreasing or both nondecreasing, we
have

Pu(X) < s,v(X) <t)=min{P(u(X) < s), P(v(X) < t)}
>Pu(X) <s)Pv(X) <t).

Inserting it into (37) yields the desired inequality.

8.9 Exponential Moment of Normal Variable

Let 1 < p < 2, X be a standard normal r.v. Then,
exp(t77 8,) < Eexp(t|X|P)
2 3 9
<exp {t§ +tz=rf3 +t2}
i P (2-p)2?
Aexp{(L+e)td, + 157 (8, + (e, p))}

for each t > 0,& > 0 where

8 3p—2
LQ—p 18 2-p 1 2-p
op = E|X|P, Bp=p7> 5 cle;p) = <2_p> <5> :

Proof. Let f(z) = exp(—32? + taP). It is clear that f(z) is increasing
on (0, (pt)"/=P)) and decreasing on ((pt)'/(>~P) c0). Hence we have

F(a) <exp{(pty @) — L pny2/aom)

ZGXP(tﬁﬂp) for 0 < z < (pt)Y/ =P,

—esp {1075 (14 ) - ek 7

- P plp—1)z*\ 1 52

<exp {t(pt) ’ <1 t pnvEs T apnre ) 2@+ D)
) 92—

:eXp(tﬁﬁp) exp (— px2> for x > 0.

Moreover we have

1
e” <1+J;+§az3/2e“" forx > 0.
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If pt < 1, by the above three inequalities we have

t3/2 »
Eexp(t|X|P) <1+ tE|X|P + 7E|X|3p/2et|x‘
B (pt)t/ =P
=1+td, + \/;tg/z{ / P2 f(z)dz
0
(oo}
d [ ) o () )
0

2 _
=1+1td, + \/;253/2 exp(t?/37P)3,)

oo . 2 _
: {1 + 23”/2*1/ (14 2%P/%) exp <2pxz> dz}
0

2 6
3/2 2/(2-p)
<1+, + 7% exp(t Bp) (1 + L + @ _p)gp/4+1/2)

9¢%/2
(2-p)

/(2 9t3/2
ge"p{t‘s” HEER T —p>2}'

<1 +1t6, + exp(t?/37P)3))

Similarly, for pt > 1, we have

Eexp(t|X|?)

(pt)l/@*”) 0o
= \/% {/0 f(x)dz +/0 flz+ (pt)l/(z_p))dx}

< exp(t2/ ) 1/ 2-p) 7/ _ 2
exp( Bp) § (pt) ) P 5 v ) de
=exp(t”/ P B){(pt) /7P + (2 — p)~'/?}

2 1 1
< 2/(2-p) 32 1
\exp{t Bp + —) log (pt) +210g2_p}

3(
pIe-Dg 4 ;Ept)?’/ 2 ()2 }

2—p)  22-p)

<exp {t2/<2”>ﬁp + fptm}

9
<exp t2/(2*p)ﬁp +tdp + (2_27)2753/2} .
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By these two inequalities we obtain

Eexp(t|X[F) < exp {tép 2@ 4 g3/2 3 9 - } .
-D

Now we show another upper bound. Noting that ¢, > (E|X|)P =

(v/2/m)P > 1/2, we have

9 et 9 18 ﬁigt%
2-p? T2 (2-p?*\e2-p)?

18 \ =7 /1\ %=
2—p 2—p P
<ebt4 [ — 2 =3
st (305) (2) e

which, in combination with the first upper bound, implies the second

one.

Consider the lower bound. We have

Eexp(t|X|P)

Hence, noting that for 0 < = < (pt)Y/(?=P),
P
P T 1 _
tot) ™= (1 - Wmm) — 5 (@) —a)?

=5 pr 1 1/(2—p 2
> t(pt)z-» (1 - ()1/(2”)> - 5((;015) 1@=p) _ )
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We conclude that

9 o (pt)t/ =) 22
EeXp(t|X|p)>—exp(tl’wﬁp)/ exp | — dz

V21 0 2
2 2 P o0 1‘2
+——exp(tz-rp2>r / ex (—) dx
5 XPTTPTY) e P\
26Xp(tﬁﬁp),

as desired.
See Csdki, Csorgé and Shao (1995).
8.10 Inequalities of Nonnegative Variable

Let X be a nonnegative r.v.
8.10.a. Let d > 0 be an integer. The following are equivalent:
(i) There is a K > 0 such that for any p > 2,

(EXP)'/P < Kp?/?(EX?)'/2.
(ii) For some ¢ > 0,

Eexp(tX?/?) < co.

93

Proof. The equivalence is obtained via the Taylor expansion of the

exponential function in (ii).

8.10.b. Let a and b be positive numbers. The following are equivalent:

(1) There is a K > 0 such that for any = > 0,
P{X > K(b+az)} < K exp(—z*/K).

(2) There is a K > 0 such that for any p > 1,

(EXP)Y? < K(b+ ay/p).

Proof. (1) (ii) with d = 1 < (i) with d = 1 <(2).
8.10.c (Tong). If EX* < oo, then

EX* > (EX®™y > (EX)F + (EX™"™ — (EX)*/m)

holds for all k& > r > 2; a special form is

(38)
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EX* > (EX)F + (VarX)*/2. (39)

Equality holds if and only if X = EX a.s.

Proof. The first inequality in (38) follows from Lyapounov’s inequal-
ity 8.3.c while the second in (38) follows from the following elementary
inequality: for any a > b > 0,

(a+b)" —a" =rb&™ "t >b" for any r > 1, (40)

where € > a > b.
The inequality (39) immediately follows from (38) with r = k/2. By
8.4.a, the equality signs hold if and only if X = FX a.s.

8.11 Freedman Inequality

Let X be ar.v. with | X| <1, EX =0 and 0® = EX?, X be a positive
number. Then

exp{(e™ — 1+ N)o?} < Eexp(AX) < exp{(e* —1 —\)o?}.

Proof. We first prove the RHS inequality. By Taylor’s expansion,

_ 1 2 _2 - )\k k 1 2 2 — )\k 2
Eexp(AX) =1+ ;X0 +;EEX <1+ 500 +;Ea

00k
<exp (Z 2'02) = exp (0'2(6)\ —1- )\))

k=2

Next, we show the LHS inequality. To this end, set
g(\) = Ee*X —exp (02(67)\ —1+X)).
It is easy to verify that
Jd(N)=EXeM —o?(1—e Mexp (c®(e™ =1+ 1)),
g'(\)=EX?%M — (aQe_A —o*(1— e_’\)Q) exp (o%(e™ =1+ ).

Note that g(0) = ¢’(0) = ¢""(0) = 0. To show g(\) > 0 for all A > 0, we
only need to show that ¢”’(A) = 0 for all A > 0.
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Noticing X > —1 and thus EX2e*X —g2e ™ = EX2(e?M —e7 ) >0
for all A > 0, we only need to show that
o?e™ — (0'267)\ —ot(1 - ef)‘)2> exp (0%(e ™ =1+A)) >0
This is equivalent to
h(A) =exp (—o%(e ™ —1+1A)) — (1 —o?(1— e_)‘)2e)‘> >0. (41)
It is easy to verify that

W\ =0 —1exp(—o(e* —1+N\)) +0%(* —e™?)

o?(1 — e*’\)(l —exp(—o®(e -1+ )\))) >0,

where the last step follows from the fact that e — 1+ X > 0 for all
A > 0. (41) follows from the above and h(0) = 0. Consequently, the
proof of the LHS inequality is complete.

8.12 Exponential Moment of Upper Truncated Vari-
able

Let X bear.v. with EX =0. Let a > 0 and 0 < a < 1. Then for any
t > 0, we have

t2 t2+(xetaE|X|2+a
Fexp{tXI(X <a)} <ex _px2 - Tl
PUXI(X <o)} p{z CESICES) }

Proof. For u < ug, we have

e—l—u—fu —// 1)dwds < ‘//|w|““°dwds

|2+a ug

_(a+1)(a+2)

Thus

Eexp{tXI(X <a)}
t2 ) t2+aetaE|X|2+a
=1+tEXI(X <a)+ 5EX I(X <a)+m
f2tagta | x|2+e
(a+1)(a+2)
f2agta g x |2+
(a+1)(a+2) }’

t2
<1+ 5EX2 +

2
< exp EEX +
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as desired.
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Chapter 9

Moment Estimates of (Maximum
of) Sums of Random Variables

Limiting properties of partial sums of a sequence of random variables
form one of the largest subjects of probability theory. Therefore, mo-
ment estimation of the (maximal) sum of random variables is very impor-
tant in the research of limiting theorems. In this chapter, we introduce
some most important inequalities, such as von Bahr-Esseen, Khintchine,
Marcinkiewics-Zygmund-Berkholder inequalities. Proofs of such inequal-
ities are rather involved. Some simpler proofs will be provided in this
Chapter. For those with complicated proofs, the references will be given
therein.

9.1 Elementary Inequalities

Let Xy, ---,X, berv’sand S, = 3 X;.
j=1

9.1.a. c¢-inequality
n
E|Sa" < Y EIXi|,
i=1

where ¢, =1 or n" !

according whether 0 <r < 1lorr > 1.
Proof. We use the method of probability to prove the desired inequality.
First put » > 1. Let £ be a r.v. which has values aq,--- ,a, in equal

probability, then

n n

1 T ]' T
E|§|:EZ|%‘|, E¢| ZEZ|%|~

i=1 i=1

Using the Jensen inequality, we can easily obtain

Z. Lin et al., Probability Inequalities

© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010
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(B <o

When 0 < r < 1, it is only necessary to prove for the situation where
ai,--- ,a, not all equals 0. Here

|ak|/2|ai| < |ak|r/ (Z |ai|> k=1, .,n.
i=1 i=1

By adding all the inequalities above we can obtain the desired inequality.
9.1.b. Let 1 < r < 2. If Xy, --+,X, are independent and symmet-
ric r.v.’s (or, more generally, the conditional d.f. of X,1; given S; is
symmetric, 1 < j < n — 1), then
n
E|S,|" <) EIX;I". (42)
j=1

Proof. The inequality is trivial when n = 1. We shall prove the in-
equality by induction. Fix m, 1 < m < n and let f,,(¢) be the c.f. of
X1 (in the general case, fi,(t) = F(exp(itX,n,+1)|Sm))- According to
the symmetry assumption, f,,(t) is real. The conditional c.f. of Sp,41
given Sy, is exp(itS,,) fm(t). Applying (36), we have

r 1 — cos(tSm) fm(t
Bl 18,) = K () [ =2 B s
But
1 — cos(tSm) fm(t)
— (1= cos(tSm)) + (1= fun(8)) = (1 = cos(tSm)) (L = fun())
< (1= cos(t5,0)) + (1 = fu(t).
Therefore

Bl 18, < K(r) [ A2 ars ) [ ALl

= |Sm|T + E(le+1|r|Sm)~

Taking expectation, we obtain E|Sy,+1|" < E|Sm|" + E(|Xm+1|"). The
inequality is thus proved by induction.
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9.2 Minkowski Type Inequalities

9.2.a (Minkowski inequality).

r\ 1/r
E> X, < (BIX YT for r 2 1
j=1 j=1
T 1/7’
n n
> IX| ZE\X| T for 0 < < 1.

Proof. Clearly, it is enough to COIlSldeI" the case where n = 2. Let r > 1.
By the Holder inequality 8.3.a,

EIX1 + Xa|" <E(X1||X1 + Xo|"™ 1) + B(|X3)| X1 + Xo 7Y
S((B1X )Y+ (B X)) (B X 4 Xa| )= D/T.

Dividing both sides by (E|X; + Xo|")"=1/" yields the first inequality.
Similarly we can prove the second one by using 8.3.d instead of 8.3.a.

Remark. If fact, when 7 > 1, (E|X|")"/" can be regarded as a norm of

X. Therefore, the first inequality is just a consequence of the triangular

inequality.

9.2.b (companion to the Minkowski inequality).

T

SIX) =D EIXT forr>1;
j=1 j=1

n n
E 1X; ] < E E|X;|" for0<r<1.
; =

n 1/r
Proof. Noting that for r > 1, |Xj/ <Z |X;c|7”) < 1 for each j =
k=1

1,---,n, we have
n n l/T n n
>1x1/ (wa) >0/ (Dx#) -
j=1 k=1 j=1 k=1

which implies the first inequality. The second inequality can be seen from
the fact that the above inequality has a inverse direction if 0 < r < 1.
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9.3 The Casel <r <2

9.3.a (von Bahr-Esseen). Let 1 < r < 2 and D, = (13.52/(2.67)")['(r)
sin(rm/2) < 1. If Xy,---, X, are independent r.v.’s with EX; = 0,j =
1,---,n, then

ElSa|" < Z EIX;[".
Proof. By simple calculations it follows that for any real number a,
|1 — e +ia| < 1.3]al, |1 — e +ia| < 0.5a°.

Multiplying the (2 — r)th power of the first inequality by the (r — 1)th
power of the second one, we have |1 — e +ia| < (3.38/(2.6)")|a|". Let
X be ar.v. with df. F(z), cf. f(t), EX =0 and 3, = E|X|" < 0.
Then

11— f |—‘/ — ' titx)dF(x)
<(3.38/(2.6)")B,|t]",  —oo<t<oo, 1< <2,

which implies that

11— f()?
= (=T g
J / ‘t|r+1
3.38 Zoboger Y
<2 - . 2 .
((2.6)’“ ) /O t7+1 dt+ /b t7+1 dt
2 3.38 2y
=z ) e
r{<(2.6)7‘6> +bf’}

Choosing b so that this expression is a minimum, we obtain

J < (27.04/(2.67)"),. (43)
Then, by (36) we conclude that
EIX[" < (2(1= D)) 'EIX = X, (44)

where X’ denotes an independent copy of X, i.e. X and X' areiid.
Consider the random vector (X1, --,X,,), and let (X{,---,X],) be

its independent copy. Put S;, = > X}. By (43), 9.1.b and 8.7.a, we
j=1
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obtain
E|Sn|T < (2(1 - Dr))_1E|Sn - SHT

<(2(1-Dp)' Y EIX; - X
j=1

n
<(1-D,) ' Y EIXl
j=1

9.3.b (Chatterji). Let 1 < r < 2. If E(X;44|S;) = 0 as. for j =
1
quence), E|X;|" < oo, j=1,---,n, then

,---,n —1 (in particular, if X;,---, X, is a martingale difference se-

n
E|S,|" <277 ) " E|X,|".
j=1

Proof. The cases r = 1,2 are trivial. Consider the case where 1 < r < 2.
Noting that a = sup,{|1 + =|" — 1 — ra}/|z|" is finite, we have the
elementary inequality

la+ " <lal” +rlal"™" - sgn(a)b + afb|"

for real numbers a and b. Note also that o > 1. Integrating the inequality
with ¢ = S,,_1 and b = X,,, we obtain

E|Sp_1 + Xn|" < E|Su_1|" + aB|Xa|".

The required inequality follows by induction.

9.4 The Caser > 2

Let r > 2 and X3,---, X, be a martingale difference sequence. Then
n
E|S,|" < Con™271 Y EIX[" (45)
j=1

where C,. = (8(r—1) max(1,2"73))". If Xy, -- , X,, are independent r.v.’s

with zero means, then C, can be replaced by C, = ir(r — 1) max(1,
23 (1 + 27“_1D§:,:2)/2m)7 where Doy, = Y j2™1/(j — 1)!, and the
j=1

integer m satisfies 2m < r < 2m + 2.
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Proof. Put v, = E|X,|", B = Z ~r;. The inequality clearly holds

when r = 2 or 3, = co. Suppose r > 2 and 3., < co.
Consider the martingale difference case first. Write

ro = sup{7 € [2,r]; (45) is true for 7}.

We first claim that (45) is true for ro. In fact, suppose that r,, T rg
such that (45) holds for each r,,. Then, since |S,|™™ is bounded by the
integrable function 1+ |S,|" for all m, we have

E|Sn"’"0 - n}gnooE‘Sn‘rm < n}gnoo Crmnrm/QﬁTmn - CT'OnrO/2ﬁT‘On'

Next, we claim that rq = r. If not, ie., rg < r. Then, we can
choose 1y € (rp,r) and define r; = ro + 2(1 — ro/r2). Then, we have
ro <711 <19 < r. We may assume that ry is close to rg so that ro < 27y

and

Vogn? < 207

Now, we begin to derive a contradiction that (45) holds for 1. By
Taylor’s expansion,

S| = [Sn—1[™ + r1880(Sn—1)|Sn—1 " T X
+%7‘1(r1 1)1 4 X[ 2K,
where 0 < § < 1. Noting that
St + Xl 2 < max(1,27 ) (S 172 4+ [ X[ 72),

we obtain

An = E(Su|™ = |Sna|™) < %msm (B|Sn-1|""2X2) 4+ Yrin),  (46)
where §,, = (r; — 1) max(1,2™~3). By the Hélder inequality, we have

E(1Sn-1"~2X2) < (ElSu 1 [*)> =2/ (BIX, 7). (47)

By the Lyapounov inequality 8.3.c,

(ro—2)/r2 1 & ro(r2—2)/(r1rz2)
ro—2)/r r1/m
B = (= §jwon) < (Do)
J=1

1 — ro(r2—2)/(r1r2)
< (ﬁ Z'len) = By(ﬂzh 2)/T1

Jj=1



94 The Caser > 2 103

By (46) and the hypothesis that (45) holds for rg, it follows that

E(|Sn-1]" 2 X2) < (CroBrgn1(n — 1)70/2) 7272/ r22/ 0
SOR B0 2T = 1) 22
< Cr(gz—2)/r218(7“172%/7‘1 (n . 1)(T1_2)/24’72/T1

T1,M— ™n

Since C, = (86,)", C is increasing in r and C,. > 1, hence
Clra=2/ra L Olr2=/me = ¢, €Y < €, O™ = €, (86,,) 7
Therefore we obtain

B(|Snal" 72 X0) < Cry (207,)7 = )G 0 22
Thus

1 _9Y/n
A < 10, {Cry(20,,) 7 n = DOTDEEIIEMA T

r1,n—1 'Ynn

We need the following fact: let y1,- - -, y, be non-negative numbers. Put
zn = (y1 + -+ yn)/n, then, for all x > 1,
n
Z(] _ 1)zflzj(fi*11)/$yj1/w < nzwflzn’ (48)
j=2

see Dharmadhikari et al, (1968). Using this fact we obtain
E‘Snvl = Z AJ'
j=1
1
< 77"167‘1 {Crl (257"1)_1 : 27"1*17,7)7’1/267_1” + nﬁrln}

2

1
= 5r16n{(r15r1>—10nn“/2 + 1} -

Noting that (r16,,)"*C,, > 1 and n"/2 > n, we see that the second
term in the brackets on the RHS of the above inequality is smaller than
the first. Therefore

1
E|S,|™ < §r15T12(T15r1)7lCr1nrl/25r1n = Crlnrl/zﬂrm'

Now the proof is complete for the martingale difference case.
Next suppose that X, -+, X,, are independent. We also need only
consider the case r > 2. Let m be the integer such that r —2 < 2m < r.



104 Chapter 9 Moment Estimates of (Maximum of) Sums of Random - - -

For 1 < p < 2m, let A, denote the set of all p-tuples k = (k1,--- ,kp)
such that the k;’s are positive integers satisfying ki +- - -+ k, = 2m. Let

T(iy, - yip) = Y _(2m)!/ (k! k) E(X [ .,,XZ,,%

where the summation is over k € A,,. Then

E'Sim ZZ Zl, 52 ,

where Z* denotes summation over the region 1 < 41 < -+ < 4, < n.
If p>mand k € A,, then min(ky,--- ,kp) = 1. Thus p > m =
T(i1,--- ,ip) = 0. Moreover by Holder’s inequality

2m,i1 2m,ip

IE(Xkl . Xlk;p)| < ,ykl/zm . "Ykp/2‘m~
Therefore

m x/_ 1/2m 1/2m\2m
ES} <ZZ (’72741 i T "'+727/n,ip)2
Fm—t Z*(Pmm,il +--- 4+ ’72m,ip)

2m—1 < n—1 )272m7J

I N
Mz T1: T
= ]

p=1 Jj=1
m
o nP!
<P 1<<p_1>!)”52mﬂ
p=1

which implies

B|S, 1% < (ESﬁTl)(T*2)/2m < D§:2)/2m(n _ 1)(7‘72)/2ﬁ(7“—2)/2m.

2m,n—1

2m/r

1 and 2, < W%T, from (46) we obtain

Noting that Samn-1 < 0

An 5 (’72nE|Sn 1|7" 2+7rn)

70, {D(T 2)/2m( - )T 2)/25(T 2/T’7727/1T+'Ym}'

w\»—*w\»—l
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Hence, by (48),
E|S,|"= ZA 77"6 DS 2=t 26,, 4 nf,y,)
< Crn’“/ 2Brns
as desired.

9.5 Jack-knifed Variance

Let Xy,---, X, be independent r.v.’s, S = S(X1,---, X,,) be a statistic
having finite second moment. Put S;) = S(Xq,--- , X;-1, Xig1,--, Xp)

n
and Sy = > S(;)/n. Then
i=1

- Vars|.). (49)

- 1 « n
E;(Sm -5 =~ ;Var&i) >
Proof. Put = ES, A; = E(S|X;) — p and
A =E(S|Xi, X;)— A —Aj+ 1
etc. Then we have the following ANOVA decomposition:

S(Xy,-, X u+ZA +Y Ay

1<j

+ Z Azjk+ (X17 : aXn)v (50)
i<j<k

where all 2" —1 r.v.’s on the right side have mean zero and are mutually
uncorrelated. In fact, the coefficient of p on the right side is

1_<?>+<g)_.-.:(1—1)"0.

Likewise the coefficient of A; is (1 — 1)"~! = 0, the coefficient of Ayj is
(1 —1)""2 =0, etc. The last term H(Xy,---,X,), itself has first term
S(Xy,--+,Xp), which is the only term not canceling out. This verifies
(50).

First assume p; = ESu = 0, ¢ = 1,2,--- ,n. Put D = (n —

1) > VarS(;) — n*VarS() and let I, II, IIT be the three terms, from left
i=1
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to right, in (49). We have
I-IT=D/n and II-1I=D/(n(n—1)).

We now show that D > 0. From (50) for S(;) with p; = 0 we can write
Sy = Z Sigs
J

where J indexes the 2" — 2 nonempty proper subsets of {1,2,--- n}.
For example, with ¢ = 1 and J = {2,3}, S1; = A3 in (50) for S(;). The
r.v.’s S; s satisfy

(i) ESis = 0;

(ii) S;y =0 if i € J;

(iti) ES;isSy;» = 0if J # J. Define S5 = 3 S;s and notice that
ES;;S. ;=0 for J# J . Therefore En?S?) = EzJj S2 ;, and likewise

En-1)3 8 = E%:{(n —1)325%}, so

D:Ez{m—wzsa—si]}.
J i

Letting n; to be the number of elements in J and Sy = S, 5/(n —ny),
we obtain

D=EY S(n;—1)) SH+n—ny)) (Si—5S,)*p >0
J i igJ
Now if we drop the assumption that p; = 0, I and III are unchanged,
while T is increased by the amount > (u; — p.)%, p. = > pi/n. This
completes the proof of the inequality.
See Efron and Stein (1981).

9.6 Khintchine Inequality

Let X1, -+, X, be iid. rv.’s with P(X; = 1) = P(X; = -1) = 1
and by,---,b, be any real numbers. Then for any r > 0, there exist

constants 0 < O} < C’; < oo such that

r/2

n n " n T/2
Co| >3] <ED bX;| <C (>
j=1 j=1 j=1
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Proof. At first, suppose that r = 2k, where k is an integer. Then,
n
putting 7, = > b; X, we have
j=1

BT =" Ay, g b b EXD o X

J 157

J
where [1,---,[; are positive integers with Soly =2k, Ay .. g = (b +

u=1
e Y and 1< 4 < -+ <4 < n. Since EXfllXZlJ7 =1
when [y, ---,[; are all even and 0 otherwise,

BT =" Aoy, o p b7+ 77,

jo 5

J
where py,--- ,p; are positive integers with ) p, = k. Hence
u=1
ET2k Asp, - 2p; A p2P1 .. p2Pi < 2k
n A P10 Yiy i, N C2kSp
D1, Pj

j=1
Asp, e 2p; (2k)! m!--pj!
Cop =SUp ————— =Sup
2k Apl’,..’p]» (2}’)1)‘ (2pj)' ]f'
<sup A2k(2k—1)...(k+1) <2k‘(2k—1)---(k+1)

9QP1+-+pj

2k(2k —1)---(k+1)
Thus, when r = 2k the upper bound is established with C’;k < kF. For
r < 2k, we have

< Kk,

(BIT,")Y" < (BTZH)Y% < cfs,,

hence the upper bound is obtained with C’; < k"2, where k is the
smallest integer > r/2.

To complete the proof of the Khintchine inequality, it suffices to
establish the lower bound for 0 < r < 2 since otherwise the Khintchine
inequality follows from the fact that (E|T,|")Y/" > (ET2)'/2. Take
r1,79 > 0 such that vy +ro = 1, rr1 +4ry = 2. By the Holder inequality

sn = BT, < (B|TW|")" (ET,)"™ < (B|Tu|")™ (2%50)""2.
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Here we have used the property that f(r) = log E|X|" is a convex func-
tion on [0, 00), that can be proved by the Holder inequality. The above
inequality implies that

(E|Tn|r)r1 > 477’28?2174@ — 4 T24"T1

E|T,|" > 47"/"s],,
i.e., the lower bound is obtained for 0 < r < 2 with C, > 4-r2/m =

2-(2=7) and for r > 2 with C, > 1.

9.7 Marcinkiewicz-Zygmund-Burkholder Type
Inequalities

9.7.a (Marcinkiewicz-Zygmund-Burkholder inequality). Let » > 1, X;,
Xo,--+ be independent r.v.’s with FX, =0, n = 1,2,---, then there
are positive constants a, < b, such that

r/2 r/2

aBE (Y X2 <ES|<bE|Y X7| |
j=1 j=1

r/2 r/2
aE ) X7 <sup B[S,[" < b E [ > X7
j=1 n=1 j=1
Proof. By 9.1.a and 8.6, E|S,|" <co<= E|X;|" < o0, j=1, - ,n <=
1/2
E (Z Xf) < o0. Hence the latter may be assumed to be true. Let
j=1
{X;L,n > 1} be iid. with. {X,,n > 1} and X} = X,, — XT/L. Moreover,

let {V,,,n > 1} be a sequence of i.i.d.r.v.’s with P(V; = 1) = P(V4 =
—1) = 1, which is independent of {X,,, X,n > 1}. Since

E Z‘/JX;|‘/177VTL7X177XTL :Z‘/}Xﬁ
Jj=1 j=1

n n
it follows that for any integer n > 1, { Y ViX;, V}X]*} is a two-
j=1 j=1
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term martingale leading to the first inequality of

r

T
E zn:Vij <E zn:VjX;*
j=1

j=1
<TTELS DY ViXG| 4+ DOV

j=1 j=1
=2"E Y _ViX,| . (51)

Jj=1
r

n
ViX;
=1

Applying Khintchine’s inequality 9.6 to E{
J

X13X27"'}7

we obtain

r/2

r r/2
C.E(Y X?| <E|D ViX;| <CE (ZX? :
j=1 j=1

which, in conjunction with (51), yields

r/2 T r/2
C.E(Y X2 <E|YViX;| <2CE (Z X2 . (52)
j=1 j=1

By the symmetry of X7,

T T T
n

Y nx| —EYx| <rEYx,
j=1 j=1 j=1
On the other hand, by Section 8.6,

r
n

E iVjX; = iX; >E|) X,
j=1 j=1

j=1

Inserting these two inequalities into (52) yields the first desired inequal-
ity, which implies the second one immediately.

Burkholder (1973) extended the inequalities to the case where (X,
Xo,-++) is a martingale difference sequence and r > 1. The proof is

omitted.
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9.7.b (Rosenthal). If { X} } are independent non-negative, then for r > 1,
E <Z Xk> <K, ((Z EXk> + ZEX,:) .
k=1 k=1 k=1

Proof. If r = 1, the equality holds for K, = 1/2. For the general
case, we need only consider the case where the number of r.v.’s are finite
since the case of infinitely many r.v.’s can be obtained by the monotone
convergence theorem and making the number tend to infinity. At first,
if 1 <7 <2, then by 9.7.a, we have

) () o)

(ZEXR> +KE<§:1 X, — EXy,) )T/z
((éEXQ +K (ZE XkEXk)>>

Now, let us assume that the inequality holds for all 1 < r < 2P and
some integer p. Consider the case 2P < r < 2PT1. Then, we have

E (;m)r <2t ((zn: EXk.>T +E (Zn:(xk — EXk.)>r>

k=1 k=1
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Here, the last step follows by using the Holder inequality and

n n (r=2)/(r=1) , , 1/(r—1)
ZEX,% < <Z EXk> <Z EX,:)
k=1 k=1 k=1
n 2 n 2/r
<max <Z EXk> , (Z EX,:)
k=1 k=1

9.7.c (Rosenthal). If {X} is a sequence of independent r.v.’s whose
expectations are 0, then for any r > 2,

E ‘Z Xk‘r <C, ((Z EX,%)T/Z + ZE|Xk|T) .

Proof. From 9.7.a and 9.7.b, we have

2% Xk‘r <t (3 X,f)”2 <b K, ((Z EX,?)T/Q + ZE|Xk|T) .

9.8 Skorokhod Inequalities

Let X1, -+, X, be independent r.v.’s with |X;| < cas., j =1,--- ,n,
for some ¢ > 0.

9.8.a. If the constants a and z are such that 4e>*(*+9) P(|S,| > z) < 1,
then

Eexp(alSy|) < ** /{1 = 4e**“TIP(|S,| > 2))(1 = P(|S,| = @))}.
(53)
Proof. Let (X1, --,X]) be a random vector which is i.i.d. with (X7,
-, Xp), and XF = X; — X}, j = 1,--- ,n. We have |X7| < 2c as,,

j=1,n.Put S, = > Xiand S;= > X;. Clearly
Jj=1 Jj=1

P(|S;] 2 22) < P(|Sa| = 2) + P(|S,| = ) = 2P(|Sn| > 2).
Hence we have 2¢2*(+¢) P(|S*| > 2x) < 1. Then

<e2az/(1 % 2a a:Jrc (|S*|
<e2am/( 46204 :c+c (|S |

Noting that |S,| — |S,,| < |Sk], we have

EeC"S’L'e*O“SU < eQaa:/(l o 462a(I+C)P(‘Sn| > :L’)),
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and in addition
EeolSul > =2 (1 — P(|S,| > 2)).

The two last inequalities imply the desired conclusion.
9.8.b. If P(|S,| > z) < 1/(8e), then there exists a constant C' > 0 such
that

E|S,|™ < Cm!(2x + 2C)™.

Proof. Putting a = and making use of 9.8.a, we obtain

Eexp(alS,|) < e /(1 - 1/2)(1 - 1/(8¢))
<2e%%/(1-1/(8e)) = C.

Therefore, E(a™|S,|™/m!) < C, as desired.

9.9 Moments of Weighted Sums

Let X1, -+, X, beiid. r.v.’s with EX; =0, E|X;|** < oo for some
n
integerp > 0and 0 < v < 2,a1,- - ,a, be numbers satisfying > a? =1.
j=1
Then, when v = 0,
2

E Zajxj = EX?,  p=1,
j=1
2p

n 3 p—2
E|Y aX;| < (2> (2p — DUEX?? p>2;
j=1

when 0 < v < 2,
2+~

- 1/ 2177 2 3 v
EY o, 1420 (347)— = in
;% ’ <{ e (F(3+v)+7+16(27)) Sm?n}

'E|X1|2+’Y7 p= 17

2p+y

= 1 21— 2
E Zl a;X;|  <q1420(2p+1+9)—
=

L(2p+1+47) +7(2p)!

i (3) () ) mi

E|X, P, p>2.
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The proof can be found in Tao and Cheng (1981).

9.10 Doob Crossing Inequalities

Let (Y1,Y3,---,Y,) be a sequence of real numbers, S; = > Y anda < b
i=1
be two real numbers. Define 7y = inf{j < n;S; < a}. By induction,

define {, = inf{j € (7%, n]; S; > b} and 741 = inf{j € ({x,n]; S; < a},
where we use the convention that inf{j € @} = n + 1. Note that both
the 7’s and (’s are stopping times if the sequence (V) is random. We
call the largest k£ such that {; < n the number of upcrossings over the
interval [a,b]. Similarly, we define the number of downcrossing of the
sequence (Y') over the interval [a,b] by the number of upcrossings of the
sequence (—Y') over the interval [—b, —a].

9.10.a (upcrossing inequality). Let {Y}, %, 1 < j < n} be a submartin-
gale, a < b be real numbers. Put I/C(LZ) as the number of upcrossings of
[a,b] by (Y1, --,Y,). Then

L (B(Y, —a) ~ B(Yi —a)") < 72— (EY,7 + Ja]).

Proof. Consider first the case where Y; > 0 for any j and 0 = a < b.

. 1
Evgy) <

When n = 2, the inequality is confirmed by

E(b) + By, = / bdP + / Y,dP
{Y1=0,Y>>b} {Y1>0}

g/ YodP +/ YodP < EY;.
{Y1=0,Y>>b} {Y1>0}

Suppose inductively that the inequality holds with n replaced by n — 1
for all submartingales, and put

7 o Y., if 0<Y,.1< b,
T Y, otherwise.

For A € o7,_o,

/Zn_gdP:/ Yn_QdP</Yn_1dP
A A A

g/ Yn_ldP+/ YndP:/ Zn_1dP.
A{Y,_12b} A{0<Y,_1<b} A
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Hence E(Z,—1|%p—2) > Z,—2 a.s. Clearly, for 2<j<n—1, E(Z;|ej_1)>
Zj_1 as. and so {Z}, @/;,1 < j < n—1} is a nonnegative submartingale.
Let 17((12) be the number of upcrossings of [0,b] by (Z1,-+-, Zn—1).
Then
v =B+ I(Yn 1 = 0,Y, > b).
Hence by the inductive hypothesis

BE)) + EY, =E(b0)) + BGI(Yo-1 =0,Y, > b)) + EY;
SEZp—1+ E(bI(Yn-1=0,Y, > b))

g/ YndP—i-/ Y,_1dP
{0<Y, _1<b} {Yn—12b}
+/ Y, dP
{Yn_1=0,Y,,>b}

< / Y, dP + / Y, dP < EY,,.
{Yn_1>0} {Yy_1=0,Y,,>b}

In the general case we apply the case just proved to {(¥; —a)™, 1 <
j < n} which is a nonnegative submartingale and 1/(52) is the number of

upcrossings of [0,b —a] by (Y1 —a)t, -+, (Y, —a)™t).

9.10.b (downcrossing inequality). Let {Y};, 27,1 < j < n} be a super-
martingale, a < b be real numbers. Put /zf:;) as the number of down-
crossings of [a, b] by (Y1, -+ ,Y,). Then

Eu < 1

ab S m(E(Yl Ab) — E(Y, —b)).

Proof. {-Y;,1 < j < n} is a submartingale and ,uf;;) is V(j))fa for this
submartingale. Hence the upcrossing inequality becomes

Eul)< E{(~Y, )t —(~Yi4+b) T} = ——{(b-Y,) T —(b-Y1) " }.

1 1
—a—(-b) b—a
Substituting (b —z)* = b— (b A z) into the above, this is the same as in
the desired inequality.

9.11 Moments of Maximal Partial Sums
Let X1,---, X, be independent r.v.’s, r > 0. Put

xo = inf {Jj >0: P{lrélagc |S;| >z} < (2~4’”)1} .
SYA W
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Then

E max [S;|" <2-4"F max |X;|" + 2(4xo)".
1<j<n 1<5<n

If, moreover, the X;’s are symmetric, and zo = inf{z > 0 : P(|S,| >
x) < (8-37)71}, then

T < 9.gr r T
E|S,|"<2-3 Efél]afanJ' + 2(3z0)

Proof. We only show the latter using the second inequality in 5.10. The
proof of the former is similar by using the first inequality in 5.10. By
integration by parts and the second inequality in 5.10, for u satisfying
4-3"P(]S,] > u) < 1/2, we have

BIS.|" =3 (/ +/ >P(|Sn>3a:)dmr
0 u

<(Bu)"+4 - 37’/ (P(]Sn] 23:))2dx7"—|—37’/ P(lmax | X | > z)dz"

<jsn
<B4 FP(S)Z) [ PS> 0)de” + 3 E max X0
0 IIXRN

<2(3u)” +2-3"F max |X;|".
1<)<n

Since this holds for arbitrary u > z¢, the second inequality is shown.

9.12 Doob Inequalities

9.12.a. Let {Y,,, 9,,n > 1} be a nonnegative submartingale. Then

E{ max Yj} < %(1 + E(Y, log" V,)),

1<j<n

E {sup Yn} < % <1 + sup E(Y;, log™ Yn)> ,
e

n>1 n>1

and for p > 1,

p
E{ max Yf} < (p) EY?,
1<G<n p—1

» \?
E {squT{’} < (1> sup EYP.
p

n>1 - n>1

Proof. We shall prove the first and third inequalities, the second and
the fourth are consequences of the first and the third respectively. Put
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Y = max Y,. For arv. X > 0 with EX? < oo and d.f. F(z), using

1<j<n
integration by parts we have

EX? = p/ 21— F(t)dt, p>o0. (54)
0
Hence, and using the inequality 6.5.a, we obtain

EY: —1<E(Y, —1)* = / P(Y* -1 2)de
0

n

* 1
< / / Y, dPdz
o TH+1Jiyeser1)

Y*—1

1 q

:EYn/ L EY,logY.
0 z+1

We need the following elementary inequality. For constants a > 0 and
b >0, alogh < alog™a + be~!. Set g(b) = alogt a + be~! — alogh.
Then ¢”(b) = a/b? > 0 and g¢'(ae) = e~! — a/(ae) = 0. Thus, g(ae) =
alog™ a — aloga > 0 is the minimum of g(b). The inequality is proved.
Applying this inequality, we obtain

EY} — 1< EY,log"Y, +e 'EY,

from which the first inequality is immediate.
If p > 1, using (54), the inequality 6.5.a and the Holder inequality,

we obtain

EY:”:p/ PPV > x)de
0

<p / xP~? / Y, dPdx
0 (v, >}
-

:pEYn/ ! 2P~ 3dx
0
p S\ p—
:ZﬁEYn(Yn Pt
< %(Eyf)l/p(Ey:p)(p—l)/p’
p—

which yields the third inequality.
9.12.b. Let Xy,---, X, be iid. rv.’s with E|X;|" < oo for some
r,g =1,--- ,n. Then

E max |S5;]" <8lm<x E|S;|", r>0,
<n

1<gsn <



9.13 Equivalence Conditions for Moments 117

Elrélax IS;|" < 8E|S,|", r=>1.

Proof. Since {|S;|",j =1,...,n} is a non-negative submartingale when
r>1, [max E|S;|" = E|S,|", and hence the two desired inequalities are
IIRN
the same if » > 1. By integrating the Lévy inequality 5.4.b, it follows
that
E max |S; —m(S; —S,)|" < 2E|S,|".

1<j<n
By Markov’s inequality 6.2.d, P{|S;| > (2E|S;|")'/"} <1/2, which im-
plies |m(S;)|” < 2E|S;|". Therefore, using the c,-inequality 9.1.a, we

obtain
E max |S;|"<c¢.E max. |S; —m(S; — Sy)|" + ¢ max |m(S; —S,)|"
1<j<n 1<5< 1<j<n

< v 1< o
<2¢,.E|S,| +20T11£1Ja<an\S]| \4CT1??<XnE|SJ|

r
r—1

Since 4¢, < 8if 0 <7 S 2, the desired inequality is proved. If r >
2, noting that ( < 8, the third inequality of 9.12.a implies the

conclusion.

9.13 Equivalence Conditions for Moments

Let {X,,,n > 1} be a sequence of i.i.d. r.v.’s.
9.13.a (Marcinkiewicz-Zygmund-Burkholder). The following statements
are equivalent:

(1) E(|X1|log™ | X1]) < 0o for 7 = 1 or E|X;|" < oo for r > 1;

(2) E(sup|5n/n|r> < oo forr > 1;
n>1

(3) E(sup|Xn/n|T> < oo forr > 1.

Proof. For any integer n, define #,11—; = 0{S;/7, Xj+1,Xj42, - }.
Then, { %1, -, %, } is a sequence of increasing o fields and with respect
to it, {Sn/n, -+ ,52/2,51} forms a martingale. Hence, {|S,|/n, -,
[S2]/2,]S51|} is a nonnegative submartingale.

Applying Doob’s inequality 9.12, it follows that

. e
Emax|S;|/j < —=E(|X1|log™ |X1]),
j<n e—1

and for r > 1,

|7 r " T
Emax|S,/i" < () B1XD).
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Making n — oo yields (1)= (2) and consequently (2)=-(3) by noting
that Xn = Sn - Snfl.
When r > 1, from sup | X,,/n|" > | X1|", we conclude (3)=-(1). When
n>1

r =1, (3) implies that

oo>/ P(sup|Xn|/n > x)dx
0 n>1

:/OOO 1= J[ = P(Xol /0 > 2)) | de

n>=1

2/ 1—exp —ZP(|X1|/n>aﬁ) dz.
0

n>1

Choose an M such that for any x > M,

> P(IXul/n =) <1

n>=1
Then, we have
oo>/ S P(X0|/n > 2)da
M n>1
|1X1/n

=Y EI(X| > Mn)/ dz
n>1 M

=Y EI(|X1| = Mn)[|X1|/n — M]
n>1

=BI(IX:|>M) > [IXil/n—M]

|X1|/M2n>1

1
2 S EI(1X1] > M)[|X1|log(|X1|/M) — [ Xu]];

which implies (1) for » = 1. The proof is now complete.
9.13.b (Siegmund-Teicher). Suppose EX; = 0. Then the following
statements are equivalent:

(i) E(XTL(|X1])/L2(]X1])) < oo for r = 2 or E|X1|" < oo for r > 2;

(ii) E(sup |Sn/\/nL2(n)|r> < oo for r > 2;
n>1
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(iii) E(sup |Xn/\/nL2(n)r) < oo forr > 2,
n>1
where L(z) = 1Vlogx, Ly(z) = L(L(x)).
Proof. First consider the situation when » = 2. We will prove that
(i)=(ii)=(iii)=(). Put

an = (nLa(n)) ™!, by =n'2(La(n)) Y,

Define

X, = XoI(|Xa| b)), XJ/=Xo=X; S, =Y X;, S)=58,-5,
j=1

To prove (i)=-(ii), assume that the d.f. of X; is symmetric and
EX? = 1. From (i) we have

iajEX;'2—§:aj§:/[ X2dp
j=1 =1  k=j

by <|X1|<br+1}

o~ k
:Zzaj/ X2dp

k=1 j=1 {be<|X1|<bri1}
<er S O(L(R)/ L (k)) / X24p
k=1 {br<|X1|<br41}

< B{XTL(1X1])/La(1X1])} < o0,

here c1, ¢, - -+ stand for positive constants. Similarly

n

1 2 "
S a?BIX]| < e2EXE < o,

Jj=1

Therefore

[

oo oo
< aEX2+2 (Y a?BIX] || <o (55)
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Then consider S;L. Put n;, = 3*. From the Lévy inequality 5.4.b, for any
x>0,

P{supa}/QS;J > x} ZP{ V2 sup |90 > x}

n>1 j=0 nj<n<n;i
1/2
<4 E P{a,, Sn B
7=0

Using inequalities 6.1.a and 8.2, for 0 <t < b;! ,5=0,1,---,

MNj41?

P{Snj+1 >aq 1/233} < exp{— ta1/2m +n; 41}
Putting t = b, ! s We have
log P{S,, 1 > a;jl/gx} < —co(x — ¢3) La(nji).

Choosing xg such that ca(zg — ¢3) = 2, we have

o0
/ xP{supa}/2|S;l| > ac} dz
o nz=1

< Z/ zexp {—ca(z — ¢3)La(n;)} du
j=1"=o0

<cy Z/ xexp{—ca(z —c3)logj}exp{—co(x — c3)L2(3)} dx
— Jao

<eyq Z k:_2/ xexp{—ca(z —c3)L2(3)} do < oo.
k=1

xo

Thus we obtain

E{sup anSI } < 0.

n=1

Combining this with (55), we find (ii) is true under the symmetric con-
dition. Generally, let X7, X5, -+ be r.v.’s which are independent with

X1, Xa,- - and having identical distribution with X;. Put S} = > X;‘.
j:

Referring the result under the symmetric condition, we have
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E {sup anS, }
n>1

sup a,|S, — E(S;| X1, Xo, - )|2}

n>1

E{supan 1S, — S |2 |X1,X27"‘)}

<FE bupan|S fS*| |X1,X2,‘~)}

<E {supan|S - S*|2} < 00.
n>1
To prove (ii)=-(iii), we only need to focus on the following relation.
an X2 = an(Sn — Sn_1)? < 2(a, S + an_152_,).
Now assume that (iii) is true, thus we have
oo
ZP {supaanl > k} < 0.
b1 n>1

Let F be the d.f. of X?. Without loss of generality, assume that F(1) >
0. Then

/ / (1 — F(zLa(x)y)) dydx

<ZZ(1— a; ') ZlogHFa J)

n=1j=1

<es <1 - 11 F(aglj)> < C6ZP{supanX2 >j} < 0.
j=1

n=1 nz1

j=1
Put w = zLy(x)y. Then

/ /xLz (1 - F(u)) du(zLy(x)) " dz < co.

Denote the inverse of function z — xLy(x) by ¢. By the Fubini theorem,

we have
0 @(u)
/1 {/1 (ng(x))ldx} (1—F(u))du < oco.

Since ¢(u) ~ (u/La(u)) (u — oo0) and flt(;ng(x))’ldx ~ L(t)/La(t)
(t — o00), the expression above is equivalent to

/IOO(L(U)/LQ(U))(l — F(u))du < co.
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Furthermore, it is also equivalent to (i).

Now consider the condition when r > 2. Let Y7, Y5, - be a sequence
of independent and non-negative r.v.’s. By the Lyapounov inequality
8.3.c and the Holder inequality 8.3.a, for 0 < b < ¢ < d, we have

(o) (o)
Z agE}/jc g Z(Q?E}/jb)(dic)/(dib) (a?E)/jd)(cfb)/(dfb)
j=1 j=1

(d—c)/(d—b) (e—=b)/(d—b)

o0 o0

b b d d

< (> diEY, Y alEY;
j=1 j=1

If the following condition is satisfied
ZagEer < oo and Za]‘?‘EYjO‘ < 00
j=1 j=1

(when r is an integer, a = 1; otherwise a = r — [r]), then for a < h < r,

)
> a}EY) < o (56)
j=1

We will show that E(X%2,a;EY;)" < oo can be proved from the above

formula. Just consider the condition when r is not an integer. Put

k = r — a, and using independence, we obtain

o k

E(Y aY;| =B (> &) >4
Jj=1 j=1 j=1

o0

SE( vy {ia?i@k+~--
j=1

Jj=1

+hk! Z aj, Yj, -+ ag, ij}

1< <<k

o0
ry\T a a k k
D@+ afEYaEY) 4o
i=1 i
« «

+h! > a;, BY}, -+~ a;, EY;, a§ BY]

1<j1 < <Jr,j#5,1<I<k
+k! Z aleYj1

1<j1 < <Jr—1,5 751, 1<I<k

a5, BY; a1+O‘EY}1+°‘.

Jk—1"g
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Each term on the RHS is limited by products like (56). For example,
the last term is no more than

k—1

>, > agtpyy
j=1

Jj=1

To prove (i)=(ii). Introduce X,, X, S, and S, as defined earlier,
where b, =n!/". For h =« or r,

h/2E X h / X h dP
a 1
Z | | Z Z nL2 )2 {b;<IX1]<bj+1} Al

nljn

ji=h/2
\072 T / X" dp
(L2(j {b;<|X1|<bj1}

X h(1/r—1/2)
— > Lo / X[
=1 {b; <|X1|<bj1}
<08E|X1|

Noting the result about {Y;,} which has been proved, we obtain

T

15| " > 2\
Esup —2——~ < FE | supa, X, <E an|X,, < o0.
p (nLa(n ))r/2 n;; ;| J | nZ::l | X |

n>1

Then we will prove Esupn>1(|S;L|’"/(nL2(n))T/2) < 00, or equiva-
lently prove: for sufficiently big x,

o0
/ R = {supa}/2|S;L| > x} dz < oo.
o n>1

The proof is similar to that under the condition when r = 2, except
choosing t = (La(nj41)/n;41)"/? instead of b;jl“. Without the symmet-
ric assumption, the proof is also similar. Thus it is clear that (i)=-(ii),
(ii)=(i) and (ii)=-(iii)=(i) under the present condition.

9.14 Serfling Inequalities

Let Son = Xot1 + -+ Xotn, Mo pn = max |Sa,j]- The integer ag > 0
IIRN

is arbitrary but fixed.
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9.14.a. Let r > 2. Suppose that there exists a functional g(a,n) of the
joint d.f. of X411, -+, X;4n, satisfying

E|San|" < gT/2(a,n) fora > ag,n > 1,

gla, k) +gla+ k1) <gla,k+1) fora>ap,l1<k<k+l

Then

EM,; ,, < (log, 2n)rgr/2(a7n) for a > ag,n > 1.
Remark. As a consequence, if X, 11, -+, X4y, are mutually orthogo-
nal, then

EM;, < (logy2n)*(oi q + -+ oo ,)"?,

where 0% = EX?.
Proof. Let N > 1 be a given integer and put m = [(N + 1)/2]. For
m <n < N we have

527":’92 +Sa+mn m+2‘9a mSa+m n—m
<M2 Jr]\42-|-mN m+2‘SaTn|Ma+mN m:-

For 1 < n < m we have SZ,, < M7,,. Therefore
Mc%,N < M2 + M2+m Nem T+ 2|Sa m|Ma+m N—m>
and, by Minkowski’s inequality 9.2.a,

(EMg,N)Z/T g (EMg,m)2/T + (EMg—i-m N— m)2/r
+2(E|Sa,mMa+m,N7m‘T/2)2/T~

Clearly, the desired conclusion is true for NV = 1. Suppose inductively
that it is true for n < N. Then, defining

f(k) = (logy 2k)*, &

we have, using Cauchy-Schwarz’s inequality 8.3.b,

WV

1

)

(EM] 5 )*'" < f(m)g(a,m) + f(N —m)g(a+m,N —m)

A2{(E|Sam| ")V (EM o )PP

< f(m)g(a,m) + f(N —m)g(a+m, N —m)
+2(E|Sa7m\r)1/rf1/2(N —m)g"?(a+m,N —m).
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Then, by the conditions on g, the inequality 2AB < A? 4+ B? and the
fact that f(N —m) < f(m), it follows that

(EMg n)*" < (f(m) + f12(m))g(a, N). (57)
Now note that
f(2k) = (logy 2k + 1)% > f(k) + 2% (k), k=1,
and since 2'/2(2k — 1) > 2k if k > 2,
F(2k = 1) = (logy(2V/2(2k — 1)) + 1/2)2 > (k) + f/2(k), & >2.
Hence, whether N =2m or N =2m — 1,
F(N) = f(m) + f%(m), N >1,
so that (57) yields
EM] y < (logy 2N)"g"/(a, N).

This proves the conclusion by induction.
9.14.b. Let r > 2. Suppose that

E|S,.|" <g*(n) fora>ap,n>1,

where g(n) is a nondecreasing function satisfying 2g(n) < g(2n) and
g(n)/g(n+1) — 1 as n — oo. Then there exists a constant K (which
may depend on 7, g and the joint d.f. of X;’s) such that

EM; , < Kg'/?(n) fora>ag,n>1.

Proof. Let k¥ = r — 1 if r is an integer and k = [r] otherwise. Put
€ =r — k. It follows that the function

k—1 k
w(m)zZ(lj)x_(j+€)/r+2(l;)x_j/’“10 as x — oo.
j=1

Jj=1

Hence there exists xg such that

x>z = wlz) <22 -2,
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where 2/r < § < 1. Also, since g(n) ~ g(n+ 1), there exists ng such that
n>=mng=g(n) <2 %(n —1).

By the hypothesis the quantity g, = sup,s,, EMg)n/gr/Q(n) is finite.
Define
K =max{q1,q2, " ,Gng,To }
Thus, for this K, the conclusion holds for all n < ng. We shall show that
it holds for all N > ng if it is assumed true for all n < N.
Let N > ng be given and put m = [(N + 1)/2]. For m < n < N, we
have

|Sa,n|r g (lSa,m,| + Ma+m,N—m)T
k—1 I
T T i k—7
<Saml™ + MmN + ( ; ) SamlEMETT
§=0
"k
bt
+ ( J ) [Sa,ml” My N —m-
j=1
For 1 <n < m, we have |S, ,|" < Mg .. It follows that
k—1 i
r r r i+e A rk—J
a,N < Ma,m + Ma+m,N—m + Z < ] ) |Sfl7m|JJr Ma-‘r’l‘”]l'L,N—m
§=0
k I }
w3 (B ) ISP M e (58)
=1

Using Holder’s inequality 8.3.a, for w > 0,v > 0 with u +v =7,
E(|Sam|" Mg N —m) < (B|Sa,m|")"(EM

a+m,N—m

gKv/rgu/2(m)gv/2(N _ ’ITL) < Kv/rgr/Z(m)

)v/r

since N —m < m and g is nondecreasing. Applying this result in each
term on the RHS of (58) yields

EM] x < Kg™?(m)(2 + w(K)).
Since K > xg,2m > ng, the definitions of x¢ and ny and the assumptions
on ¢(-) imply that
EM; < K27/27/2(m) = K27 0~1/2(2g ()2
<K2r(6—1)/2gr/2(2m) < Kgr/2(2m _ 1)
<Kg*(N),
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i.e., the conclusion holds for n = N. This completes the proof.

9.15 Average Fill Rate

Let y1, -+ ,yn be ii.d. positive r.v.’s and define x; = y; At where ¢

is a positive r.v. The expected fill rate over period n is defined by

it txy
Pn _Ey1+ +yYn "

9.15.a. For any fixed n, p1 = p, = lim inf,, 0o pm-

This result was proved by Chen et al (2003) who also conjectured
that p,, is decreasing in n.
9.15.b. The sequence of fill rates p, is decreasing in n.

This conjecture was proved by Banerjeea et al (2005). We shall fur-
ther generalize it as the following result and provide a simple proof.
9.15.c. Let yq,- -,y be a set of positive, exchangeable r.v.’s and define

x; = g(ys, 1), where g(y, t)/y is non-increasing in y for each given ¢. Then

- Tit+xy
n Y1+ +yn

Proof. Denote s, = x1 + -+ 2y, 5y = y1 + -+ + Yn, n = 2. Then,
using

is deceasing in n.

1 1 Yi

—yi sy Sy(sy — i)

)

we obtain
1 & Sy
n—1=— — E
1= 2 B
1 i
fZE —x,{ +y]
sy Sy(Sy — i)
= _|_ 1 iE L
n Sy(sy Yi)

Saryi TilYi
il
n Z 32 (sy —wi)  sy(sy —vi)

vy (Y Y
—mt ZZE <Sy_yi Sy—yj)

( by exchangeability )

=1 j=1
TjYi — TiYj Yi Yj
oty 3 BT (M)
Yi>Yj Y y — Vi v~ Yi

> P,



128 Chapter 9 Moment Estimates of (Maximum of) Sums of Random - - -

where the last step follows from the fact that
Yi Yj

— >0
Sy —Yi Sy —Yj

and z;y; —x;y; = yiy;(z;/y;—x:/y;) > 0since g(y, t)/y is non-increasing,.
Refer to Chen, Lin and Thomas (2003).
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Chapter 10

Inequalities Related to Mixing
Sequences

Most theorems in classical probability theory are derived under the as-
sumption of independence of random variables or events. However, in
many practical cases, the random variables are dependent. Thus, investi-
gation on dependent random variables has both theoretical and practical
importance. In chapter 6, we have introduced the concept of martingales
that is a big class of dependent random variables. There is another class
of dependent random variables, that is, time-dependent observations or
time series. It is imaginable that observations at nearer time instants
have stronger dependency while the dependency becomes weaker when
the time distance increases. To describe such sequences of random vari-
ables, we shall introduce the concept of mixing. There are at least six
different definitions of mixing sequences. In this chapter, we only give
three most commonly used definitions.

Let {X,,,n > 1} be a sequence of r.v.’s. Denote the o-algebra Z2 =
0(Xn,a <n<b),N={1,2---}. L,(Z}) is a set of all Fb-measurable
r.v.’s with p-th moments.

A sequence {X,,,n > 1} is said to be a-mixing (or strong mixing) if

a(n) = sup sup |P(AB) — P(A)P(B)] — 0 as n — oc;

keN AeFf BeFps

it is said to be p-mixing if

|[EXY — EXEY|
p(n) = sup sup —0 as n— oo;
KeN XeLo(FF).YeLa(Fs,) V VarXVary

it is said to be ¢-mixing (or uniformly strong mixing) if

©(n) = sup sup |P(B|A) — P(B)] — 0 as n — oc.

keN AT, BEF
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We have the relations p-mixing = p-mixing = a-mixing.

10.1 Covariance Estimates for Mixing Sequences

10.1.a. Let {X,,,n > 1} be an a-mixing sequence, X € ZF Y € T
with | X| < C1,]Y] < Cs a.s. Then

|[EXY — EXEY| < 4C1Coa(n).
Proof. By the property of conditional expectation, we have

|EXY — EXEY|=|E{X(E(Y|#}) — EY)}|
<CLE[E(Y|Z}) — EY|
=C\|ELE(Y|F]) - EY},

where ¢ = sgn(E(Y|.ZF) — EY) € ZF, ie.,
|EXY — EXEY| < C1|E€Y — EEEY|.
With the same argument procedure it follows that
|ESY — ECEY | < Co|E{n — E€En|,
where 7 = sgn(E({|.7g3,,) — EE). Therefore
|EXY — EXEY| < C\Co|E€n — E€EN|. (59)

Put A = {¢ = 1},B = {n = 1}. It is clear that A € Zf, B € F2%,,.
Using the definition of a-mixing, we obtain
|E¢n — E€En| =|P(AB) + P(A°B¢) — P(A°B) — P(AB°)
—(P(A) = P(A%))(P(B) — P(B°))|
<da(n).
Inserting it into (59) yields the desired inequality.

10.1.b. Let {X,,,n > 1} be an a-mixing sequence, X € L,(Z]),Y €
Ly(#%,,) with p,q,7 > 1 and % + % + % = 1. Then

|EXY — EXEY| < 8a(n)"/"||X||,/[Y]]q,

where || X ||, = (E|XP)'/?.
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Proof. At first assume that |Y| < C a.s. and 1 < p < oo. For some
a >0, define X' = XI(|X| <a) and X" = X — X'. Now, by 10.1.a,

|EXY — EXEY|<|EXY —EX EY|+|EX'Y — EX EY|
<4Caa(n) +2CE|X"|,
where E|X"| < a'"PE|X|P. Putting a = || X||,a(n)~'/? we obtain
|EXY — EXEY| < 6C||X||,a(n) =Y/,

If Y is not bounded a.s., put Y = YI([Y|<b)and Y =Y —Y" for
some b > 0. Similarly

/. _gr g+r

|EXY — EXEY| < 6bl| X [|pe(n)' 7 + 2| X, (EY " [#7)

where

(BIY"[70)5 < (om0 5 = b0/ |

Putting b = ||Y||;(n) /%, we obtain the desired inequality.
10.1.c. Let {X,,,n > 1} be a p-mixing sequence, X € L,(Ff),Y €
Ly(#2%,,) with p, ¢ > 1 and % + % = 1. Then

|EXY — EXEY| < 4p(n)» || X [[p]|Y [l,-

Proof. Without loss of generahty assume that p > 2, which implies that
<2 Lt Y =YI(|Y|<C)and Y =Y — Y’ for some C > 0. Write

|EXY — EXEY| < |[EXY'— EXEY'|+ |EXY" — EXEY"|. (60)
By the definition of p-mixing and Hélder’s inequality,

|EXY' — EXEY'| < p(n)|IX||2]|Y |2 < p() 92| X |, [V [13/2,

EXY"| < (BIY"[1)1 =20 (B( X /2y |o/2) 2/

<
<(BIY [0 =27 (B(X P2 EY"|1/?
2/
+p(n) (BIX[P)2 (B mH2)
<IX V1A + p) | X [ Y g
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and
IEXEY"| < | X[,y [I5C%.

Inserting these estimates into (60) and taking C' = ||Y||,p(n) 2/ yield
the desired inequality.

10.1.d. Let {X,,,n > 1} be a p-mixing sequence, X € Lp(ﬁl’“),y c
Ly(#73,) with p,g > 1and £+ 1 =1. Then

|EXY = EXEY| < 20(n)"/?(| X[, ][Y 4-

Proof. At first, we assume that X and Y are simple functions, i.e.,
X =Y als, Y= blg,
i J

where both Z and Z are finite sumsand A, A, =@ (i #r),B; (B =
@ (j#1), A“A € fl By, B € #%,

EXY — EXEY = a;bjP(A;B;) = Y _ a;b;P(A;)P(B;).

i,
By Holder’s inequality we have

|[EXY — EXEY|
‘Zal NYP S(P(BiIAi) — P(B,)by (P(A)/7

g(;'“”pp(/‘”y/p(;]? AP B149 rwprr)
;P(Ai)<2|bj|q(P(Bj|Ai)

5 (S P ia) - ps)

1/p
<2 ] ¥ g max (1P, - P(B)) (61)

J

<Xl

1/p
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Note that

simias- - (o(Uoia) - #(0n)
o) - »(Us,

<2¢(n),

+ —
where |J [ ] is carried out over j such that P(B;|4;) — P(B;) >

i \J
0 (P(BjlA;) — P(Bj) < 0). Inserting it into (61) yields the desired esti-
mate for the simple function case.

For the general case, let

xo-J0 if |X|> N,
N7 E/N,  if k/N <X <(E+1)/N,|X|<N

vo {0 if |Y|>N,
N7 kN, if /N <Y <(k+1)/N,[Y|<N

Noting the result showed for X and Yy and
E|X —Xn|P—0, EY-Yy|?T—0 as N — oo,

we obtain the desired inequality.

10.2 Tail Probability on a-mixing Sequence

Let {X,,n > 1} be an a-mixing sequence. For any given integers p, ¢
and k, let &; be ﬁ(jjpﬁjpi)qq)ﬂ measurable, j = 1,2,--- , k. Then for any
x>0,

P{l&+ -+ &| >z} + kalq)

P
(Jain PG+ &l <o)

P{max |60+ + & > 293} <
1<ILk

Proof. Let
A:{lrglagk |61 4+ &| > 22}, B={|& + -+ &]| >z},

Al—{|§1|>2$}
{<max |60+ +&I<2z), |G+ &> 22}, =2,k

{|£l+1+ +£k‘\x}7 l:17"'7k_17 Bk:Q
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Then by a-mixing condition

P(AB)) =2 P(A)P(B1) — o(q)

>P(A[)1<I}1<11£_1P(B])—O[(q)’ lzl) ak7

and hence

K K
;P (A1By) > ;P(AI)KIJTEQ 1P( ) — ka(q)

=P), i PBY = hoa),

which implies the desired inequality.
See Lin (1982).

10.3 Estimates of 4-th Moment on p-mixing Sequence

Let {X,,,n > 1} be a p-mixing stationary sequence with EX; = 0 and
EX{ < oo. Then for any £ > 0 there exists a C = C(e,p(-)) > 0 such
that for each n > 1,

ESffL < C’(nHEEXiL + O';t),

where 02 = ES2.
Proof. Denote a,, = ||Sm|a. It is clear that

agm < ||Sm + Skm(m)|la + 2kay,

where Sgim(m) = . Hfjm X,. Using the Cauchy-Schwarz inequality
and by the deﬁnitioilzgf+ Zl—;llixing, we have

E|Sm + Sk+m(m)|4

2a%, + 6E[SnSkam(m)[* + 8a2, (B[S Sk4m(m)[*)!/?

201y, + 6(0, + p(k)ay,) + 8az, (o, + p(k)ay,) '/

201 + 7p"%(k))al, + 8a2,02, + 602,

Y41+ 7 2 (k)Y 4 4 20m)*.

NN CIN N

It follows that

<241+ Tp 2 (k)Y am + 200 + 2kay.
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Let 0 < ¢ < 1/3 and k be large enough such that 1 + 7p*/?(k) < 2°. By
the recurrence method for each integer r > 1, we have

a(27) <27+ Agy 23 " 20 N0F/ 4 (5(277) + kay)
j=1
<C(2r(1+£)/4a1 +0_(2r)>

for some ¢ > 0, which implies the desired inequality.
Remark. Using the method in 10.4 and 10.5 below, we can extend the
result to the non-stationary case.

See Peligrad (1987).

10.4 Estimates of Variances of Increments of p-mixing
Sequence

Let {X,,n > 1} be a p-mixing sequence with EX,, = 0, EX2 < oo for
each n > 1. Then for any € > 0, there exists a C = C(g) > 0 such that

[log ]
2(p) < 1 27 EX? 2
ES{(n) < Cnexp? (1+¢) g P2, max (62)
k+n
for each k > 1 and n > 1, where Si(n) = > X;.
j=k+1

Proof. Without loss of generality, assume 0 < ¢ < 1/4. Let m; =

[Zj/(1+8)] + 1. We shall prove that for some constant C; and any n <
2N+1,

ES%(n) < Cinexp (p(m;) + 4m}/22*j/2) max EX2 (63)

k<j<k+n

-

1

J

It is obvious that (63) holds for n < 16 by choosing Cy = 16. Suppose
that (63) holds for n < 2V with C; = 16, that is to say,

=2

-1

ES%(n) < Cinexp (p(m;) + 4m;/22—j/2) L nax EX2 (64)
1

<.
Il

Now, we consider the case 2V < n < 2V*1. Let ny = [(n — my)/2] and

ne = n —muy — ni. Then, both n; and ny are less than 2. By the
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induction assumption (64),
ESi(n) = ESi(n1) + ESf i, my (12)
+2ESk(11) Skepny +my (n2) + ESp iy, (M)
+2E Sk 10, (MN)Sktn,+my (N2) + 2ESk(1n1)Sk4n, (Mmy)
S (ESi(n1) + ESj iy my (12)) (1 + plmy)) + ESi ., (M)
+2(ES} 4, (MN)ES 4 (n2))1?
+2(ES} (n1) BSR4, (my))'/?

N—
1/2
<y exp Z (m;) —|—4m/2 J/Q) k<rjn<a]§<+nEX2

[(nl +n2)(1 + p(mpy)) + my + 2¢/nimy + 2\/n2mN]

N-1
<C Am}/22=i/? EX?
11 €Xp ; (m;) +4m ) h<jShtn
-[1 + p(my) + 4(mN)1/22_N/2}
N
1/2 —j/2
< , /29—
< Cinexp jil(p(mj)—i—élmj 27779 k<1jn<alz<+nEX

This proves (63).
To finish the proof of (62), we first note that by the definition of m;,

0 .
Zm;m?ﬂ/z < 0.
j=1

N

Finally, we need to estimate ) p(m;). We piecewise linearly extend
j=1

p(n) to all positive numbers, that is, p(z) = (pix1 — pi)(x — ) + p;, if

i<z < z'+ 1, with po = 1. Note that p(z) is non-increasing. Therefore,

ZP m; <Z (27/0+e))
N N/(1+¢)
</ p(27/ N dz = (1 +5)/ p(2%)dz
0 0

<(1+¢) 1+Zp2ﬂ
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The proof is complete.
Remark. The opposite inequality can also be shown. If, in addition,

ES2(n)/ min EX? 00 as n— 00
k<j<kdn 7

uniformly in k& and

max EXféa min EXJ2 for some a>1,
k<j<k+n k<j<k+n

then, for any € > 0, there exist C' = C'(e, p(+),a) > 0 and an integer N
such that for each k > 0 and n > N,

[log n]
2 > _ J : 2.
ES2(n) > C'nexp{ —(1+4¢) Z;) p(29) Juin B (65)
]:

See Shao (1995).
10.5 Bounds of 2 + 6-th Moments of Increments of
p-mixing Sequence

Let {X,,,n > 1} be a p-mixing sequence with EX,, = 0, sup E|X,|>™® <
oo for some 0 < § <1 and

Z p(2") < oo.

Then there exists a C' = C(4, p(-)) > 0 such that for each n > 1,

sup E|Sk(n) |2+5 < C’{nH‘s/2 (sup EX,?)H‘S/2
E>1 E>1

+nexp{(Clogn)*/***}sup B[ X"} (66)
E>1
Proof. Put a,, = supy>q [[Sk(m)ll2+s, om = supgsq [|Sk(m)|l2 and
my = m + [m'/]. Obviously
155k (2m) |24 < 1Sk () + Sk, (M) ||24s + 2m 5 ay.
It is not difficult to verify that for x > 0,

(1+2)20 <1+ (24 6)2 (@ + 2'0) + 227
<1+ 9(x + 210) 4 229,
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Hence
E|Sk(m) + Sktm, (m)[PT° <2021 + 9B Sk (m) 'Sk, (M)
+IE|Sk(m)| Skqm, (m)[ .

Moreover, by Hoélder’s inequality and 10.1.c we have
B|Sy(m) [ |Skm, (m)]

<|[[Sk(m

<l (o3 + a0 )

?na +4 2/(2+6)([ 1/5])a7271+6~

M)[1345115% (12) Spes-m (M) | 2.5) 2
2/(248)
<a
Similarly
E| St (m)|| Sty (m)[170 < ap,om, + 402 G ([P a .
Combining these inequalities yields

BISk(m) + S, (m) P+
<203+ 180,03, + 49/ 0 (/) a2

1/(2+96) 2+6

which implies that

1/(2+6)
/5]))} U + 180, + 2m'/%a;.

o < {2(1 + 3692/ @0 ([}
Noting the condition on p(-), we have

p(n) < c/logn,

where ¢ stands for a positive constant. Hence, applying 10.3 we obtain
}1 /(2+6)

Aor—1

asr < { (1+ 36p%/ 2+ ([2=)/5)))
+1809r-1 4+ 2 - 20“*1)/

< 9(r=1)/(2+9) H (1+ 36p2/(2+6)([21/5]))1/(2+6)
7=0

r—1 . r—1 ) 1/(2+5)
teor Y27 ] {2(1+9p2/(2+6)([21/5]))}
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r—1
+2a1223/5 H { 1+9p2/(2+5)([22/5}))}1/(2”)

i=j+1
< CQT/zal + 27/ 240) exp(Cr) 9/ (3,

This implies the desired inequality.

Remark. If for a certain ¢ > 2, the assumption that F|X,|? < oo is
true. Then there exists C' = C(q, p(-)) such that for every & > 0 and
n>1

)

llog 7]
E 4 < Onal? EIX[2)1/2
max [Sy(i)|' < Cn% exp{ € ZO ) [ Jax (BIXGI)
J
[log n]
C 2/a(9) E|X ;|
e 1€ 3 ) L B

See Shao (1995).

10.6 Tail Probability on ¢-mixing Sequence

Let {X,,,n > 1} be a p-mixing sequence, 0 < i < 1. Suppose that there
exist an integer p, 1 < p < n, a number A > 0 such that

¢(p) + max P{|S, —S;| > A} <

pP<I<n

Then, for any a > 0, b > 0, we have

i =
P{lr%aé(nwj\ >a+A+0b}

1 1 b
< — > e _—
\1—’(]P{Sn|/a}+1—77p{1r£]a<xn|X| p—l}7
b
P{|S,| = a+ A+ b} < nP{ max |S;| > a}—l—P{maX |X;] > }
1<5<n P

Proof. Put E; = {1rilax‘ |Si| <a+ A+b<|S;|}. Then
1<y

n—1
P {féljagxn |S;] >a+A+b} < P{|S,] >a}+zl P{E, ﬂ(|Snij\ >A+b)}.
=
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Here

ZP{Eﬂ Sil > A+b)}

n—p—

1
< D PLE((ISjp-1 — Sl = b)}
j=1

n—p—1

+ZP{Eﬂ n J+p1| )}

+ Z P{E; (IS0 — S;| > A+b)}

j=n—p
n—1 b
< .
\ZIP B [)(max 1] > p_l)}
j=
n—p—1
+ Z P(E;)(P{|Sn — Sj4p-1] 2 A} + ¢(p))
j=1
b
< P4 max | X;| > +nPJ max |S;|>a+A+by.
1<ig<n p— 1 1<j<n

The first inequality is shown.

As for the second one, putting E} = {fgax' |Si] < a< |Sj} and
<)

noting that
1Sn = Sjapt1l = [|Sn] = [Sj—1] —p max |X;|| for 1<j<n-—p,
1<isn
we have

P{|S,| >a+ A+b}
P{|Sn| >a+ A+b, max |S| a, max |X;] < b/p}
ISjsn— 1<

+P{1glax | X;| > b/p}

<jsn

< X PAE 08 = Syt > A+ P { s 11 0/}

gnP{maX |S;| > }+P{réla<x |X;| > b/p}

1<j<n
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as desired.
See Peligrad (1985).

10.7 Bounds of 2 + 6-th Moment of Increments of
(p-mixing Sequence

Let{X,,,n>1} be a p-mixing sequence with £X,,=0 and sup,, E|X,,|**% <
oo for some § > 0. Suppose that

sup ES?(n) < Mnsup EX? for some M > 0.
k k

Then there exists a C' = C(J, M, ¢(-)) > 0 such that for each n >1,

sup E|Sk(n)[**? < Cn'0/2 sup E| X, |2, (67)
k k

Proof. It is easy to see that for r > 1 and = > 0,
[7] .
r k r
(1+2) <k50<k>x +dpz", (68)

where §,, = 1 if r is not an integer, otherwise 6, = 0. We now prove the
conclusion by induction on r = 2 + 4. Assume that the inequality holds
for I < [r], r being a non integer. Denoting a,, = sup;, ||Sk(m)||, and ko
an integer to be specified later, from (68), we obtain

E|Sk(m) + Sktmtro (m)|”
S E[Sk(m)|" + E[Sk4m+ko (m)["

+Z( >E|Sk )| | Sty (M|

< 2+2Z< )1/%0) o
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By the induction hypothesis, we have

[
12<Z(§) (IS (m)| ™/ (B|Sps g (m) | )=/
j=1
< (m"2 sup B X, |/ < e/ 2a
k

for some ¢ > 0. Substituting the above inequality into (69), we obtain

1/r
aom < 2+QZ< ) 1/Tk0) A + cm2a;.

Now choosing a sufficiently large ky and proceeding as in the proof of
10.5, we obtain the desired inequality in this case. Similarly it holds for
[r] + 1. The proof is now complete.

See Shao and Lu (1987).

10.8 Exponential Estimates of Probability on
p-mixing Sequence

Let {X,,n > 1} be a p-mixing sequence w1th EX,=0and |X,| <b, <
0o. Suppose that there exist 0 < 02 < 02 < oo such that

o’n < sup ESi(n)? < o ?n. (70)
k

Let p, ¢, k be positive integers with p = p, < n, ¢ = ¢, = o(pn), ¢n T 0,
k= ky, = [n/(pn + qn)]- Put b= maxi<;j<nbj, 02 = ES2. Suppose that

pbo( .Y e 2(ip) = 0(1). (71)

j=1

Then for x = z,, and small ¢ > 0 satisfying

4 eo?
=b g g 7717 72
nela) ST s (72)
2?/n — 00 as n — oo, (73)

we have
P{ max |5;| > z} < 3exp{—

1<j<n

(1- 65)352}

n
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for all large n. If (72) is replaced by
x> e0? /pb, (74)

then )
P{ max |S;] > 2} < 3exp{—5(2_5€)$}.
p

1<gsn b

Proof. We always assume that n is large enough. Define

(i+1)p+iq (i+1)(p+q)
&= Z X, mi= Z X;, i=0,1,--- k-1,
j=i(p+q)+1 j=(i+1)p+ig+1
Ne = Z Xj.
Jj=k(p+q)+1

Put o-algebra F_; = {2,Q}, %, = 0(X;,j < (i + 1)p+iq), i =
0,1,--- ,k — 1. Define martingale differences v; = & — E(&;|Fi—1), @
0,1,--- ,k—1. Write

k-1 k
€ 1
> < > —_— == = .
P{|Sn|/a:}\P{ ;g >(1 2)x}+P{ ;77 /2sz} Ti+Js
Consider J;. We have
k—1 k—1 1
J1 gP{ ;%‘ 2(1—5);{:} +P{ ;E(Eﬂﬁi,l) >2€x}EJ11+J12.

By 10.1.d (note that |&;| < pb), for any B;_1 € F#;_1,
|E€iIp, | < 2¢(q)pbP(Bi-1),
which implies
|E(&|ZFi-1)| < 2¢(g)pb  as., i=0,1,--- k-1 (75)

Using condition (72), we obtain Jy2 = 0.
We now estimate Jip. It is easy to verify that for 0 < A < ((1 +
)pb)~! and large n,

(j = exp <>\Z%‘> exp {—/\; (1 + %(1 +€)pb/\> ZE(%'QL%D}

=0 =0

where
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j:0517"'ak_1a

possesses the supermartingale property by noting that |v;| < (1 + &)pb
a.s. and expanding E{exp(\y;)|-%;—1}. Write

0o}

—P{ck 1 > exp(A(1 — €)z)

2 k-1
-exp{ s (1+1(1+5pb)\)ZE%</7 1)}} (76)

=0
We have |E(£2|Fi-1) — E€2| < 2¢(q)(pb)? a.s. by a proof similar to (75).
Hence using conditions (70) and (71), we obtain

k—1

ZE(§ |-Zi1) = (1+0(1 ZE{Q a.s.

i=0

Moreover (75) implies that

k-1
Z(E(§i|ﬁi,1))2 < 4p(q)*p*b*n = o(n) a.s.
i=0
Thus
k—1 k—1 k—1
Y EMPFi) =Y B Fi) - > _(B&|Fi)
i=0 i=0 =0
=(1+o0(1 ZEEQ a.s.
We have
k—1 k=1 \ 2
ZE£§=E< &) -2 ) B4,
i=0 i=0 0<i<j<h—1
k—2 k—1
S Bag <> | 1BGEnl+ Y B
0<i<j<h—1 i=0 j=it2
= k—1
<20'p2pb Y (p(a) + Y @((j —i—1)p))
i=0 j=i+2

=o(n)
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by 10.1.d and (71). Furthermore

k=1 \ 2 k k
E (Z @») = ES; —2ES, (Z m) +E (Z m>
1=0 =0 i=0

By condition (70) and the second equality in (71), we have

2

2

k 2 k—1
E (Z n) <2E (Z n) +2E1; = O(kq + p).
=0 =0

In fact En? = O(p) and

k=1 \ 2 k-1
E <Z 77i> = Z Enf+2 > Enm;
i=0 i=0 0<i<j<k—1
k—1
’ ’ 1
<o’kq+20°q) (k- j)p?(jp)
j=1

=0(kq).

Hence 9
(Z &) (1+0(1))a7.

Combining these estimates yields

k—1

Y E(OFFim) = (L+o(l)on  as. (77)

=0

Inserting it into (76) and noting that P{(;_1 > a} < a~! for any a > 0,
we obtain

-

2

<eXp{—A(1 a4 % (1+ ;(1+5)pb)\) (1+s)az}. (78)

Choosing A = z/((1 + €)o2), we have A < e((1+ €)pb)~! by (72). Then

P{Z%/ (1—¢) }gexp{—(l;j?ﬁ}.
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Replacing X; with —X;, we obtain

Ju:P{

This also is a bound for J; by recalling that J;o = 0.
For J, it is clear that 37! exp{—(1—4¢)x?/(202)} is one of its upper
bounds in view of ¢, = o(p,). Thus we have proved

k—1

Z%‘

=0

(1 — 4e)z? } |

2
202

> (1 —s)x} < 26Xp{—

7 (1 — 4e)x?
P{|Sn|>$}<3exp{—m : (79)

In order to get the first desired inequality from (79), we use 10.6.
Choose an integer py such that p(pg) < 107!, Using conditions (70) and
(73), we obtain

max P{|Sn —Si| = 5

2.2
ex }<4(1+E)0’ n o 1
1<isn

(1+4¢) g2x2 S 10
for large n. So 7 in 10.6 can be chosen as 5~!. Furthermore

! !
eo?n _ eo’k

il <b<K < =
11;1&)(" |X:| <b< S x = o(x) (80)
by (72) and (73). Hence for large n,
ex
P Xi|l > ————————¢=0.
{102 5y ) =
By 10.6 we obtain the first desired inequality:
| =
P{ max |Si| > x}
5 x 5 ET
<SP {52 —-P Xi|l 2 s
e A ey
1-6
< 3eXp {_(2(7%6)112} .

We will prove the second inequality next. Clearly we can assume that
x/pb > § for some § > 0. If (74) is satisfied, choosing A = g((1 +¢)pb)~!
in (78), we have
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= e(1 — 4¢)a?
P{;%>(1—5)$}<GXP{—M}~ (81)

By imitating the preceding procedure and replacing (80) by maxigi<n
|Xi| < b < z/pb = o(x), we obtain (77) from (81). The inequality has
now been proven.

See Lin (1991).
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Chapter 11

Inequalities Related to Associative
Variables

In this chapter, we introduce another class of dependent variables. Two
r.v.’s X and Y are said to be positive quadrant dependent (PQD) if
P(X > a,Y >y) 2 P(X > 2)P(Y > y) for any z, y; and negative
quadrant dependent (NQD) if P(X > z,Y >y) < P(X > z)P(Y > y).
A set of nr.v.’s X1,--+ X, is said to be (positive) associated (PA) if
for any coordinatewise nondecreasing functions f and g on R", Cov(f(Xy,
oy Xn), 9(Xq, -++, Xp))= 0, whenever the covariance exists. The set
is said to be negative associated (NA) if for any disjoint A, B C {1, -,
n} and any nondecreasing functions f on R4 and g on RE, Cov(f (X},
ke A), g(X;,jeB))<O.
An infinite family of r.v.’s is said to be linearly positive quadrant
dependent (LPQD) if for any disjoint integer sets A, B and positive a;’s,

> apXy and ) a;X; are PQD; linearly negative quadrant dependent
k€A jeB
(LNQD) is obviously in an analogous manner. An infinite family of

r.v.’s is said to be (positive) associated (resp. negative associated) if
every finite subfamily is PA (resp. NA).

Clearly, for a pair of r.v.’s PQD (resp. NQD) is equivalent to PA
(resp. NA). For a family of r.v.’s; PA (resp. NA) implies LPQD (resp.
LNQD).

11.1 Covariance of PQD Varaibles

If X and Y are PQD (resp. NQD) r.v.’s, then
EXY > EXEY (resp. EXY < EXEY),

whenever the expectations exist. The equality holds if and only if X and
Y are independent.

Z. Lin et al., Probability Inequalities
© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010
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Proof. Consider only the PQD case. If F' denotes the joint and Fx and
Fy the marginal distributions of X and Y, then we have

EXY — EXEY = //(F(:E,y) — Fx(z)Fy (y))dzdy, (82)

which implies the desired inequality immediately from the definition of
PQD.

Now suppose that the equality holds. Then F(z,y) = Fx(z)Fy(y)
except possibly on a set of Lebesgue measure zero. From the fact that
d.f.’s are right continuous, it is easily seen that if two d.f.’s agree al-
most everywhere with respect to the Lebesgue measure, they must agree
everywhere. Thus X and Y are independent.

See Lehmann (1966).

11.2 Probability of Quadrant on PA (NA) Sequence

Let X1, --,X, be PA (resp. NA) r.v.’s, Y; = f;(X1, --,X,) and f; be
nondecreasing, j = 1, ---, k. Then for any z1, - - -, zy,

k
;<) p = [[ PLY; <2y}

-

P
j=1 j=1
k k
resp. P ﬂ(YJ <zj) p < HP{YJ <z},
Jj=1 Jj=1
k k
PLOG > ) o = [ PLY; > a5}
j=1 j=1
k k
resp. P ﬂ(Y] >x;) p < HP{YJ >z}
j=1 j=1

Proof. Consider only the PA case. Clearly, Y1, --,Y) are PA. Let A; =
{Y; > x;}. Then I, = I(A;) is nondecreasing in Yj, and so, I, - -,I} are
PA. Investigate increasing functions f(¢1, --,tx)= t1 and g(t1, - ,tx)=
to - tg. f(I1, -+ ,I) and g(Iy, - -,I}) are PA and hence by 11.1,

E(LI-Ix) > E(I)E(Iy - I,).
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Repeating use of this argument yields E(I11z--- 1) > E(I1) - E(Iy).
The second desired inequality is proven.

As for the first one, consider 1 — I; instead of I;. Let f(t1, --,tx) =
1- f(l — 11, 7]- - tk)7 g(tla’ ne 7tk) =1 7.9(1 - tla' o 7]- - tk)a which are
both increasing. Then

COV(f(l*Ih'” ,1—Ik),g(1—f1,"' ,].—Ik))

:COV(‘]F([h ) )7.6([15"' 7Ik))>07

which implies the first desired inequality.
See Esary et al. (1967).

11.3 Estimates of c.f.’s on LPQD (LNQD) Sequence

Let X3, ---, X, be LPQD or LNQD r.v.’s, ,(t;) and ¢(t1, ---, t,) be
the c.f.’s of XJ and (Xq, ---, X,,) respectively. Then

|90 tla ; H Z |tkthOV(Xk,Xl)‘.

1<k<l<n

Proof. We show the inequality by induction on n. For n = 2, integration
by parts, analogously to (82) in 11.1, yields

Cov(e‘tlxl,e1t2x2) = // it e itye2%2 { (2, 5)dz das,

where H(x1,22) = P(X; > x1,X2 > x2) — P(X; > x1)P(X2 > x2).
The triangle inequality, the pointwise positivity of H and (82) in 11.1
yield the desired inequality for n = 2.

Choose a nontrivial subset A of {1,---,n} so that the t;’s have a
common sign for j € A and a common sign for j € A= {1,--- ,n} — A.
Without loss of generality assume that A = {1,--- ,m} (1 < m <n) (by
relabeling indices if necessary). Define Y7 = 72”: 1; X5, Yy = Xn: ;X

j=1

j=m+1
and ¢y = Eexp(iY). Then
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n

oty tn) = [ [ 2 (t))]

j=1

< |30(t17' o atn) - LPY1CPY2| + ‘SDY1| Py, — H Soj(tj)
j=m+1

+| TI wj(tj)HWYl—H%(tj)

j=m+1

<[Cov(Y,Y2)[+ > [tatiCov(Xy, X))
m+1<k<I<n

+ ) [tktiCov(Xy, X))

1<k<I<m

< > [tstiCov(Xy, X)),

1<k<i<n

See Newman (1984).

11.4 Maximal Partial Sums of PA Sequence

Let X;,---,X,, be PA r.v.’s with means zero and finite variances. Put
k
Se=> Xj.
j=1
11.4.a. Put M,, = max;<i<n Sk We have

EM? < VarS,,.

Proof. Define K, = min{0, Xy + - + X,,, X3 + -+ + X, -, X0},
L,=max{Xs, Xo+ X3, - , Xo+---+ X, }, J, = max{0, L, }, and note
that K,, = Xo +--- + X,, — J,, is a nondecreasing function of X;’s so
that Cov(Xy, K,,) > 0; thus

EM?=FE(X; + J,)? = VarX; + 2Cov(X1, J,) + EJ?
=VarX; + 2Cov(Xy, Xo + -+ + X,,) — 2Cov(X1, K,,) + EJ?
<VarX; + 2Cov(Xy, Xo + -+ X,,) + EL2. (83)

The proof is completed by induction on n since the induction hypothesis
implies that EL2 < Var(Xz + - -+ X,,), which together with (83) yields
the desired inequality.
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11.4.b. Put s2 = ES2. We have for any = > v/2,

P{ max |S;| > zs,} < 2P{|Sn| > (z — V2)sn}.

1<j<n

Proof. Put S} = max(0,51,---,S,) and note that for 0 < 21 < x9,

P{S} > xa} <P{S, Z a1} + P{S;_1 > 22,5, _1 — Spn > x2 — 21}
SP{S, Z a1} + P{S;_| > 22} P{S;_1 — Sp > 22 — 21}
>} + P{SE > a0} E(S: | — Sn)?/(ze —x1)2
Here we have used the fact that S}_, and S, —S}_; are PA since they are

both nondecreasing functions of the X;’s. Now 11.4.a with X; replaced
by Y; = *Xn—j—kl yields

E(S: | —8,)? = E(max(Y1,Y] +Ya, -, Y1 4+ --- +Y,,)}) < ES?

n—1

and thus we have, for (v9 — x1)? > s2

P{S; >z} < (1— s%/(zg — 1:1) YLP{S, >z} (84)

By adding to (84) the analogous inequality with each X; replaced by
—X;, and by choosing x3 = xs,,, 1 = ( —/2)s,,, We obtain the desired
inequality.

See Newman and Wright (1981).

11.5 Variance of Increment of LPQD Sequence

Let {X,,n > 1} be a sequence of LPQD r.v.’s with £X,, = 0. Put

k+n
Sg(n)= > Xjand p(n)=sup >, Cov(X;,Xx).
j=k+1 k21 j:|j—k|>n
llogn]
ES <4 EX} ’
MBSO S n SR EX D B s

i=1
Proof. Put || X [,= (E|X[?)/? (p > 0), 7y = sup || Sk(m) |2 and
my =m + [m'/3]. Write =

Si(2m) = Sk(m) + Sy (M) + Sty (1) — Sppam ([m3)).
We have

15k (2m)ll2 < 1Sk (1) + Sty (m) |2 + 2[m )7y
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and

E(Sk(m) + Siem, (m))? <277, + 2ES) (1) Sty ()

mi

<2742 Y p).
j=lm/)41

Recurrently, for each integer r > 0, we obtain

2r7i+1

XD I SO RE) SR
=1 j=[20r=9/3]41 i=1

kA
< . T 2 -
<4-2 <¢1 +ZQ<T_I->/3H;§§2T_7;+1 M(])>a

i=1

which implies the desired estimate.
See Lin (1996).

11.6 Expectation of Convex Function of Sum of NA
Sequence

Let Xi,---,X, be NArv.’s, and X{,---, X} be independent r.v.’s. For
each i =1,---,n, X} and X; have identical distribution. Then for any

convex function f in R!,

£f (Z Xz) < B (Z X:) , (55)

if the expectations exist in the formula above.

If f is nondecreasing, then

k k
Ef ( max Xi> < Ef ( max X:) , (86)

1<k<n 4 1<k<n 4
i=1 =1

if the expectations indicated exist.
Proof. We just prove (85) and for the proof of (86) one can refer to
(Shao, 2000). By induction, we shall now prove

Ef(X1+ X2) < Ef(XT + X3). (87)
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Let (Y7,Y3) be an independent copy of (X1, X2). Then we have

f(X1+ X)) + f(Y1 +Y2) — f(X1 + Ya) — f(Y1 + X2)

Y2
:/ (o (Vi + 1) = fo (X1 + 1)) de

X2

= [ - 00+ ) > 0 - 105 > )

in which f/ (x) is the right derivative of f(x). It is nondecreasing. By
positive association and the Fubini theorem, we obtain
2Ef(X1+X2) - Ef(XT +X3))
=E(f(Xi+X2)+ f(Y1+Y2) — f(X1 +Y2) — f(Y1 + X2))
:2/ Cov(fi (X1 +1),I(Xy > t))dt < 0.

Thus (87) has been proved.
Remark. We can obtain a series of important inequalities about NA
r.v.’s as consequences of the result above. For example, for 1 < p < 2,

k p n P
E max | X;| <2E|Y X7,
1<k<n |4
=1 i=1
k p n
E max Y X;| <2877 EIX;|%;
1<k<n |4 1 —
1= 1=

for p > 2,
k p n p/2 n
| < p 2 |p
g [ <200y d (St 43 m
= 1= =

n n

Besides, put S, = Y. X;, B, = >, EX2. Then for any z > 0, a > 0
i=1 i=1

and 0 < a < 1,

1
P{max Sk>x}<P{maX Xk>a}+

1<k<n 1<k<n 1 —«
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e —96270( 1—1-210 1+ 2
*p 2((11‘ + Bn) 3 & Bn ’

P{ max |Sk| >x} <2P{ max | X >a} +
1<k<n 1

l—«

e —9627& 1—1-210 1+ 2
P 2(ax + By) 3% B, ’

11.7 Marcinkiewicz-Zygmund-Burkholder Inequality
for NA Sequence

<k<n

See Shao (2000).

Let Xy, -, X, be zero-mean-value NA r.v.’s. Then for r > 1,

n . n T/2
in < AE (Z Xf) .
=1 =1

Proof. Let X,Y be zero-mean-value NA r.v.’s, and f(x) be a convex

E

function. Similar to the proof in 11.6, we have
Ef(X+Y)<Ef(X-Y).

Now let €;,5 = 1,---,n be iid. r.v.’s, of which the distribution is
P(e; =1) = P(e; = —1) = 1. Assume that {¢;} and {X;} are indepen-
dent. Take

n

n
X=> XI(g=1), Y=> X;I(=-1).
j=1

j=1
Then . .
X+Y =) X;, X-Y=> X,
j=1 j=1

Under the condition of {¢;}, X and Y are NA r.v.’s. Therefore
n
Ef | Y Xj | =Ef(X +Y) = E(E(f(X +Y)ler,e2,---))
j=1
SEE(f(X =Y)ler,e2,--+))

=Ef(X-Y)=Ef iéij
j=1



References 157

Choose f(z) = |z|". By the Khintchine inequality 9.6 we obtain

T n r n r/2
<E|> &X;| <AE (Z Xf) .
j=1 i=1

See Zhang (2000).

n

S

i=1

E
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Chapter 12

Inequalities about Stochastic
Processes and Banach Space Valued
Random Variables

In this chapter, we introduce some important inequalities about stochastic
processes and Banach space valued random elements. Because the im-
age space of the random elements is more complicated than those for
random variables or vectors, the proofs are generally more involved or
need specific approaches. Therefore, proofs of some inequalities will be
omitted and some references are given.

Herewith, we first recall the definitions of Wiener process and Poison
Process below.

A stochastic process {W(¢),t > 0} defined on a probability space
(Q,.Z, P) is called a Wiener process (or a Brownian motion) if

(i) for any w € 2, W(0,w) = 0 and for any 0 < s < ¢, W(t) —W(s) €
N(0,t —s);

(ii) sample functions W (¢,w) are continuous on [0, c0) with probabil-
ity one;

(iii) for 0 < t; < tg < t3 <ty < -+ < top—1 < ton, the increments
W(tg) —W(tl), W(t4)—W(t3), ceey, W(tgn) —W(tgn_l) are independent.

A stochastic process {N(t),t > 0} is called a Poisson process if for
all k& 2 1 and all 0 < tl < tQ g < tk, N(tl), N(tQ) —N(tl), ey,
N(ty) — N(tx—1) are independent Poisson r.v.’s with means 1, ta — 1,
-+, t — tr_1 respectively.

12.1 Probability Estimates of Supremums of a
Wiener Process

12.1.a. For any = > 0,

P{ sup W(s) >az} =2P{W(t) >z},

0<s<t

Z. Lin et al., Probability Inequalities
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P{ inf W(s) < -z} =2P{W(t) < -z},

0<s<t
P{ sup |W(s)| >z} <2P{{W(t)| >z} = AP{W (1) > at~/?}.
\s\

Proof. We shall only prove the first identity, since the second is a dual
case by symmetry of a Wiener Process and the third one (inequality)
follows by combining the two identities. Also, when z = 0, the two
equalities and the inequality are trivially true. Thus, we assume x > 0
in the proof.

We first prove Reflection Principle of Wiener Process. If W (s),
0 < s <t < ooisa Wiener process, x is a real number and S is a stopping
time, then W’(s) is also a Wiener process on [0, t], where

W (s), fO<s<SAL,

W'(s) = {2W(S) —Wi(s), ifSAt<s<t

Especially, when W (S) = z, W/(s) is the process obtained by reflecting
W (s), s > S about the straight line .

By strong Markovian property of a Wiener process, W(s), s > S At
is independent of W(s), s < S At. By symmetry of a Wiener process,
W(S+s)—W(S), s = 0 has the same distribution as W(S)—W (S+s),s >
0. Thus, W and W' are identically distributed.

Now, let’s return to our proof of the first identity. Obviously, we have

P{ sup W(s) > a:} = P{ sup W(s) = z; W(t) > x}

0<s<t 0<s<t

—|—P{ sup W(s) =z, W(t) < :c}

0<s<t

Since {W(t) > x} implies { sup W(s) > z}, we have

0<s<t

P{ sup W(s) = x; W(t) > x} =P(W(t) > x).

0<s<t

By the reflection principle, we have

P{ sup W(s) 2z, W(t) < x} = P{ sup W'(s) =z, W'(t) > x}

0<s<t 0<s<t

= P(W(t) > ).

The proof is complete.
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12.1.b. For any = > 0,

2 x
P{sup W(t) <z} = \/—275/ e v 2du;
0

0<t<1

2 (et - et ) < P (W] <0} € 2o
7T 3 0<t<1 T

Proof. The first equality follows from the first equality of 12.1.a. To
prove the inequalities, we first prove that

(2k+1)z

P{ sup |W(t)| <x} = \/% i (—l)k/( e /24y,
k=—o00

0<t<1 2k—1)z

Define 79 = inf{t < 1;|W(t)| > =} and 7 = inf{t < 1; W(¢) < —z}.
By induction, define ¢} = inf{t € (7%, 1]; W(t) > x} and 7441 = inf{t €
(Ck, 1]; W(t) < —z}, where we use the convention that inf{t € @} = 2.
Note that both the 7’s and (’s are stopping tines. We call the largest
k such that (; < 1 the number of upcrossings over the interval [—z, z].
Similarly, we define the number of downcrossing of the sequence W (t)
over the interval [—z,x] by the number of upcrossings of the sequence
—W (t) over the interval [—z, z].

Let K be the number of crossings (both up- and down-) of the Wiener
process {W(t),0 < t < 1} over the interval [—z, z].

Then

P{ sup |[W(t)] <x}

0<t<1

=P{W(Q1) € [~z,z]} — P{ sup |W(t)| > x; W(1) € [—:c,a:]}

o<t<1
:P{W(l)e[—x,x]}—ZP{os#El (W) =x; W)=z, W(1) € [—x,x]}

=P{W(1) € [-za]} —2) P{W(r) =2, K =k, W(1) € [-z,2]}
k=0

—P{W(1) e[z, a]}—2 Z(—l)kP{W(TO):x, K>k W(l)e [—x,x]}.
k=0
Reflecting the process W (t) about = at (jr+2)/2),- - ,¢1 and reflect-
ing the process about —x at the 73, /9),- - , 71, by reflection principle, we
have

P{W(ro)=a, K>k, W(1)€[-z,al} = P(W(1) €[(2k+1)a, (2k-+3)a]).



12.1  Probability Estimates of Supremums of a Wiener Process 161

Then, the asserted identity is proved by noticing
PW(1) € [(2k+ 1)z, 2k +3)z]) = P(W(1) € [-(2k + 1)z, —(2k 4 3)z]).
Define

1, if 0<t<u,
h(t){ 1, if =<t<2z;

h(t) = h(—t);  h(t) = h(t + ).

By the Fourier expansion we have
e )k 2k + 1
— E wt | .
n = 2k —|— 1€ 2z

By what being proved, we have

oo . (2k+1)z 2/
Pq sup |[W(t)| < x} — 1 / e " /=dt
{ogt@ W) V2 _Z,: - (2k=1)z

1 /OO —t2/2
h(t dt
v (t)e
:é 3 (71)]6 ! - t2/2005<(2k+1)nt)dt
7T

— 2k+1 V21 J_o 2x
4K (—1)F { (2k+1)2n2}
= XPy T T g2 (7
s 2k +1 8x

where we have used the fact that

e—t2/2 —a2/2.

1 / tdt
— cosatdt = e
V2T ) o
Choose only the term k& = 0, we get the RHS inequality and take the
three terms k = —1,0,1 we obtain the LHS inequality.

Remark. The series expansion of P {supgc,<; |W(t)| < x} in the above
proof is itself a very important conclusion.

12.1.c (Csorgd and Révész). For any 0 < € < 1, there exists a constant
C = C(e) > 0 such that for any 0 < a < T and z > 0,

P{ sup  sup |W(t+s)-W(t)| > xal/z} < CTa 'exp{—2?/(2+¢)}.
0<t<T—a 0<s<a
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Proof. For given ¢ > 0, define A = 1/1/1+¢/2 and M = 5. Select
points t; = ia/M?,i=0,1,--- K —1 and t = T — a from the interval
[0,T — a] such that 0 < tx —tx_1 < a/M?. Thus, we have K <
1+ M?T/a.
Noticing A(1 +2/M) =1, we have
K
P{ sup  sup |[W(t+s)—W(t)| > 95&1/2} < (Im + Lip + 1713)7

0<t<T—a 0<s<a i—1
(88)
where

Iin :P{ sup  sup |[W(t+s)—Wi(t+s)| > AM_lxal/Q}

ti<t<ti+1 0<s<a

=r{ sup |W(t)|>AM*1m1/2}
0<t<a/M?

—2P(|W(1)| > Az) < Ce o /(2F9),

where the first equality follows from the fact that W (t 4+ s) — W (t; + s)
has the same distribution as W (¢t — ¢;), and the second equality follows
from 12.1.b. Similarly, we have

Jﬂzp{ sup \W(t)—W(ti)|>AM‘1xal/2}

ti<t<tiva

:P{ sup |W(t)\>AM71xa1/2}
0<t<a/M?2

< Qe /(2+e)
Since W (t;+s) — W (t;) has the same distribution as W (s), by 12.1.b,
we obtain

Ly =P{ sup [W(t; +5) = W(t)| > Ava'/?}

0<s<a

:P{ sup |[W(s)| > Axal/Q}

0<s<a
< Qe+,
The desired inequality from the above estimates.
12.2 Probability Estimate of Supremum of a Poisson
Process

Let 1(t) = 2h(t + 1)/t with h(t) = t(logt — 1) + 1 for t > 0.
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12.2.a. P{ sup (N(t) —t)*/Vb >z} < eXp{_* (%)}

0<t<h
for any x > 0 in the “ 47 case and for 0 < = < \/5 in the “—" case.
Proof. For any r > 0, {exp(xr(N(t) — t)),0 < ¢t < b} are both sub-
martingales. Then by a continuous parameter version of the Doob in-
equality 6.5.a,
P{ sup (N(t) = t)* > a}

0<t<b

= m% P{ sup exp(£r(N(t) —t)) = exp(rz)}
r> 0<t<h

< ir;% exp(—rz)Eexp(£r(N(b) — b))

< iI>1% exp{—rz + b(e*” — 1) Frb}

{ exp{z — (b+ z)log((b+ x)/b)} in the “+"” case
exp{—x + (b — x)log(b/(b— z))} in the “—" case

:exp{ (22 /2b)0) (iﬂ}

Here the minimum is obtained by differentiating the exponent and solv-
ing. Now replace = by 2v/b to get the desired inequality.

12.2.b. Let q(t) be nondecreasing and q(¢)/v/t be nonincreasing for
t>20andlet0<a<(1-9)b<b<d<1. Then for x >0,

b 2 2
P{sip (N() =%/t > ap < 5 [ 1exp{<15)7 274 fﬂ}dt,

a<t<b t

where v~ = 1 and v* = ¢(zq(a)/a).

Proof. Let Af = { sup (N(t) —t)*/q(t) > x}. Define § = 1 — § and
a<t<b
integers 0 < J < K by

0K <a <051 and 07 <b< /7! (welet K = oo if a=0).

(from here on, 6° denotes ¢ for J < i < K, but X denotes a and 671
denotes b. Note that (new 0°~1) <(new 6%)/0 is true for all J <i < K.)
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Since ¢ is nondecreasing, we have

P(A;) < <P{Jr§%<el<s;‘§; (N(t) = )F/q(t) > =}

< — ) /q(6") >
P{Jrg;gXKWs%gr;? (N@) =1)%/q(0") > 2}

<ZP{ sup (N(t) —)*/ > wq(6")}.

o<tgo 1

Consider A, first. Similarly to the proof in 12.2.a, we have

<Zexp{ 91(011)}

911 2 9
1 xq°(t)
< E 1_9 texp{— 9 G}dt
i=J+1

2.2 2.2 ob
+exp{_“fgye}+exp{_w2§>}

3 (1 22¢2(t)
< = — — — .
< 5/a ; exp{ (1-9) 5 }dt

For A}, using 12.2.a, as in case A, we have
N K 22¢2(0°)
P(AT)<
<X e {5 (F)

@XP{ ;;g (2 )

as desired.

12.3 Fernique Inequality

Let d be a positive integer. 2 = {t : t = (t1, -+ ,ta), a; < t; < by,
j=1,---,d} with the usual Euclidean norm || - ||. Let {X (¢),t € 2} be
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a centered Gaussian process satisfying that 0 < I'? = sup EX (t)? < oo
tep
and

E(X(t) - X(5))* < o(llt = s,

where ¢(+) is a nondecreasing continuous function such that f;° p(e=")
dy < oo. Then for A >0, z > 1 and A > v/2dlog 2 we have

P {sup Xt)>x {r +2(vV2 + 1)A/100 sa(\/EAQ—f)dy}}

tey

d
<@+B) (]I (bj ;aj + ;) /2,

Jj=1

o0
where B = Y exp{—2""1(A4% — 2dlog2)}.

Proof. Put e, = 272", n=0,1,---. For k = (ki1,--- ,kq) with k; =
0,1, kin = [(bi — a;)/en], i = 1,--+ ,d, define t{" = (1}, tf],;i)
in 9, where

t(k)faerken, i=1,---,d.

Let
= {t](gn)7k =0, 7kn = (klna T 7kdn)}’
d d .
which contains N,, = [] ki, points, N,, < [[{(2%" (b; — a;)/\) + 1}.
i=1 i=1
Then the set |J T}, is dense in 2 and T,, C Tpy1. For j > 1 let

n=0
z; = xAp(Vdej_1)27/? and g; = 20-1/2. Then

Z r;=1A Z o(Vdr2=? )22
j=1 j=1
=2 A p(Vdr2~9)(2V2 +2)(g; — gj-1)
j=1

\f+1xAZ/ p(Var2~v")dy

<2(vV2+ 1)xA/ o(Vdr2Y)dy
1
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Therefore we have

P{ sup X () > = (P +2(vV2 + 1)A/100 <p(\/&A2‘y2)dy> }

teD

n=>0teT,

SP{ sup sup X (t) > xF—I—ij}
j=1

= lim P< sup X(¢) > o' + €Tip.
Jim P s X0 > a0+ 3}

Let .
By ={sup X(t) > 2"}, B, = { sup X (t) > Zx]},
teTy teTy, j=1
An:{supX(t)>xF+Z:cj}, n > 1.
teT, =
We have
< P(Bn-1) + P(ByBj,_1)
P(By) + ZP (B;BS_,
where
J j—1
P(BjB§—1)=P{ U (X Zm) N N < ) < Zxk)}
teT; k=1 s€Tj_ k=1

N

P{ U U (X(t)—X(s)>xj)}

teT; =T 1 s€Tj 1
lt—sl<Vde;j_1

> > P{X(t) - X(s) >z}

teT;—T;_1 s€Tj—1
lt—sl<Vdej_y

N

Noting the fact that there is only one point s in the set {s € T;_; :
|t — s|| < Vdej_1} for any ¢t € Tj — T;_1 and that

E(X(t) - X(5))” <2 (lt = s]l) < ¢*(Vdejn),
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we have
P(B;B;j_)
oy
< PJ{N(0,1) > ]}
tesz_:le SETZJ.; { o(Vdej_1)

lt—sl<Vde;_y
d i by — a; ,
< H (22 T + 1) P{N(0,1) > Az27/?}

i=1

<22jdﬁ bi—ai_’_l 1 e_A2x22j—1
D AR 2) 2y/n

d
_ 1 H b; — a; +1 ezﬂ'dlog2—(23’*1A2—1/2)m2e—z2/2
2y/n ey A 2

d
g b;—a; 1 22
<d2? ((A?/2)—dlog2) i iy 2 ) eme?/2
11211 o ta)°

Noting that A > y/2dlog 2, we obtain

oo

d
b; —a; _
ZP(BjB;_l)gBH( Aa vl)e 2?/2.
=1

Jj=1

On the other hand,

P(By)=P{sup X(¢t) > 2T}

Hence
d

bi—a; 1\
P(A <2d B e ™, 2 aTt/2
A< e BT (M5 g) e

which gives the desired inequality immediately.

12.4 Borell Inequality

Let {X(¢),t € T} be a zero-mean-value separable Gaussian process,
and the sample paths are bounded almost everywhere. Denote || X|| =
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sup,e7 | X (t)|. Then for any = > 0,
P{||X]| - E|IX]| > 2} < 2exp{~2?/(207)},

where 02 = sup,c EX ()2

Remark. The Gaussian process in the inequality can be replaced by a
Gaussian variable in Banach space. And E||X]|| can also be replaced by
the median of || X]||. If so, then the Borell inequality can be yielded by
the equi-perimeter inequality 12.6 (see Ledoux and Talagrand (1991)).
When T = [0, h], we have the following accurate big-bias conclusion.

12.5 Tail Probability of Gaussian Process

Let {X(¢),t € T} is a zero-mean-value separable Gaussian process,
EX%(t)=1,t>0,

I'(s,t) = Cov(X(s), X(t)) =1—Cols —t|* +o(]s —t|*), |s—1t] —0,
where 0 < a < 2,Cy > 0. Then for any h > 0,

i DAmaxiepon X(f) > o}
11m
z—oo  x(1 - ®(x))

= hCy/*H.,,

in which Hy = limy_o [;° e P{supgc,;<p Y () > s}ds/T > 0, Y(t) is
a Gaussian process, which has mean-value EY (t) = —[t|* and covariance
function Cov(Y (s),
Y(t) = —ls — | + [s]* + [¢]".

Remark. This conclusion was obtained by Pickands (1969a,b), and
Qualls and Watanabe (1972) generalized it to the case of R*. It can be
proved that H; =1, Hy = 1/y/m. Shao (1996) presented the estimations
of the upper and lower bounds of H,,.

12.6 Tail Probability of Randomly Signed Indepen-
dent Processes

For —co < a <b < oo, put T = [a,b] or [a,00). D denotes the set of all
functions of T' that are right continuous and possess left-hand limits at
each point. & denotes the o-algebra generated by the finite dimensional
subsets of D. Let {X;(¢t),t € T}, i=1,---,n, be independent processes
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on (D, 2) that are independent of the iid. Rademacher r.v.’s ey, - - -, &,.
Then for any = > 0,

k n
P<{ max su e X (t)] >z p <2P< su e Xi(t)| >x ;.
{ s g o] > o <or{sm e > +)
Proof. Without loss of generality assume that a =0, 0 < b < co. Let
k
So(t) =0, Sk(t) = > €;X;(t) and K, = {j/2™ : 0 < j < 2™b}. Denote
j=1
Aj = { max sup S+( ) <z <supS(t)},
0<j<k teT teT
At = { o sup 7 (1) < < sup S (1)},
0<G<k teT teEKm

Jkm = min{j : Sx(5/2™) > x}, k=1,---,n
Furthermore, let K = |J K,,, which is countably dense in T'. Note that
m=1
supieg, | f(t)] — supyer |f(t)] as m — oo for all f € D. Whereas
sup,cr | f(t)| may not equal f(7) for some 7 € T (it could equal some
f(72)), it is the case that sup;c g |f(t)| equals f(7) for some 7 € K,,.
Now noting the symmetry of Sy we have

P{sup St(t) > x}>ZP{Ak ﬂ suIT) St(t) > x)}

=3 tim, P{Aun
k=1
n b2
:ZmliianP{Akm ﬂ( sup S, (t) > z)
k=1 =0 tekm
2 Z,,}E%OZ P{Akm M\(Sn(G/27) = Sk(3/2™))
b2

:gw}@wz P{Akm ((Tem = j)}

=0

P{5,(j/2™) = Sk(j/2™) = 0}

sup Sy (t) > m)}

t
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;zi: ”z:: {Akmﬂ(ka—J)}
zij lim P(Ay,) = z_:

m—0o0
=_P S (t) > x}.
b, sep e () > 2}

l\.')\»—l

1
T2
1
2

For S, we have the same conclusion. The inequality is proved.

Let (2,.%,P) be a probability space, # = {% C F :t > 0}
be a family of o-algebras satisfying %, C .%; for s < t. A process
X ={X(t),t > 0} is F-adapted, if X (t) is .#;-measurable for all ¢ > 0.
A process X is predictable if it is measurable with respect to the o-
algebra on (0,00) x Q generated by the collection of adapted processes
which are left continuous on (0,00). A process X has a property locally
if there exists a localizing sequence of stopping times {7} : k& > 1}
such that T — oo a.s. as k — oo and the process X (- A Tj) has the
desired property for each & > 1. An extension of the definition of a
(sub- or super-)martingale (see Chapter 6) in the continuous parameter
case is immediate. The following inequality is a generalization of Doob’s
inequality 6.5.a.

12.7 Tail Probability of Adaptive Process

Suppose that X is an adapted nonnegative process with right-continuous
sample paths, that Y is an adapted process with nondecreasing right-
continuous sample paths and Y(0) = 0 a.s. and that X is dominated by
Y, ie, EX(T) < EY(T) for all stopping times 7.

(i) If T is predictable, then for any > 0, y > 0 and all stopping
times 7T,

P{ s X1 > o} < LT A9+ PV 2 1)

(i) If sup|Y'(t) — Y(t—)| < a, then for any z > 0, y > 0 and all
>0
stopping times T,

P{ sup |X<t>|>a:} < BT AW ta) + PYT) =),
o<t<T e
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Proof. We first show that
1
P{ sup |X ()] > x} < —EY(T). (89)
0<t<T z
Let S =inf{s <T An:X(s) >z}, T An if the set is empty. Thus S is
a stopping time and S < T A n. Hence
EY(T)>FEY(S) > EX(S)

>EX(S)1( sup X(t)>m>

0<t<TAn

>xP{ sup  X(t) > :c}

0<t<T AR

Letting n — oo yields (89).
Denote X; = supyc.<; X(s). To prove (i), we shall show that for
x >0, y > 0 and all predictable stopping times S,

1
P{X5_ 2o} < _B{Y(S—) Ay} + P{Y(5-) >y} (90)
Then (i) follows from (90) applied to the processes X7 = X (- A T) and
YT =Y (- AT) with the predictable stopping time S = co.

Let R =inf{t:Y(t) > y}. Then R > 0 by the right continuity of ¥’
and is predictable since Y is predictable. Thus R A S is predictable and
with a sequence S,, of stopping times satisfying S, < RAS, S, — RAS
and {X(p. g > a} Climinf{Xg > —c},

P{X; zat=P{Ys_- <y, X5 Za}t+P{Ys_ 2y, X >a}
<PI(Ys- <y)Xi_ >} + P{Ys_ >y}

SP{X{(grs)- 2 2} + P{Ys- >y}

Kliminf P{X§ >z —¢e} + P{Ys_ >y}

<

liminf EYg, + P{YS_ > y}

Tr — E N—x

1
p— €EY(R/\S)7 + P{Ys_ >y}

< E(Ys- Ny) + P{Ys- = y}.

x—¢€
Letting € | 0 yields (90) which in turn implies (i). The argument for (ii)
is similar.

See Lenglart (1977).
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12.8 Tail Probability on Submartingale

Let (|S¢],%1), 0 < t < b be a submartingale whose sample paths are
right (or left) continuous. Suppose S(0) =0 and v(t) = ES%(t) < o0 on
[0,b]. Let ¢ > 0 be an increasing right (or left) continuous function on
[0,0]. Then

b
P{ sup [S(0)|/q(t) > 1} < [(aoraw.

0<t<b

Proof. By the right (left) continuity of the sample paths and S(0) = 0,
using 6.6.c, we have

P{ s [S(0)1/a(t) < 1}

<t<b

= j/2" j/2™) < >
P{Og}z)énw(bj/? )/q(bj/2") < 1 for alln/l}

= i P{ o Is05/2)/at0i/2) < 1]

> i {1 2(15(8%@’/2“) - 5700 - /203 /27)

on

=1 Jim 3 i S (0/27) — V(b = 1)/2°))

b
—1- / (a(t))2dw (1),

where the convergence comes from the monotone convergence theorem.
In fact, we only need S to be separable and ¢ to be increasing.

We shall denote the canonical Gaussian measure on R by 7y, which
is the probability measure on RY with density

(270) =N exp(—|z[*/2).

®(x) denotes also the d.f. of N(0,1) on R*. SV~ denotes the Euclidean
unit sphere in RN equipped with its geodesic distance p and normalized
Haar measure o _1.

Let B be a Banach space equipped with a norm || - || such that, for
some countable subset D of the unit ball of B’, the dual space of all
continuous linear functionals, |z|| = sup;cp [f(x)| for all z in B. We
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say that X is a Gaussian r.v. in B if f(X) is measurable for every f
in D and if every finite linear combination Y ; fi(X), o; € RY, f; € D

is Gaussian. Let M = M(X) be a medianl of | X||; Ef%(X), f € D,
are called weak variances. A sequence {X,,n > 1} of r.v.’s with values
in B is called a symmetric sequence if, for every choice of signs +1,
{£X,,n > 1} has the same distribution as {X,,,n > 1} (i.e. for each n,
(£X1,--,+X,) has the same distribution as (X1, -+, X,,) in B™).

Most of the inequalities for real r.v.’s such as symmetrization in-
equalities, Lévy’s inequality, Jensen’s inequality, Ottaviani’s inequality,
Hoffmann-J¢rgensen’s inequality, Khintchine’s inequality etc., can be
extended to the Banach valued r.v.’s case.

See Birnbaum and Marshall (1961).

12.9 Tail Probability of Independent Sum in B-Space

Let X1,---, X, be independent B-valued r.v.’s with E||X;||? < oo for
some p > 2, j =1,--- ,n. Then there exists a constant C = C(p) such
that for any ¢ > 0,

"

<16exp{—t2/144A,} + C || X7 /#7,

j=1

n

> X

Jj=1

n

> X

=1

>t+ 37p*FE

where A, = sup| <1 { 2. EfZ(Xj)}'
j=1

The proof can be found in Einmahl (1993).
We state the following important inequality without the proof. The
details may be found, for example, in Ledoux and Talagrand (1991).

12.10 Isoperimetric Inequalities

12.10.a (on a sphere). Let A be a Borel set in S¥~! and H be a
cap (i.e. a ball for the geodesic distance p) with the same measure
onN-1(H) =0on-1(A). Then

O'N_l(Ar) > UN—l(Hr)a
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where A, = {z € S¥~1: p(x, A) < r} is the neighborhood of order r
of A for the geodesic distance. In particular, if on_1(A) > 1/2 (and
N > 3), then

ova(a) 2 1 (Z) exp{-(v 222

12.10.b (in a Gaussian space). Let A be a Borel set in RY and H
be a half-space {z € RY;< z,u >< A}, u € RN, X\ € [~o0,00], with
the same Gaussian measure vy (H) = ynv(A). Then, for any r > 0,
YN (A;) = yn(H,) where, accordingly, A, is the Euclidean neighborhood
of order r of A. Equivalently,

O (v (4y) = @7 (I (A)) +

and in particular, if yx(A) > 1/2,
1
1—9n(A4,) <1-90(r) < B exp(—12/2).

Remark. Denoting the positive integer set by Z, we can generalize
12.10.b to measure ¥ = 74 in the infinite-dimension space R?, which
is the product of one-dimension standard Gaussian distribution. By
12.10.b and cylindrical approximation, we have

O (7:(Ar) = @7 (9(A)) + 1, (91)

where 7, is the inner measure and A is a Borel set in R%, r > 0, A, is

the Hilbert neighborhood of order r of A, i.e., A, = A+ rBy = {z =

a+rh:a€ A heRY, |h| < 1} where Bs is the unit ball of Iz, the space
o 1/2

of all real sequences & = {x,,} for which ||z|2 = ( > x%) < 0.

n=1

12.11 Ehrhard Inequality

For any convex set A in R", Borel set B and any 0 < A < 1,

e (yw(AA+ (1= N)B)) 2 A8 (7w (A4)) + (1 = N2 (7w (B)),
where AA+ (1 = AN)B={ a+(1—-XNb:ac Abe B}.

Refer to the proof in Latala (1996).
Remark. When A and B are both convex sets, the Ehrhard inequality

can be called Brunn-Minkowski type inequality. 12.10.b can be yielded
from 12.11.
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12.12 Tail Probability of Normal Variable in B-Space

Let X be a Gaussian r.v. in B with median M = M (X)) and supremum
of weak variances 02 = ¢2(X). Then, for any t > 0,

P{J[IX]| = M| >t} < 2(1 = ®(t/0)) < exp(~t*/20?)
and

P{IIX|| > t} < 4exp{~t*/8E| X]*}.

Proof. Let A= {z € RZ : ||z|| < M}. Then v(A) > 1/2. By (91) we
have v, (A;) > ®(t). Now, if z € Ay, then z = a + th where a € A and
|h| < 1. Noting that

c=0(X)= sup(Ef2(X))1/2 = sup |A|,
febD |h|<1

we have
lz|| < M +t]h|| < M + to

and therefore A, C {z : ||z|| < M + ot}. Applying the same argument
toA={z:|z| > M } clearly concludes the proof of the first inequality.
From it, and from o? < E||X||?, M? < 2E||X||?, we obtain the second

one.

12.13 Gaussian Measure on Symmetric Convex Sets

Let p be a centered Gaussian measure in separable Banach space E, X
and Y be two zero-mean-value Gaussian random elements in E. Then

for any 0 < A < 1, and any two symmetric convex sets A and B in F,
A B) = pAA)u((1 - A*)?B),

P{X € A)Y € B} > P{X € MA}P{Y € (1-\*»)'/?B}.
Proof. We might as well assume that E = R". Let (X',Y’) be the
independent copy of (X,Y), and denote a = (1 — A2)}/2/\. Tt is easy to
see that X —a X’ and Y+Y”/a do not intersect, and are thus independent
of each other. With X — aX’ and X/ identically distributed, and so is
Y +Y’/a and Y/+/1 — A2, By the Anderson inequality 2.3.b, we obtain
P{X € A,Y € B} > P{(X,Y) + (—aX',Y'/a) € A x B}
—P{X —aX' €AY +Y'/ac B}
=P{X —aX' € A}P{Y +Y'/a € B}
=P{X € MA}YP{Y € /1 - A\2B}.
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See Li (1999).
12.14 Equivalence of Moments of B-Gaussian Vari-
ables

Let X be a Gaussian r.v. in B. Then all the moments of || X|| are
equivalent (and equivalent to M = M (X)) in the sense that for any
0 < p,q < o0, there exists a constant K,, depending only on p and ¢
such that

(EIX P17 < Kpg(B]IX [/

Proof. Integrating the first inequality of 12.12 we obtain
EllX]] *M\p=/ P{I[X]| = M| > t}de?
0

</ exp(—t*/20?)dt? < (K/po)?
0

for some numerical constant K. Now, this inequality is stronger than
what we need since o < 2M and M can be majorized by (2E|X|2)'/4
for every ¢ > 0. The proof is complete.

12.15 Contraction Principle

12.15.a. Let f: Ry — Ry be convex, {e,,n > 1} be a Rademacher
sequence. For any finite sequence {z,} in a Banach space B and any
real numbers {«,} such that |a,| < 1 for each n, we have

Ef( Zansnxn ) gEf( anﬂﬁn )

Furthermore, for any ¢ > 0,
> t} < gp{‘ > t}.

al
(o1, ,an —>Ef<

Ln Tn

Proof. The function

)

is convex. Therefore, on the compact convex set [—1,1]V, it attains its
maximum at an extreme point, that is a point (aq,---,ay) such that
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a, = 1. For such values of a,,, by symmetry, both terms in the first
inequality are equal. This proves this inequality.

Concerning the second one, replacing «,, by |a,|, we may assume by
symmetry that «,, > 0. Moreover, by identical distribution, we suppose

n
that a1 > --- > ay > ang1 =0. Put S, = Y~ ¢jz;. Then
j=1

N N
Zajfsjacj = Zan(Sn —Sp_1) = Z(an — Qpt1)Sn-
j=1 n=1

It follows that

< max ||Sy]-
1<n<N

N
E :O‘jgjxj
Jj=1

We conclude the proof by a version of Lévy’s inequality 5.4 in the Banach
space case.

12.15.b. Let f : Ry — Ry be convex. Let {n,} and {{,} be two
symmetric sequences of real r.v.’s such that for some constant K > 1
and every n and ¢t > 0,

P{lnn| > t} < KP{|&n] > t}.

Then, for any finite sequence {z,} in a Banach space,

wa(| Lo]) < (] o)

Proof. Let {0,} be independent of {n,} such that P{5, = 1} =1 —
P{§, =0} =1/K for each n. Then, for any ¢t > 0,

P{|6nmn| > t} < P{|&a] > t}.

Taking inverses of the d.f.’s, it is easily seen that the sequences {8,7,}
and {£,} can be constructed on some rich enough probability space in
such a way that

[0nn] < |€n] as. for each n.

From the contraction principle 12.15.a and the symmetry assumption, it

follows that
i ) <er([ o))

> Sntinn > nwn
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The proof is then completed via Jensen’s inequality 8.4.a applied to the
sequence {6, } since Ej, = 1/K.

12.16 Symmetrization Inequalities in B-Space

Let f : Ry — R, be convex, then for any finite sequence {X,} of
independent mean zero (i.e. Fg(X,) =0 for all g € D) r.v.’s in B such

that Ef(]| X,,||) < oo for each n,
) <se(e|seun])

Ef(; > enXn ><Ef< an

where {e,,} is a Rademacher sequence which is independent of {X,,}.

Proof. Let {X]} be an independent copy of the sequence {X,,} and be
also independent of {¢,,}. Put X5 = X,, — X|,. Then, by Fubini’s theo-
rem, Jensen’s inequality, zero mean and convexity, recalling the Remark

(| -]
Ef(2‘ Xn>.

Conversely, by the same argument,
1 S
Ef(2 Zn:gnxn ><Ef< anX

ol

of 8.6, we have

B (

> X > enX;

)

>

n

<

The inequality is proved.

12.17 Decoupling Inequality

Let {X,,,n > 1} be a sequence of real independent r.v.’s, let {X;,,n > 1}
be independent copies of {X,,,n > 1} for 1 < I < k. Furthermore, let
fir,- i De elements of a Banach space such that f;, ... ;, = 0 unless the
i1, 1 are distinct. Then for any 1 < p < oo, we have

Z le 1 : lk

2k+1 Z firoin X1iy - Xy,

b

p

p
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where [|€]|, = (E||€||?)}/? for a Banach space valued r.v. €.

Proof. Let m,, = EX,,, Xp = Xpo —Mn, Xin = Xin —mp, L =1, , k,
and let X ={X,,,n > 1}, X; = {Xj,,n 21}, Il =1,--- k, and Z; =
(X1, -+, X;). At first we show that for 1 < r <k,

Y Y T
> S X X || <2
L1, i p

Z filf" ﬂ'er’h e X'M'T
11,000

Indeed, by interchangeability,

§ fil, th o Mr
L1, i

= > fi i (Xuiy —may) - (X, —mi)
1, i

p

, 51 5. 1-6; 1-6,
E E fu, Xul "Xm:,,mil Temy

(81, ,6,)€{0,1}7 41,

(1,

p

N

E fi17"' 77:1”X17;1 : X]lg ml_}+1 e mir
RS P

.
Il

g

( ) D fi i Xvi X, B(X41,,00 1 25)- - E(Xoi, | 25)
< ) E( Z fir oo i Xy - Xy X +1via‘+1"'XT’”|%)

) Z Jirsoin Xtiy o Xjiy X0 - X,

<.
Il
o

p

P”qﬁ

(=)

p

.
<

N

=0 p

m

E firyooinX1ay - X,
i1, i

Here Jensen’s inequality was used.

Similarly, we have

L1, 50k P
k
= r L1, i< i Mg ik
r=0 il . ,ik p
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< )H (Z Firioin X1y + o+ X)) -

(Ris 4o+ Ty s oo, %)

(9]

(X1g, + -+ Xm)mir+1 T Mgy

p

Z le, K Xlzl +Xml)

p

Put 4, = 0< > Xj>. The last expression is equal to

7ATL?( Z fll, Xlll o Xriv-mi'r'+l T Mgy, |gr)

r=0 1,0 5Tk p
k
< E & r E X
X r r fll, th e XTiTmiT+1 Cr Mgy,
r=0 11,0 0k p

E le, szlzl T Xm'rmiH_l e mik

p
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p

’
p

E fir i Xiq - Xy
11,0k

as desired. Here the second inequality is due to (92).
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