


 
Zhengyan Lin  
Zhidong Bai 
 
 
Probability Inequalities 
 
 





 
 
Zhengyan Lin 
Zhidong Bai 
 
 
 

Probability Inequalities 
 
 
 
 
 
 
 
 
 
 
 
 
      
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 



 
 
 
Authors 
Zhengyan Lin  
Department of Mathematics 
Zhejiang University, China 
zlin@zju.edu.cn 
 
 
 
 
 

Zhidong Bai 
School of Mathematics and Statistics 
Northeast Normal University, China 
baizd@nenu.edu.cn 
Department of Statistics and Applied Probabilty 
National University of Singapore, Singapore 
stabaizd@leonis.nus.edu.sg 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ISBN 978-7-03-025562-4  
Science Press Beijing 
 
ISBN 978-3-642-05260-6                                 e-ISBN  978-3-642-05261-3 
Springer Heidelberg Dordrecht London New York 
 
Library of Congress Control Number: 2009938102 
 
© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010 
This work is subject to copyright. All rights are reserved, whether the whole or part of the material is 
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, 
broadcasting, reproduction on microfilm or in any other way, and storage in data banks. Duplication of 
this publication or parts thereof is permitted only under the provisions of the German Copyright Law 
of September 9, 1965, in its current version, and permission for use must always be obtained from 
Springer-Verlag. Violations are liable to prosecution under the German Copyright Law. 
The use of general descriptive names, registered names, trademarks, etc. in this publication does not 
imply, even in the absence of a specific statement, that such names are exempt from the relevant 
protective laws and regulations and therefore free for general use. 
 
Cover design: Frido Steinen-Broo, EStudio Calamar, Spain 
 
Printed on acid-free paper 
 
Springer is a part of Springer Science+Business Media (www.springer.com) 



Preface

In almost every branch of quantitative sciences, inequalities play an im-
portant role in its development and are regarded to be even more impor-
tant than equalities. This is indeed the case in probability and statis-
tics. For example, the Chebyshev, Schwarz and Jensen inequalities are
frequently used in probability theory, the Cramer-Rao inequality plays
a fundamental role in mathematical statistics. Choosing or establishing
an appropriate inequality is usually a key breakthrough in the solution
of a problem, e.g. the Berry-Esseen inequality opens a way to evaluate
the convergence rate of the normal approximation.

Research beginners usually face two difficulties when they start resear-
ching—they choose an appropriate inequality and/or cite an exact ref-
erence. In literature, almost no authors give references for frequently
used inequalities, such as the Jensen inequality, Schwarz inequality, Fa-
tou Lemma, etc. Another annoyance for beginners is that an inequality
may have many different names and reference sources. For example,
the Schwarz inequality is also called the Cauchy, Cauchy-Schwarz or
Minkovski-Bnyakovski inequality. Bennet, Hoeffding and Bernstein in-
equalities have a very close relationship and format, and in literature
some authors cross-cite in their use of the inequalities. This may be due
to one author using an inequality and subsequent authors just simply
copying the inequality’s format and its reference without checking the
original reference. All this may distress beginners very much.

The aim of this book is to help beginners with these problems. We
provide a place to find the most frequently used inequalities, their proofs
(if not too lengthy) and some references. Of course, for some of the more
popularly known inequalities, such as Jensen and Schwarz, there is no
necessity to give a reference and we will not do so.

The wording “frequently used” is based on our own understanding.
It can be expected that many important probability inequalities are not



ii Preface

collected in this work. Any comments and suggestions will be appreci-
ated.

The writing of the book is supported partly by the National Science
Foundation of China.

The authors would like to express their thanks to Ron Lim Beng Seng
for improving our English in this book.

Zhengyan Lin

May, 2009
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5.4 Lévy Inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
5.5 Bickel Inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
5.6 Upper Bounds of Tail Probabilities of Partial Sums. . . . . . . . .44
5.7 Lower Bounds of Tail Probabilities of Partial Sums . . . . . . . . . 44
5.8 Tail Probabilities for Maximum Partial Sums. . . . . . . . . . . . . . . 45
5.9 Tail Probabilities for Maximum Partial Sums (Contin-

uation). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .46
5.10 Reflection Inequality of Tail Probability (Hoffmann-

Jørgensen) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
5.11 Probability of Maximal Increment (Shao) . . . . . . . . . . . . . . . . . 48
5.12 Mogulskii Minimal Inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
5.13 Wilks Inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

Chapter 6 Bounds of Probabilities in Terms of Mo-
ments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .51

6.1 Chebyshev-Markov Type Inequalities . . . . . . . . . . . . . . . . . . . . . . . 51
6.2 Lower Bounds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .52
6.3 Series of Tail Probabilities. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .53
6.4 Kolmogorov Type Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
6.5 Generalization of Kolmogorov Inequality for a Submar-

tingale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
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Chapter 1

Elementary Inequalities of

Probabilities of Events

In this Chapter, we shall introduce some basic inequalities which can
be found in many basic textbooks on probability theory, such as Feller
(1968), Loéve (1977), etc.

We shall use the following popularly used notations. Let Ω be a
space of elementary events, F be a σ-algebra of subsets of Ω, P be a
probability measure defined on the events in F . (Ω,F , P ) is so called
a probability space. The events in F will be denoted by A1, A2, · · · or
A,B, · · · etc. A

⋃
B,AB (orA

⋂
B), A−B and AΔB denote the union,

intersection, difference and symmetric difference of A and B respectively.
Ac denotes the complement of A and ∅ denotes the empty set.

1.1 Inclusion-exclusion Formula

Let A1, A2, · · · , An be n events, then we have

P

(
n⋃

i=1

Ai

)
=

n∑
i=1

P (Ai) −
∑

1�i<j�n

P (AiAj) + · · ·

+(−1)k−1
∑

1�i1<···<ik�n

P (Ai1 · · ·Aik
)

+ · · · + (−1)n−1P (A1 · · ·An).

Proof. When n = 2, it is trivially known that

P
(
A1

⋃
A2

)
=P (A1) + P (A2 − A1A2)

=P (A1) + P (A2) − P (A1A2). (1)

Z. Lin et al., Probability  Inequalities
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2 Chapter 1 Elementary Inequalities of Probabilities of Events

We show the formula by induction. Assume that the formula holds for
n. We will show that it holds also for n + 1. In fact, by (1) and the
induction hypothesis,

P

(
n+1⋃
i=1

Ai

)
=P

(
n⋃

i=1

Ai

)
+ P (An+1) − P

(
n⋃

i=1

AiAn+1

)

=
n+1∑
i=1

P (Ai) −
∑

1�i<j�n

P (AiAj)+ · · · +(−1)n−1P (A1 · · ·An)

−
{ n∑

i=1

P (AiAn+1) −
∑

1�i<j�n

P (AiAjAn+1)

+ · · · + (−1)n−1P (A1 · · ·AnAn+1)
}

=
n+1∑
i=1

P (Ai) −
∑

1�i<j�n+1

P (AiAj)+ · · · +(−1)nP (A1 · · ·An+1).

1.2 Corollaries of the Inclusion-exclusion Formula

From the inclusion-exclusion formula, it is easy to deduce the following
two conclusions.
1.2.a. When A1, · · · , An are exchangeable, we have

P

(
n⋃

i=1

Ai

)
=

n∑
i=1

(−1)i−1

(
n

i

)
P (A1, · · · , Ai).

Remark. A set of events {A1, · · · , An} is said to be exchangeable if
the probability of the intersection of any subset depends only on the
size of the subset, that is, for any integers 1 � i1 < · · · < ij � n and
1 � j � n, P (Ai1Ai2 · · ·Aij

) = pj .

1.2.b. When A1, · · · , An are independent and p = P (Ai), we have

p

(
n⋃

i=1

Ai

)
=

n∑
i=1

(−1)i−1

(
n

i

)
pi.

1.3 Further Consequences of the Inclusion-exclusion

Formula

The following inequalities are also consequences of the inclusion-exclusion
formula.
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1.3.a.
n∑

i=1

P (Ai) −
∑

1�i<j�n

P (AiAj) � P

(
n⋃

i=1

Ai

)
�

n∑
i=1

P (Ai).

Remark. The right hand side (RHS) of the above inequality can be
improved to

P

(
n⋃

i=1

Ai

)
�

n∑
i=1

P (Ai) −
n∑

i=2

P (A1Ai).

Proof. When n = 2, the inequality with the improved RHS reduces to
the inclusion-exclusion formula. Now, by induction we have

P

(
n+1⋃
i=1

Ai

)
=P

(
n⋃

i=1

Ai

)
+ P (An+1) − P

((
n⋃

i=1

Ai

)⋂
An+1

)

�
n∑

i=1

P (Ai) −
n∑

i=2

P (A1Ai) + P (An+1) − P (A1An+1).

This proves the improved right hand side. Similarly, by induction, we
have

P

(
n+1⋃
i=1

Ai

)
=P

(
n⋃

i=1

Ai

)
+ P (An+1) − P

((
n⋃

i=1

Ai

)⋂
An+1

)

�
n∑

i=1

P (Ai) −
n∑

i<j�n

P (AiAj) + P (An+1) −
n∑

i=1

P (AiAn+1).

This proves the left hand side (LHS) of the inequality.
1.3.b. |P (AB) − P (A)P (B)| � 1

4
.

Proof.

|P (AB) − P (A)P (B)|= |P (A)P (AB)+P (Ac)P (AB)

−P (A)P (AB) − P (A)P (AcB)|
= |P (Ac)P (AB) − P (A)P (AcB)|.

Since Ac and AB are disjoint, P (Ac)P (AB) � 1/4 (by noticing that
max

0<p<1
p(1 − p) = 1/4). Similarly, P (A)P (AcB) � 1/4 as desired.

Remark. The difference P (AB) − P (A)P (B) can be regarded as the
covariance of the indicators IA and IB . The inequality 1.3.b can be
easily proved by using the Cauchy-Schwarz inequality. Here, we proved
the inequality by deliberately avoiding the use of moments.
1.3.c. |P (A) − P (B)| � P (AΔB), (AΔB = (A − B)

⋃
(B − A))
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Proof. By 1.3.a,

P (AΔB) � P (A − B) = P (A) − P (AB) � P (A) − P (B).

By the symmetry of A and B, 1.3.c is proved.

1.3.d. (Boole inequality). P (AB) � 1 − P (Ac) − P (Bc).
Proof. P (AB) + P (Bc) � P (A) = 1 − P (Ac).

1.3.e. Let lim sup
n→∞

An =
∞⋂

N=1

∞⋃
n=N

An, lim inf
n→∞ An =

∞⋃
N=1

∞⋂
n=N

An. Then

P (lim inf
n→∞ An) � lim inf

n→∞ P (An) � lim sup
n→∞

P (An)

� P (lim sup
n→∞

An)� lim
N→∞

∞∑
n=N

P (An).

Proof. For any positive integer N , we have
∞⋂

n=N

An ⊂ AN ⊂
∞⋃

n=N

An,

which simply implies

P

( ∞⋂
n=N

An

)
� P (AN ) � P

( ∞⋃
n=N

An

)
�

∞∑
n=N

P (An).

Letting N → ∞, we obtain the desired inequalities.
1.3.f. If P (A) � 1 − ε, P (B) � 1 − ε for some 0 < ε < 1

2
, then

P (AB) � 1 − 2ε.

Proof. P (AB) = P (A) + P (B) − P (A
⋃

B) � 1 − 2ε.
1.3.g (Bonferroni inequality). Let P[m](Pm) be the probability that
exactly (at least, correspondingly) m events among A1, · · · , An occur
simultaneously. Putting

Sm =
∑

1�i1<···<im�n

P (Ai1 · · ·Aim
).

Then

Sm − (m + 1)Sm+1 � P[m] � Sm, Sm − mSm+1 � Pm � Sm.

Proof. Let A[m] (A(m)) denote the event that exactly (at least, corre-
spondingly) m events among A1, · · · , An happen simultaneously. Then
we have

A[m] ⊂ A(m) =
⋃

1�i1<···<im�n

Ai1 · · ·Aim.
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The RHS of the above inequalities follows by using the semi-additivity
of probability measure.

On the other hand, we have

A[m] ⊃
⋃

1�i1<···<im�n

Ai1 · · ·Aim −
⋃

1�i1<···<im+1�n

Ai1 · · ·Aim+1.

This implies p[m] � pm − Sm+1. Also, for each i1 < · · · < im+1, the
probability P (Ai1 · · ·Aim+1) is included at most in each of P (Ai′1 · · ·Ai′m)
in Sm, where (i′1, · · · , i′m) is a subset of (i1, · · · , im+1). Among the m+1,
one needs to contribute to pm. Therefore,

Sm − pm � mSm+1.

The LHS of 1.3.g then follow.
Remark. In fact, the inequalities 1.3.g can be proved from the following
identities:

P[m] =Sm −
(

m + 1
m

)
Sm+1 +

(
m + 2

m

)
Sm+2 + · · · + (−1)n−m

(
n

m

)
Sn,

Pm =Sm−
(

m

m − 1

)
Sm+1+

(
m + 1
m − 1

)
Sm+2+· · ·+(−1)n−m

(
n−1
m−1

)
Sn,

Sm =
n∑

i=m

(
i

m

)
P[i] and Sm =

n∑
i=m

(
i − 1
m − 1

)
Pi.

By definition, we have

P[i] =
∑

F∈Fi

P
( ⋂

j∈F

Aj

⋂
�∈F c

Ac
�

)
,

where Fi is the collection of all subsets of size i of the set {1, 2, · · · , n}.
Note that for each F̃ ∈ Fm, the set

⋂
t∈F̃

At can be written as the union of

disjoint subsets
⋂

j∈F

Aj

⋂
�∈F c

Ac
�, for all i � m where F ∈ Fi and F ⊂ F̃ .

This proves that

Sm =
n∑

i=m

(
i

m

)
P[i],

which implies Sm =
n∑

i=m

(
i−1
m−1

)
Pi by noticing that P[i] = Pi − Pi+1.
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Substituting the expression of Sm in terms of P[i] into the RHS of
the first identity, we obtain

Sm −
(

m + 1
m

)
Sm+1 +

(
m + 2

m

)
Sm+2 + · · · + (−1)n−m

(
n

m

)
Sn

=
n∑

j=m

(−1)j−m

(
j

m

) n∑
i=j

(
i

j

)
P[i]

=
n∑

i=m

(
i

m

)
P[i]

i∑
j=m

(
i − m

j − m

)
(−1)j−m = P[m].

By the same approach, one can prove the second identity.

1.4 Inequalities Related to Symmetric Difference

1.4.a. P
{( ⋃

n
An

)
Δ

( ⋃
n

Bn

)}
� P

{⋃
n

(
AnΔBn

)}
�

∑
n

P (AnΔBn).

Proof. The left inequality follows from
( ⋃

n
An

)
Δ

( ⋃
n

Bn

)
⊂⋃

n
(AnΔBn)

by the definition of the symmetric difference. The right one follows from
1.3.a.
1.4.b. P{(A1 − A2)Δ(B1 − B2)} � P (A1ΔB1) + P (A2ΔB2).
Proof. The inequality follows from the observation

(A1 − A2)Δ(B1 − B2) ⊂ (A1ΔB1)
⋃

(A2ΔB2).

1.5 Inequalities Related to Independent Events

1.5.a. Let {An} be a sequence of mutually independent events. Then

1 − P

(
n⋃

k=1

Ak

)
� exp

{
−

n∑
k=1

P (Ak)

}
,

1 − P

( ∞⋃
k=1

Ak

)
� lim

n→∞ exp

{
−

n∑
k=1

P (Ak)

}
.

Remark. The inequalities are useful in the proof of the Borel-Cantelli
lemma.
Proof. The conclusions follow from an application of the inequality
1 − x � e−x for real x to the RHS of the identity

1 − P

(
n⋃

k=1

Ak

)
= P

(
n⋂

k=1

Ac
k

)
=

n∏
k=1

(1 − P (Ak)).
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1.5.b. Suppose that A and B are independent, AB ⊂ D and AcBc ⊂
Dc. Then P (AD) � P (A)P (D).
Proof.

P (AD)=P (ADB) + P (ADBc) = P (AB) + P (ABc) − P (ADcBc)

=P (A)P (B) + P (ABc) − P (DcBc) + P (AcDcBc)

=P (A)P (B) + P (ABc) − P (DcBc) + P (AcBc)

=P (A)P (B) + P (Bc) − P (DcBc)

�P (A)P (BD) + P (A)P (BcD) = P (A)P (D).

1.5.c (Feller-Chung). Let A0 = ∅, {An} and {Bn} be two sequences of
events. Suppose that either

(i) Bn is independent of AnAc
n−1 · · ·Ac

0 for all n � 1, or
(ii) Bn is independent of {An, AnAc

n+1, AnAc
n+1A

c
n+2, · · · } for all n �

1. Then

P

( ∞⋃
n=1

AnBn

)
� inf

n�1
P (Bn)P

( ∞⋃
n=1

An

)
.

Proof. In case (i),

P

{ ∞⋃
n=1

AnBn

}
=P

⎧⎨
⎩

∞⋃
n=1

BnAn

n−1⋂
j=0

(BjAj)c

⎫⎬
⎭=

∞∑
n=1

P

⎧⎨
⎩BnAn

n−1⋂
j=0

(BjAj)c

⎫⎬
⎭

�
∞∑

n=1

P

⎧⎨
⎩BnAn

n−1⋂
j=0

Ac
j

⎫⎬
⎭ =

∞∑
n=1

P (Bn)P

⎧⎨
⎩An

n−1⋂
j=0

Ac
j

⎫⎬
⎭

� inf
n�1

P (Bn)P

( ∞⋃
n=1

An

)
,

and in case (ii),

P

⎧⎨
⎩

n⋃
j=1

AjBj

⎫⎬
⎭=

n∑
j=1

P

⎧⎨
⎩AjBj

n⋂
i=j+1

(AiBi)c

⎫⎬
⎭�

n∑
j=1

P

⎧⎨
⎩AjBj

n⋂
i=j+1

Ac
i

⎫⎬
⎭

=
n∑

j=1

P (Bj)P

⎧⎨
⎩Aj

n⋂
i=j+1

Ac
i

⎫⎬
⎭ � inf

1�j�n
P (Bj)P

⎧⎨
⎩

n⋃
j=1

Aj

⎫⎬
⎭.
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1.6 Lower Bound for Union (Chung-Erdös)

P

(
n⋃

i=1

Ai

)
�

( n∑
i=1

P (Ai)
)2/( n∑

i=1

P (Ai) + 2
∑

1�i<j�n

P (AiAj)
)

.

Proof. Define random variables Xk(ω), ω ∈ Ω, by

Xi(ω) =
{

0, if ω /∈ Ai,
1, if ω ∈ Ai.

Then

2
∑

1�i<j�n

P (AiAj) = E(X1 + · · · + Xn)2 − E(X2
1 + · · · + X2

n).

By the Cauchy-Schwarz inequality (see 8.4.b), we have

(E(X1 + · · · + Xn))2 � P (X1 + · · · + Xn > 0)E(X1 + · · · + Xn)2.

Note that EXi = EX2
i = P (Ai), P (X1 + · · · + Xn > 0) = P

(
n⋃

i=1

Ai

)
by definition. Combining the above two relations yields the desired in-
equality.
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Chapter 2

Inequalities Related to Commonly

Used Distributions

Commonly used distributions play an important role in applied statistics,
statistical computing and applied probability. So, inequalities related to
these distributions are of great interest in these areas.

Let ξ be a random variable (r.v.). Then its distribution function
(d.f.) is defined by F (x) = P (ξ < x) and its probability density function
(pdf.) p(x) (if it exists) is defined to be a measurable function such that
F (x) =

∫ x

−∞ p(y)dy. Write

Φ(x) =
1√
2π

∫ x

−∞
e−t2/2dt and ϕ(x) =

1√
2π

e−x2/2

for the standard normal d.f. and pdf. respectively,

b(k;n, p) =
(

n

k

)
pkqn−k, k = 0, 1, · · · , n, 0 < p < 1, q = 1 − p

for the binomial distribution with parameters n and p,

p(k;λ) =
λke−λ

k!
, k = 0, 1, · · · , λ > 0

for the Poisson distribution with parameter λ.

2.1 Inequalities Related to the Normal d.f.

2.1.a. 1√
2π

(b− a) exp{−(a2 ∨ b2)/2} � Φ(b)−Φ(a) � 1√
2π

(b− a),−∞ <

a < b < ∞.

Proof. It follows from the fact that e−x2/2 on [a, b] is between exp{−(a2∨
b2)/2} and 1.

Z. Lin et al., Probability  Inequalities

© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010
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2.1.b. For all x > 0,(
1
x
− 1

x3

)
ϕ(x) <

x

1 + x2
ϕ(x) < 1 − Φ(x) <

1
x

ϕ(x).

Proof. The most right inequality follows from integration by parts∫ ∞

x

e−t2/2dt =
1
x

e−x2/2 −
∫ ∞

x

1
t2

e−t2/2dt

for all x > 0. The most left inequality is elementary. The middle in-
equality follows from the observation that for all x > 0,

1
x2

∫ ∞

x

e−t2/2dt >

∫ ∞

x

1
t2

e−t2/2dt =
1
x

e−x2/2 −
∫ ∞

x

e−t2/2dt.

Hence
1
x

e−x2/2 <

(
1 +

1
x2

)∫ ∞

x

e−t2/2dt,

which implies what is to be proven.
Remark. By repeatedly integrating by parts, the above inequality can
be extended as, for any integer k � 0 and x > 0,

2k+1∑
j=0

(−1)j(2j − 1)!!
x2j+1

ϕ(x) < 1 − Φ(x) <
2k∑

j=0

(−1)j(2j − 1)!!
x2j+1

ϕ(x),

where (2j − 1)!! = (2j − 1) · · · 3 · 1 = (2j)!
2jj! and by convention (−1)!! = 1.

The reader is reminded that one can only do finite steps of the integration

by parts because the series
∞∑

j=0

(−1)j(2j+1)!!
x2j+1 does not converge for any

x > 0. That means, one cannot get an identity by making k → ∞.
2.1.c. For all real x, 1−Φ(x) � 1

2 (
√

x2 + 4− x)ϕ(x) for all x > −1, 1−
Φ(x) � 4

3x+
√

x2+8
ϕ(x).

Proof. Using the Cauchy-Schwarz inequality (see 8.4.b), we have

(e−x2/2)2 =
(∫ ∞

x

te−t2/2dt

)2

�
(∫ ∞

x

t2e−t2/2dt

)(∫ ∞

x

e−t2/2dt

)

=
(

xe−x2/2 +
∫ ∞

x

e−t2/2dt

)∫ ∞

x

e−t2/2dt,

which implies the first inequality. Let

νx = e−x2/2

/∫ ∞

x

e−t2/2dt and ϕx = (νx − x)(2νx − x).
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By the LHS of 2.1.b, for all x > 0, we have νx > x3

x2−1ϕ(x) and hence
for all x > 0,

ϕx >
x2(x2 + 1)
(x2 − 1)2

> 1.

Next we show that ϕx > 1 is true for all x. If not, by continuity,
there is an x0 such that

ϕx0 = 1, ϕ′
x0

� 0.

But

ϕ′
x0

=(ν ′
x0

− 1)(2νx0 − x0) + (νx0 − x0)(2ν′
x0

− 1)

=νx0(ϕx0 − 1) + 2(νx0 − x0)(ν′
x0

− 1)

=2(νx0 − x0)(ν′
x0

− 1).

By the RHS of 2.1.b, we have νx−x > 0 for all real x. By the assumption
1 = ϕx0 = 2ν2

x0
− 3x0νx0 + x2

0, we have

ν′
x0

− 1 = ν2
x0

− x0νx0 − [2ν2
x0

− 3x0νx0 + x2
0] = −(x0 − νx0)

2 < 0,

which implies that ϕ′
x0

< 0, contradicting the assumption that ϕ′
x0

� 0.
Hence, for finite x,

ϕx > 1.

Considering the above inequality as a quadratic inequality in νx, we
obtain that for all x, either

νx >
3x +

√
x2 + 8

4
or νx <

3x −√
x2 + 8

4
.

It is obvious that the first inequality is true for x � 0 since the second
one is impossible. By continuity, we conclude that the first inequality is
true for all real x. Then, the second inequality of 2.1.c follows from the
fact that 3x+

√
x2+8

4 > 0 for all x > −1.

2.1.d. 1−Φ(x) ∼ ϕ(x){ 1
x
− 1

x3 + 1·3
x5 −· · ·+(−1)k (2k−1)!!

x2k+1 } as x → ∞ and
for x > 0 the RHS overestimates 1−Φ(x) if k is even, and underestimates
if k is odd.
Proof. See the remark to 2.1.b.
2.1.e. Let (X, Y ) be a bivariate normal random vector with the distri-
bution

N

((
0
0

)
,

(
1 r
r 1

))
.
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If 0 � r < 1, then for any real a and b,

(1 − Φ(a))
(

1 − Φ
(

b − ra√
1 − r2

))
� P (X > a, Y > b)

� (1 − Φ(a))
{(

1 − Φ
(

b − ra√
1 − r2

))
+ r

ϕ(b)
ϕ(a)

(
1 − Φ

(
a − rb√
1 − r2

))}
.

If −1 < r � 0, the inequalities are reversed.
Proof. By integration by parts we get

P (X > a, Y > b) =
∫ ∞

a

ϕ(x)
(

1 − Φ
(

b − rx√
1 − r2

))
dx

=(1 − Φ(a))
(

1 − Φ
(

b − ra√
1 − r2

))

+
∫ ∞

a

(1 − Φ(x))ϕ
(

b − rx√
1 − r2

)
r√

1 − r2
dx.

Suppose 0 � r < 1. The lower bound then follows immediately. Next
note that (1 − Φ(x))/ϕ(x) is decreasing. Thus∫ ∞

a

(1 − Φ(x))ϕ
(

b − rx√
1 − r2

)
dx√

1 − r2

� 1 − Φ(a)
ϕ(a)

∫ ∞

a

ϕ(x)ϕ
(

b − rx√
1 − r2

)
dx√

1 − r2

=
1 − Φ(a)

ϕ(a)

∫ ∞

a

ϕ(b)ϕ
(

x − rb√
1 − r2

)
dx√

1 − r2

=(1 − Φ(a))
ϕ(b)
ϕ(a)

(
1 − Φ

(
a − rb√
1 − r2

))
,

which gives the upper bound. For the case −1 < r � 0 the same argu-
ment works by noting the reversed directions of the inequalities.

2.2 Slepian Type Inequalities

2.2.a (Slepian lemma). Let (X1, · · · , Xn) be a normal random vector
with EXj = 0, EX2

j = 1, j = 1, · · · , n. Put γkl = EXkXl and Γ = (γkl)
which is the covariance matrix. Let I+1

x = [x,∞), I−1
x = (−∞, x) and

Aj = {Xj ∈ I
εj
xj}, where εj is either +1 or −1. Then P

{
n⋂

j=1

Aj ; Γ
}

is

an increasing function of γkl if εkεl = 1; otherwise it is decreasing.
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Proof. The pdf of (X1, · · · , Xn) can be written in terms of its charac-
teristic function (c.f.) by1

p(x1, · · · , xn; Γ)=(2π)−n

∫
· · ·

∫
exp

⎧⎨
⎩i

n∑
j=1

tjxj− 1
2

∑
k,l

γkltktl

⎫⎬
⎭dt1 · · ·dtn.

It follows that

∂p

∂γkl
=

∂2p

∂xk∂xl
, 1 � k < l � n.

Hence we regard p as a function of the n(n − 1)/2 variables γkl, k < l.
Moreover

P

⎧⎨
⎩

n⋂
j=1

Aj ; Γ

⎫⎬
⎭ =

∫
I

ε1
x1

· · ·
∫

Iεn
xn

p(u1, · · · , un; Γ)du1 · · ·dun.

Consider the probability as a function of γkl, k < l, we then prove the
conclusion by verifying the nonnegativity of an example. Consider γ12

and the integral intervals are I+1
x1

and I+1
x2

. We have

∂P

{
n⋂

j=1

Aj ; Γ

}

∂γ12

=
∫

I+1
x1

∫
I+1

x2

· · ·
∫

Iεn
xn

∂2

∂u1∂u2
p(u1, u2, · · · , un; Γ)du1du2 · · ·dun

=
∫

I
ε3
x3

· · ·
∫

Iεn
xn

p(x1, x2, u3, · · · , un; Γ)du3 · · ·dun � 0.

Hence P

{
n⋂

j=1

Aj ; Γ

}
is an increasing function of γ12.

2.2.b (Berman). Continue to use the notation in 2.2.a. We have∣∣∣∣∣∣P
⎧⎨
⎩

n⋂
j=1

Aj

⎫⎬
⎭ −

n∏
j=1

P (Aj)

∣∣∣∣∣∣ �
∑

1�k<l�n

|γkl|ϕ(xk, xl; γ∗
kl),

where ϕ(x, y; γ∗
kl) is the standard bivariate normal density function with

a covariance γ∗
kl, and γ∗

kl is a number between 0 and γkl.
1 In this book, “i” sometimes denotes an index or at other times denotes the

image unit. It is not confused from the context.



14 Chapter 2 Inequalities Related to Commonly Used Distributions

Proof. Put Ij = I
εj
xj ,

Q((I1, · · · , In); Γ) =
∫

I1

· · ·
∫

In

p(u1, · · · , un; Γ)du1 · · ·dun

and I to be an identity matrix of order n. Then, by the mean value
theorem, there exist numbers γ∗

kl between 0 and γkl such that

P

⎧⎨
⎩

n⋂
j=1

Aj ; Γ

⎫⎬
⎭−P

⎧⎨
⎩

n⋂
j=1

Aj ; I

⎫⎬
⎭=

∑
1�k<l�n

γkl(∂Q/∂γkl)((I1, · · · .In); (γ∗
kl))

�
∑

1�k<l�n

|γkl|ϕ(xk, xl; γ∗
kl).

2.2.c (Gordon). Let {Xij} and {Yij} (1 � i � n, 1 � j � m) be two
collections of normal r.v.’s satisfying:

(1) EXij = EYij = 0, EX2
ij = EY 2

ij , 1 � i � n, 1 � j � m;
(2) E(XijXik) � E(YijYik), 1 � i � n, 1 � j, k � m;
(3) E(XijXlk) � E(YijYlk), i 
= l, 1 � i, l � n, 1 � j, k � m.

Then for any xij ,

P

⎧⎨
⎩

n⋂
i=1

m⋃
j=1

(Xij � xij)

⎫⎬
⎭ � P

⎧⎨
⎩

n⋂
i=1

m⋃
j=1

(Yij � xij)

⎫⎬
⎭ .

Proof. Denote a vector x = (x1, · · · , xnm) in Rnm by

x = (x11, · · · , x1m, x21, · · · , x2m, · · · , xn1, · · · , xnm),

where xij = x(i−1)m+j , 1 � i � n, 1 � j � m.

For a given positive definite matrix Γ = (γuv)nm, let Z = (Z1, · · · ,

Znm) be a centered normal random vector with covariance matrix Γ.
Then its pdf can be written as

g(Z; Γ) = (2π)−nm

∫
Rnm

exp
{

i(x, Z) − 1
2
x′Γx

}
dx.

As mentioned in subsection 2.2.a, if u 
= v then ∂g/∂γuv = ∂2g/∂zu∂zv.

Notice that if u = (i−1)m+j, v = (l−1)m+k (1 � i, l � n, 1 � j, k �
m), then by our notation

γuv = E(ZuZv) = E(ZijZlk).
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Let Aij = {Zij � xij}, Bi0 = Ai1 and Bij = Ac
i1 · · ·Ac

ijAi,j+1.

Then we can verify that

n⋂
i=1

m⋃
j=1

Aij =
m−1⋃
j1=0

· · ·
m−1⋃
jn=0

(B1j1B2j2 · · ·Bnjn
).

By this relation we obtain

Q(Z; Γ) ≡ P

⎛
⎝ n⋂

i=1

m⋃
j=1

Aij

⎞
⎠ =

m−1∑
j1=0

· · ·
m−1∑
jn=0

∫
Bnjn

· · ·
∫

B1j1

g(z)dz,

where we have used the facts that for any function f(z11 · · · znm) and
indices 1 � i � n, 0 � j � m − 1,∫

Bi0

f(z)dzi1 · · ·dzim =
∫ ∞

xi1

∫ ∞

−∞
· · ·

∫ ∞

−∞
f(z)dzim · · ·dzi2dzi1

and ∫
Bij

f(z)dzi1 · · ·dzim =
∫ xi1

−∞
· · ·

∫ xij

−∞

∫ ∞

xi,j+1

∫ ∞

−∞
· · ·

∫ ∞

−∞
f(z)dzim · · ·dzi2dzi1.

By differentiating Q with respect to γuv we obtain

∂Q(z; Γ)
∂γuv

=
m−1∑
j1=0

· · ·
m−1∑
jn=0

∫
B1j1

· · ·
∫

Bnjn

∂2g(z)
∂zu∂zv

dz, u 
= v.

There are two possibilities for the above integrals:
(a) u = (i−1)m+k, v = (i−1)m+l, where 1 � k < l � m, 1 � i � n;
(b) u = (i − 1)m + k, v = (i′ − 1)m + l, where 1 � k < l � m, 1 �

i < i′ � n.

In case (a), without loss of generality, we take zu = z1,m−1, zv =
z1m(i.e, i = 1, k = m − 1, l = m), then

∫
B1j1

∂2g(z)
∂z1,m−1∂z1m

dz11 · · ·dz1m

=
∫ x11

−∞
· · ·

∫ x1j1

−∞

∫ ∞

x1,j1+1

∫ ∞

−∞
· · ·

∫ ∞

−∞

∂2g(z)
∂z1,m−1∂z1m

dz1m · · ·dz11
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and we see that this is equal to zero if j1 < m − 1 because∫ ∞

−∞

∂2g(z)
∂z1,m−1∂z1m

dz1m = 0.

But when j1 = m − 1, then∫
B1j1

∂2g(z)
∂z1,m−1∂z1m

dz11 · · ·dz1m

=−
∫ x11

−∞
· · ·

∫ x1,m−2

−∞
g(z)|z1,m−1=x1,m−1,z1m=x1m

dz1,m−2 · · ·dz11.

Hence, it follows that in case (a), ∂Q/∂γuv � 0.

In case (b), without loss of generality, we take zu = z1m and zv = z2m.

Then, when either j1 or j2 is smaller than m − 1, we obtain as in the
above manner,∫

B2j2

∫
B1j1

∂2g(z)
∂z1m∂z2m

dz11 · · ·dz1mdz21 · · ·dz2m = 0.

However, if j1 = j2 = m − 1, then∫
B2,m−1

∫
B1,m−1

∂2g(z)
∂z1m∂z2m

dz11 · · ·dz1mdz21 · · ·dz2m

=
∫ x11

−∞
· · ·

∫ x1,m−1

−∞

∫ ∞

x1m

∫ x21

−∞
· · ·

∫ x2,m−1

−∞

∫ ∞

x2m

∂2g(z)
∂z1m∂z2m

dz2m · · ·dz11

=
∫ x11

−∞
· · ·

∫ x1,m−1

−∞

∫ x21

−∞
· · ·

∫ x2,m−1

−∞
g(z)|z1m=x1m,z2m=x2m

dz2,m−1 · · ·

dz21dz1,m−1 · · ·dz11

�0.

Hence it follows that in case (b), ∂Q/∂γuv � 0.

Let ΓX and ΓY be the covariance matrices of X =(X11, · · · , X1m, · · · ,

Xn1, · · · , Xnm) and Y = (Y11, · · · , Y1m, · · · , Yn1, · · · , Ynm). By a stan-
dard approximation procedure we may assume that ΓX and ΓY are both
positive definite. For 0 � θ � 1, let ΓX = (γuv) and ΓY = (suv) and
Γ(θ) = θΓX +(1−θ)ΓY . By assumption (1), γuv = suv for all u, therefore

dQ(z; Γ(θ))
dθ

=
∑
u<v

∂Q(z; Γ)
∂γuv

|γ=γ(θ)(γuv − suv).
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By the assumptions (2) and (3), γuv � suv in case (a) and γuv � suv

in case (b), hence dQ/dθ � 0. Therefore Q(z,Γ(1)) � Q(z, Γ(0)), i.e.,
Q(X; ΓX) � Q(Y ; ΓY ). The proof is completed.
Remark. As a consequence, under the conditions (1), (2) and (3),

E min
1�i�n

max
1�j�m

Xij � E min
1�i�n

max
1�j�m

Yij .

2.3 Anderson Type Inequalities

2.3.a. Let X be a zero-mean Gaussian vector in R
N and let D be a

convex set in R
N symmetric with respect to the origin. Then for any

0 � |h| � 1 we have

P{X + x ∈ D} � P{X + hx ∈ D}.
Proof. This is a direct consequence of the following integral inequalities
(Anderson, 1955): For the convex set D of R

N where D is symmetric
with respect to the origin, a non-negative function f(x) in R

N satisfies:
(i) f(x) = f(−x);
(ii) for any u > 0, {x : f(x) � u} is a convex set;
(iii)

∫
D

f(x) dx < ∞ (under the meaning of Lebesgue integral).
Then for any 0 � |h| � 1, we have∫

D

f(x + y) dx �
∫

D

f(x + hy) dx. (2)

Assume that f(x) = (2π)−N/2 exp{−x′Σ−1x/2}, in which Σ is the pos-
itive definite covariance matrix of X, the proof follows from (2).
2.3.b. Let X1 and X2 be Gaussian vectors with means zero and covari-
ance matrixes Σ1 and Σ2, respectively. If Σ2−Σ1 is positive semi-definite
and D is a convex set symmetric with respect to the origin, then

P{X1 ∈ D} � P{X2 ∈ D}.
Proof. Let Y be a Gaussian vector in R

N with mean zero and covariance
matrix Σ2 − Σ1, and is independent of X1. Then X2 and X1 + Y have
identical distributions. From 2.3.a, we have

P{X2 ∈ D}=P{X1 + Y ∈ D} =
∫

P{X1 + y ∈ D} dPY (y)

�
∫

P{X1 ∈ D} dPY (y) = P{X1 ∈ D}.
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2.4 Khatri-Šidák Type Inequalities

2.4.a. Let X(1) and X(2) be Gaussian vectors in R
m and R

n respec-
tively, and D1, D2 be two convex sets in R

m and R
n which are sym-

metric with respect to the origin. If the rank of the covariance matrix
Cov(X(1), X(2)) is not larger than 1, then we have

P{X(1) ∈ D1, X
(2) ∈ D2} � P{X(1) ∈ D1}P{X(2) ∈ D2}.

Proof. Let g and h be two functions defined in R
N . Suppose that

for any x1, x2 ∈ R
N , (g(x1) − g(x2))(h(x1) − h(x2)) � 0. Let X be a

random vector in R
N and Y be an iid. copy of it. Then from E(g(X)−

g(Y ))(h(X) − h(Y )) � 0 we have

Eg(X)h(X) � Eg(X)Eh(X). (3)

Let Σ1 and Σ2 be the covariance matrixes of X(1) and X(2) respectively.
Since the rank of Cov(X(1), X(2)) is at most 1, there exist a vector a ∈
R

m and a vector b ∈ R
n which satisfy Cov(X(1), X(2)) = ab′, and X(1),

X(2) can be expressed as

X(1) = Y (1) + aG, X(2) = Y (2) + bG,

where G is a standard normal variable, Y (1) and Y (2) are Gaussian
vectors with mean 0 and covariance matrices Σ1 − aa′ and Σ2 − bb′2

respectively, and Y (1), Y (2) and G are independent of each other. From
2.3.a, we obtain P{Y (1) + ay ∈ D1} and P{Y (2) + by ∈ D2} are both
nondecreasing functions of |y|. Therefore, by using (3) we have

P{X(1) ∈ D1, X
(2) ∈ D2}

=P{Y (1) + aG ∈ D1, Y
(2) + bG ∈ D2}

=
∫

P{Y (1) + ay ∈ D1, Y
(2) + by ∈ D2} dPg(y)

2 If we arbitrarily choose the vectors a and b for the expression of

Cov(X(1), X(2)), the matrices Σ1 − aa′ and Σ2 − bb′ may not be non-negatively

definite (nnd.) and thus Y (1) and Y (2) are not well defined. We just remind the

reader that we can always select suitable vectors a and b such that the matrices

Σ1 − aa′ and Σ2 − bb′ are both nnd. and our proof is based on such a suitable

selection of the vectors a and b.
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=
∫

P{Y (1) + ay ∈ D1}P{Y (2) + by ∈ D2} dPg(y)

�
∫

P{Y (1) + ay ∈ D1} dPg(y)
∫

P{Y (2) + by ∈ D2} dPg(y)

=P{Y (1) + ag ∈ D1}P{Y (2) + bg ∈ D2}
=P{X(1) ∈ D1}P{X(2) ∈ D2}.

As a special case of 2.4.a, we have
2.4.b. Suppose (X1, · · · , XN ) is a zero-mean Gaussian vector in R

N .
Then for any positive number λi, i = 1, · · · , N , we have

P

{
N⋂

i=1

(|Xi| � λi)

}
�P

{ N−1⋂
i=1

(|Xi| � λi)
}

P{|XN | � λN}

�
N∏

i=1

P{|Xi| � λN}.

When the rank of Cov(X(1), X(2)) is larger than 1, Shao(2003) proved
the following conclusion.
2.4.c. Suppose (X1, · · · , Xn) is a zero-mean Gaussian vector. Then for
any x > 0 and each 1 < k � n,

ρP{ max
1�i�k

|Xi| � x}P{ max
k<i�n

|Xi| � x}

�P{ max
1�i�n

|Xi| � x} � ρ−1P{ max
1�i�k

|Xi| � x}P{ max
k<i�n

|Xi| � x},

where ρ = (|Σ |/(|Σ11||Σ22|))1/2, Σ , Σ11 and Σ22 are covariance matrixes
of (X1, · · · , Xn), (X1, · · · , Xk) and (Xk+1, · · · , Xn) respectively.

2.4.b can be regarded as an analogy of an absolute-value situation of
Slepian lemma. Another analogy is 2.5.

2.5 Corner Probability of Normal Vector

Let X = (X1, · · · , XN ) be a zero-mean Gaussian vector in R
N with

covariance matrix Γ = (aij) satisfying aij = αiαj(aiiajj)1/2, i 
= j,
where |αi| � 1 and aii > 0, i = 1, · · · , N . Then for any positive number
λi, i = 1, · · · , N , we have

P

{
N⋂

i=1

(|Xi| � λi)

}
�

N∏
i=1

P{(|Xi| � λi)}.
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Proof. Put σ2
i = aii. By the assumption, the covariance matrix Γ can

be written as Γ = T + αα′, where α = (σ1α1, · · · , σNαN )′, and T is a
N × N diagonal matrix of which the diagonal elements are σ2

i (1 − α2
i ).

Moreover, X can be written as

X = Y + αg,

where Y = (Y1, · · · , YN ) is a zero-mean Gaussian vector with covari-
ance matrix T , g is a standard normal variable independent of Y , and
Y1, · · · , YN , g are independent of each other. From 2.3.a, we obtain that
for each i, P{|Yi + σiαiy| � λi} is a nondecreasing function of |y|. By
using (3), we have

P

{
N⋂

i=1

(|Xi| � λi)

}
=

∫ N∏
i=1

P{|Yi + σiαiy| � λi} dPg(y)

�
N∏

i=1

∫
P{|Yi + σiαiy| � λi} dPg(y)

=
N∏

i=1

P{|Xi| � λi}.

2.6 Normal Approximations of Binomial and Pois-

son Distributions

2.6.a (DeMoivre-Laplace). For n = 1, 2, · · · , let k = kn be a non-
negative integer and put x = xk = (k−np)(npq)−1/2, where q = 1−p, 0 <

p < 1. If x = o(n1/6), there exist positive constants A,B, C such that∣∣∣∣ b(k;n, p)
(npq)−1/2ϕ(x)

− 1
∣∣∣∣ <

A

n
+

B | x |3√
n

+
C | x |√

n
.

Proof. The condition x = o(n1/6) implies k/n → p. By the Stirling
formula

n! = nn+1/2e−n+εn
√

2π,
1

12n + 1
< εn <

1
12n

,

we have

b(k;n, p)=
(

n

k

)
pkqn−k =

nn+1/2 exp(−n + εn)(2π)−1/2pkqn−k

kk+1/2(n − k)n−k+1/2 exp(−n + εk + εn−k)

=
eε

√
2π

(
k

np

)−k−1/2 (
n − k

nq

)−n+k−1/2

(npq)−1/2,
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where ε = εn − εk − εn−k. Since k/n → p, ε = O(n−1). Now

log{(2πnpq)1/2b(k;n, p)}

= ε −
(

k +
1
2

)
log

k

np
−

(
n − k +

1
2

)
log

n − k

nq

= ε −
(

np + x
√

npq +
1
2

)
log

(
1 + x

√
q

np

)

−
(

nq − x
√

npq +
1
2

)
log

(
1 − x

√
p

nq

)

= ε −
(

np + x
√

npq +
1
2

)[
x

√
q

np
− x2q

2np
+ O

( | x |3
n3/2

)]

−
(

nq − x
√

npq +
1
2

)[
−x

√
p

nq
− x2p

2nq
+ O

( | x |3
n3/2

)]

= ε −
[
x
√

npq + x2q − x2q

2
+

x

2

√
q

np
+ O

( |x|3
n1/2

)
+ O

(
x2

n

)]

−
[
−x

√
npq + x2p − x2p

2
− x

2

√
p

nq
+ O

( | x |3
n1/2

)
+ O

(
x2

n

)]

=−x2

2
+ O

( | x |3√
n

)
+ O

( | x |√
n

)
+ O

(
1
n

)
.

Hence,

(npq)1/2b(k;n, p)=
1√
2π

exp
(−x2

2
+O

(| x |3√
n

)
+O

(| x |√
n

)
+O

(
1
n

))

=ϕ(x)
[
1 + O

( | x |3√
n

)
+ O

( | x |√
n

)
+ O

(
1
n

)]
.

This proves the desired inequality.
2.6.b. For x = (k − λ)/

√
λ ∼ o(λ1/6) as λ → ∞, there exist positive

constants A,B and C such that∣∣∣∣ p(k;λ)
λ−1/2ϕ(x)

− 1
∣∣∣∣ � A

λ
+

B|x|3√
λ

+
C|x|√

λ
.

Proof. Since x = (k − λ)/
√

λ = o(λ1/6), k = λ + o(λ2/3) and x
√

λ/k =
o(λ−1/3),

log
{

(2πλ)1/2 λke−λ

k!

}
= log

{(
λ

k

)k+1/2

e−λ+k−εk

}
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=
(

k +
1
2

)
log

(
1 − x

√
λ

k

)
+ x

√
λ − εk

=−
(

k +
1
2

) {
x
√

λ

k
+

x2λ

2k2
+ O

(
x3λ3/2

k3

)}
+ x

√
λ − εk

=−
{

x2λ

2k
+

x
√

λ

2k
+

x2λ

4k2
+ O

(
x3λ3/2

k2

)}

=−1
2
x2 + O

(
x√
λ

)
+ O

(
1
λ

)
+ O

(
x3

√
λ

)
,

which implies the desired inequality.
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Chapter 3

Inequalities Related to

Characteristic Functions

The characteristic function (c.f.) or Fourier transformation is an impor-
tant mathematical tool in probability theory, especially in the theory of
limiting theorems of sums of independent random variables. Most of the
inequalities can be found in Loéve (1977) and Petrov (1995).

Let ξ be a r.v. with d.f. F (x). Its c.f. is defined as

f(x) = Eeitξ =
∫ ∞

−∞
eitxdF (x).

3.1 Inequalities Related Only with c.f.

3.1.a. For any real t,

1 − |f(2t)|2 � 4(1 − |f(t)|2).

Proof. Let G(x) be an arbitrary d.f. and let g(t) be the corresponding
c.f. Then

Re(1 − g(t)) =
∫ ∞

−∞
(1 − cos tx)dG(x),

where Re denotes the real part. It is clear that

1 − cos tx = 2 sin2 tx

2
� 1

4
(1 − cos 2tx)

and therefore for every t,

Re(1 − g(2t)) � 4Re(1 − g(t))

(this inequality is of its own interest). The desired inequality then follows
by setting g(t) = |f(t)|2.
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3.1.b. If |f(t)| � c < 1 for all |t| ∈ [b, 2b] (b > 0), then

|f(t)| � 1 − 1 − c2

8b2
t2

for |t| < b.

Proof. It follows from 3.1.a that

1 − |f(2nt)|2 � 4n(1 − |f(t)|2)

for every n. For t = 0 the inequality is trivial. Suppose t 
= 0, |t| < b.

We choose n so that 2−nb � |t| < 2−n+1b. Then |f(2nt)|2 � c2 and
1 − |f(t)|2 > 1−c2

4b2
t2, or |f(t)| < 1 − 1−c2

8b2 t2.

3.1.c. Let f(t) be the c.f. of a non-degenerate distribution. Then there
exist positive constants δ and ε such that |f(t)| � 1 − εt2 for |t| � δ.

Proof. We first prove that for any non-degenerate distribution with
c.f. f(t), there is a constant b such that |f(t)| < 1 for any |t| � 2b.
If this is proved, then the conclusion follows from 3.1.b by choosing
c = supt∈[b,2b] |f(t)| which is less than 1 by continuity of the c.f.

Now, we proceed with the proof of our assertion. If there is a positive
value t0 such that |f(t0)| = 1, then there is a real number a such that
f(t0) = eia, which implies that f(t0)e−ia = 1. Considering its real part
we have ∫

(1 − cos(t0x − a))dF (x) = 0.

Since 1 − cos(t0x − a) � 0, we conclude that with probability 1, t0x −
a = 2πk, k = 0,±1, · · · . That is, F is a lattice distribution valued at
a + 2πk/t0. If there is a sequence tn ↓ 0 such that |f(tn)| = 1, then the
r.v. can only take values in

∞⋂
n=1

{an + 2πk/tn, k = 0,±1, · · · }.

The intersection can contain at most one point by the fact that tn → 0
and thus F is degenerate which contradicts the assumption. Our asser-
tion then follows from 3.1.b and consequently 3.1.c is proved.
3.1.d. Let ξ be a bounded r.v. with |ξ| � M and variance σ2. Then

e−σ2t2 � |f(t)| � e−σ2t2/3, |t| � 1
4M

.
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Proof. Suppose first that Eξ = 0. By Taylor’s formula

f(t) =
n−1∑
j=0

(it)j

j!
Eξj + Rn(t), |Rn(t)| � |t|n

n!
E|ξ|n.

Hence, we have

|1 − f(t)| � σ2t2

2
(4)

and ∣∣∣∣1 − f(t) − σ2t2

2

∣∣∣∣ � Mσ2|t|3
6

. (5)

If z is a complex number and |1 − z| < 1,

| log z + 1 − z| =
∣∣∣∣
∫ 1

z

(
1
ζ
− 1

)
dζ

∣∣∣∣ � |1 − z|2
|z|

(integrating along a line segment). Then, using (4), we obtain

| log f(t) + 1 − f(t)| � |1 − f(t)|2
|f(t)| � σ4t4

4(1 − σ2t2/2)
, M2t2 < 2.

Combining this inequality with (5), it follows that∣∣∣∣− log f(t) − σ2t2

2

∣∣∣∣ � σ4t4

4(1 − σ2t2/2)
+

Mσ2|t|3
6

� σ2t2

6
, M |t| � 1

2
.

Taking real parts, we find that the desired inequality is true for |t| �
1/(2M). If we now drop the restriction that Eξ = 0, we apply the in-
equality to ξ − Eξ to obtain 3.1.d.
3.1.e (increment inequality). For all real t and h,

|f(t) − f(t + h)|2 � 2(1 − Ref(h)).

Proof. By the Cauchy-Schwarz inequality

|f(t) − f(t + h)|2 =
∣∣∣∣
∫

eitx(1 − eihx)dF (x)
∣∣∣∣
2

�
∫

dF (x)
∫

|1 − eihx|2dF (x)

=2
∫

(1 − cos hx)dF (x)

=2(1 − Ref(h)).
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3.2 Inequalities Related to c.f. and d.f.

3.2.a (truncation inequality). For u > 0,∫
|x|<1/u

x2dF (x) � 3
u2

(1 − Ref(u)),

∫
|x|�1/u

dF (x) � 7
u

∫ u

0

(1 − Ref(t))dt.

Proof. ∫
(1 − cos ux)dF (x)�

∫
|x|<1/u

u2x2

2

(
1 − u2x2

12

)
dF (x)

� 11u2

24

∫
|x|<1/u

x2dF (x);

1
u

∫ u

0

dt

∫
(1 − cos tx)dF (x)=

∫ (
1 − sinux

ux

)
dF (x)

� (1 − sin 1)
∫
|x|�1/u

dF (x).

3.2.b (integral inequality). For u > 0 there exist functions 0 < m(u) <

M(u) < ∞ such that

m(u)
∫ u

0

(1 − Ref(t))dt �
∫

x2

1 + x2
dF (x) � M(u)

∫ u

0

(1 − Ref(t))dt.

For u sufficiently close to 0,∫
x2

1 + x2
dF (x) � −M(u)

∫ u

0

(log Ref(t))dt.

Proof. The first part follows from the facts∫ u

0

dt

∫
(1 − cos tx)dF (x) = u

∫ (
1 − sinux

ux

)
1 + x2

x2

x2

1 + x2
dF (x)

and

0 < m−1(u) � |u|
(

1 − sin ux

ux

)
1 + x2

x2
� M−1(u) < ∞.

The second part follows from the fact that ln(1 − x) ∼ x as x → 0.
3.2.c.

∫
x2

1+x2 dF (x) �
∫ ∞
0

e−t|1 − f(t)|dt.
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Proof. Integrating by parts yields∫ ∞

0

e−t cos xtdt =
1

1 + x2
,

which implies ∫
x2

1 + x2
dF (x) =

∫ ∞

0

e−t(1 − Ref(t))dt,

as required.

3.3 Normality Approximations of c.f. of Indepen-

dent Sums

Let X1, · · · , Xn be independent r.v.’s, EXj = 0, E|Xj |3 < ∞, j =
1, · · · , n. Put

σ2
j = EX2

j , Bn =
n∑

j=1

σ2
j , Ln = B−3/2

n

n∑
j=1

E|Xj |3.

Let fn(t) be the c.f. of the r.v. B
−1/2
n

n∑
j=1

Xj. Then

|fn(t) − e−t2/2| � 16Ln|t|3e−t2/3

for |t| � 1
4Ln

.

Proof. We begin with the case in which |t| � 1
2L

−1/3
n . Then 8Ln|t|3 � 1,

and we will show that
|fn(t)|2 � e−2t2/3, (6)

which implies that

|fn(t) − e−t2/2| � |fn(t)| + e−t2/2 � 2e−t2/3 � 16Ln|t|3e−t2/3.

Write vj(t) = EeitXj (j = 1, · · · , n) and define the symmetrization
r.v. X̃j = Xj − Yj , where Yj is independent and identically distributed
as Xj . Then, X̃j has the c.f. |vj(t)|2 and variance 2σ2

j . Furthermore,
E|X̃j |3 � 8E|Xj |3,

|vj(t)|2 � 1 − σ2
j t2 +

4
3
|t|3E|Xj |3 � exp

{
−σ2

j t2 +
4
3
|t|3E|Xj |3

}
.
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Therefore in the interval |t| � 1
4Ln

we have the estimate

|fn(t)|2 =
n∏

j=1

∣∣∣∣vj

(
t√
Bn

)∣∣∣∣
2

� exp
{
−t2 +

4
3
Ln|t|3

}
� exp

{
−2

3
t2

}
,

and (6) is proved.
Now suppose that |t| � 1

4Ln
and |t| < 1

2L
−1/3
n . For j = 1, · · · , n, we

have

σj√
Bn

|t| � (E|Xj |3)1/3

√
Bn

|t| < L1/3
n |t| <

1
2
, vj

(
t√
Bn

)
= 1 − rj ,

where

rj =
σ2

j t2

2Bn
+ θj

E|Xj |3
6B

3/2
n

|t|3, |θj | � 1,

so that |rj | < 1
6

and

|rj |2 � 2

(
σ2

j t2

2Bn

)2

+ 2
(

E|Xj |3
6B

3/2
n

|t|3
)2

� E|Xj |3
3B

3/2
n

|t|3.

Therefore

logvj

(
t√
Bn

)
= −σ2

j t2

2Bn
+ θ′j

E|Xj |3
2B

3/2
n

|t|3, |θ′j | � 1,

logfn(t) = − t2

2
+ θ

Ln

2
|t|3, |θ| � 1.

Using the inequality Ln|t|3 < 1
8 , which implies that exp

{
1
2Ln|t|3

}
<

2, we find that

|fn(t) − e−t2/2|� e−t2/2
∣∣∣e θ

2 Ln|t|3 − 1
∣∣∣ � Ln

2
|t|3 exp

{
− t2

2
+

Ln

2
|t|3

}

�Ln|t|3e−t2/2.
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Chapter 4

Estimates of the Difference of Two

Distribution Functions

Rates of weak convergence are important for application of weak limit
theorems. Thus, investigation on convergence rates has been an active
research topic for decades. Generally speaking, the convergence rates are
established by various basic inequalities between two distribution func-
tions and/or functions of bounded variation in terms of various trans-
formations. The first work was done be Berry-Esseen who established
the convergence rate of normal approximation in terms of Fourier trans-
formations or characteristic functions. Stein and Chen created a new
method to evaluate the convergence rates of normal or Poisson approxi-
mation for non-independent sums. In 1993, Bai established convergence
rates of empirical spectral distributions of large dimensional random ma-
trices in terms of Stieltjes transforms. In this chapter, we only introduce
some basic inequalities of difference of two distribution functions. Their
applications can be found in Petrov (1995), Stein (1986) and Bai (1993).

4.1 Fourier Transformation

4.1.a (Berry-Esseen basic inequality). Estimate of the difference of the
corresponding c.f.’s.

Let F (x) be a non-decreasing bounded function, and G(x) a function
of bounded variation on the real line. Suppose that F (−∞) = G(−∞).
Let

f(t) =
∫

eitxdF (x), g(t) =
∫

eitxdG(x),

Z. Lin et al., Probability  Inequalities
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30 Chapter 4 Estimates of the Difference of Two Distribution Functions

and T be an arbitrary positive number. Then for any b > 1
2π

we have

sup
−∞<x<∞

|F (x) − G(x)|� b

∫ T

−T

∣∣∣∣f(t) − g(t)
t

∣∣∣∣ dt

+2bT sup
−∞<x<∞

∫
|y|�c(b)/T

|G(x + y) − G(x)|dy,

where c(b) is a positive constant depending only on b and is usually
chosen as the root of the equation∫ c(b)/2

0

sin2 x

x2
dx =

π

4
+

1
8b

.

Proof. Note that w(x) = sin2 x
πx2 is a probability density function with

c.f. h(t) = (1 − |t|) or 0 according to whether |t| < 1 or not. Let F̃ (G̃)
be the convolution of Tw(Tx) with F (G, correspondingly). Then, we
have

F̃ (x) − G̃(x) =
1
2π

∫ ∞

−∞
e−itx f(t) − g(t)

−it
h(t/T )dt,

from which it follows that

sup
x

|F̃ (x) − G̃(x)| � 1
2π

∫ T

−T

|f(t) − g(t)|
|t| dt. (7)

On the other hand, we have

F̃ (x) − G̃(x) =
∫ ∞

−∞
w(y)[F (x − y/T ) − G(x − y/T )]dy.

Let Δ = supx |F (x)−G(x)|. There exists x0 such that either F (x0)−
G(x0±0) = Δ or G(x0 ±0)−F (x0 −0) = Δ. We consider the first case.
Then, we have

F̃

(
x0 +

c(b)
2T

)
− G̃

(
x0 +

c(b)
2T

)

=
∫ ∞

−∞
w(y)

[
F

(
x0 − y − c(b)/2

T

)
− G

(
x0 − y − c(b)/2

T

)]
dy

�
∫
|y|<c(b)/2

w(y)
[
F

(
x0 − y − c(b)/2

T

)
− G

(
x0 − y − c(b)/2

T

)]
dy

−Δ
∫
|y|>c(b)/2

w(y)dy
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�−
∫
|y|<c(b)/2

π−1

∣∣∣∣G(x0 ± 0) − G

(
x0 − y − c(b)/2

T

)∣∣∣∣ dy

+Δ

(
1 − 2

∫
|y|>c(b)/2

w(y)dy

)

� Δ
2πb

− π−1T sup
x

∫
|y|<c(b)/T

|G(x) − G(x − y)|dy.

The Berry Esseen inequality follows by substituting the above into (7).
The proof for the second case is similar and therefore is omitted.

Remark. By the difference of the corresponding c.f.’s, this inequality is
to be used to establish the convergence rate for normal approximation
or Edgeworth expansions for sums of independent r.v.’s. Most of the
key inequalities are due to Berry and Esseen and can be found in Loéve
(1977) or Petrov (1995).
4.1.b (Esseen and Berry-Esseen inequalities). Let X1, · · · , Xn be inde-
pendent r.v.’s with EXj = 0, E|Xj | < ∞, j = 1, · · · , n. Put

σ2
j = EX2

j , Bn =
n∑

j=1

σ2
j , Fn(x) = P

⎛
⎝B−1/2

n

n∑
j=1

xj < x

⎞
⎠ ,

Ln = B−3/2
n

n∑
j=1

E|Xj |3.

Then there exists a constant A1 > 0 such that

Δn ≡ sup
−∞<x<∞

|Fn(x) − Φ(x)| � A1Ln

(Esseen’s inequality). Specially, if X1, · · · , Xn are independent identi-
cally distributed (i.i.d.) with σ2 = EX2

1 , ρ = E|X1|3/σ3, there exists a
constant A2 > 0 such that

Δn � A2ρ/
√

n

(Berry - Esseen’s inequality).
Remark. Here A1 � 0.7915, A2 � 0.7655.

Proof. The d.f.’s Fn(x) and Φ(x) satisfy the conditions of 4.1.a and
sup

x
|Φ′(x)| � 1/

√
2π. Putting b = 1/π, T = 1/(4Ln), we find that

Δn � 1
π

∫
|t|�1/(4Ln)

∣∣∣∣∣fn(t) − e−t2/2

t

∣∣∣∣∣ dt +
1

4πLn

∫
|y|�4Lnc(1/π)

1√
2π

|y|dy,
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which, together with 3.3, implies Esseen’s inequality.
4.1.c (generalizations of Berry-Esseen’s inequality). Let X1, · · · , Xn be
i.i.d.r.v.’s with EX1 = 0, EX2

1 = σ2. Then there exist constants c1, c2 >

0 such that∥∥∥∥∥∥P

⎧⎨
⎩ 1

σ
√

n

n∑
j=1

Xj < x

⎫⎬
⎭ − Φ(x)

∥∥∥∥∥∥
p

� c1(δ(n) + n−1/2),

∥∥∥∥∥∥P

⎧⎨
⎩ 1

σ
√

n

n∑
j=1

Xj < x

⎫⎬
⎭ − Φ(x)

∥∥∥∥∥∥
p

+ n−1/2 � c2δ(n),

where

δ(n) = EX2
1I(|X1| �

√
n) + n−1/2E|X1|3I(|X1|

�
√

n) + n−1EX4
1I(|X1| �

√
n),

||f(x)||p =

⎧⎪⎨
⎪⎩

sup
−∞<x<∞

|f(x)|, if p = ∞,(∫ ∞

−∞
|f(x)|pdx

)1/p

, if 1 � p < ∞.

For the proofs, refer to Hall (1982).
Remark. The inequalities can be extended to the non-identically dis-
tributed case.
4.1.d (non-uniform estimates). Let X1, · · · , Xn be independent r.v.’s
satisfying the conditions in 4.2.a. Then there exists a constant C > 0
such that

|Fn(x) − Φ(x)| � C

n∑
i=1

E|Xi|3/(B3
n(1 + |x|3)).

For the proof, refer to Bikelis (1966).
4.1.e (approximation of moments, von Bahr). Let X1, · · · , Xn be inde-
pendent r.v.’s with EXj = 0, E|Xj |r < ∞ for some r > 2, j = 1, · · · , n.

Put s2
n =

n∑
j=1

EX2
j . Then there exists a constant M > 0, such that

|E|Sn/sn|r − E|N(0, 1)|r| � Mn−(1∧(r−2))/2.

If r is an integer � 4 (or � 3 for the i.i.d. case), then the absolute
moments can be replaced by moments.

For the proof, refer to von Bahr (1965).



4.2 Stein-Chen Method 33

4.2 Stein-Chen Method

This is an alternative method avoiding the use of c.f.’s for establishing the
convergence rate for the Poisson approximation for sums of independent
or weakly dependent integer-valued r.v.’s.

Let us consider the following example. Suppose e1, · · · , en are inde-
pendent r.v.’s with P (ej = 1) = pj , P (ej = 0) = qj = 1−pj , j = 1, · · · , n.

Put Sn =
n∑

j=1

ej . Denote the distribution of Sn by LSn
and let Pλ de-

note a Poisson distribution with the parameter λ =
n∑

i=1

pi. Let Z
+ be

the collection of non-negative integers. Then the total variation distance
between LSn and Pλ satisfies

dTV (LSn
, Pλ) ≡ sup{|LSn

(A) − Pλ(A)| : A ⊂ Z
+} � (1 ∧ λ−1)

n∑
j=1

p2
j .

Proof. For any A ⊂ Z
+, let function g = gλ,A : Z

+ → R be the solution
to the difference equation:

λg(j + 1) − jg(j) = IA(j) − Pλ(A), j � 0. (8)

The value g(0) is not unique but irrelevant, and is conventionally taken
as zero. The solution of (8) is easily accomplished recursively, starting
with j = 0. Substituting j = Sn and taking expectation, we obtain

P (Sn ∈ A) − Pλ(A) = E{λg(Sn + 1) − Sng(Sn)}, (9)

from which the total variation distance between LSn
and Pλ can be

found, provided that the RHS of (9) can be uniformly estimated for all
the gλ,A. To see how this works, write

E(ejg(Sn)) = E(ejg(Sj
n + 1)) = pjEg(Sj

n + 1),

where Sj
n =

∑
i	=j

ei, because of the independence of ej and Sj
n. Thus

E{λg(Sn + 1) − Sng(Sn)} =
n∑

j=1

pjE{g(Sn + 1) − g(Sj
n + 1)},

and since Sn and Sj
n are equal unless ej = 1, an event of probability pj ,

it follows that

|P (Sn ∈ A) − Pλ(A)| � sup
j�1

|gλ,A(j + 1) − gλ,A(j)|
n∑

j=1

p2
j . (10)
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We now estimate the supremum in the above inequality. Put Um =
{0, 1, · · · ,m}. Then it is easy to verify that the solution g = gλ,A to (8)
is given by

g(j + 1)=λ−j−1j!eλ{Pλ

(
A

⋂
Uj

)
− Pλ(A)Pλ(Uj)}

=λ−j−1j!eλ{Pλ

(
A

⋂
Uj

)
Pλ(U c

j ) (11)

−Pλ

(
A

⋂
U c

j

)
Pλ(Uj)}, j � 0. (12)

Note that the solution to (8) shows that gλ,A =
∑
i∈A

gλ,{i}. Taking A =

{i}, it follows from (12) that g(j + 1) is negative and decreasing in j

for j < i, and positive and decreasing in j for j � i, so that the only
positive value of gλ,{i}(j + 1) − gλ,{i}(j) reaches at j = i. Therefore,

gλ,A(j + 1) − gλ,A(j)� gλ,{j}(j + 1) − gλ,{j}(j)

=e−λλ−1

⎧⎨
⎩

∞∑
r=j+1

(λr/r!) +
j∑

r=1

(λr/r!)
r

j

⎫⎬
⎭

�λ−1(1 − e−λ).

On the other hand, we have

gλ,A(j + 1) − gλ,A(j)�
∑

i�0,	=j

gλ,{i}(j + 1) − gλ,{i}(j)

=−[gλ,{j}(j + 1) − gλ,{j}(j)]

�−λ−1(1 − e−λ).

Combining the two inequalities, it follows that

sup
j�1

|gλ,A(j + 1) − gλ,A(j)| � λ−1(1 − e−λ) � 1 ∧ λ−1.

Inserting it into (10), the desired estimate follows.

4.3 Stieltjes Transformation

In this section, we establish bounds for difference of d.f.’s in terms of their
corresponding Stieltjes transforms. For a bounded variation function
G(x) on the real line, define its Stieltjes transform by

mG(z) =
∫

1
x − z

dF (x),



4.3 Stieltjes Transformation 35

where z = u + iv is a complex variable and v > 0. Let F (x) be a d.f.
satisfying∫ |F (x) − G(x)|dx < ∞. Then

sup
−∞<x<∞

|F (x) − G(x)|� 1
(2γ − 1)π

{∫
|mF (z) − mG(z)|du

+
1
v

sup
−∞<x<∞

∫
|y|�2va

|G(x + y) − G(x)|dy

}
,

where γ > 1/2 is defined by

γ =
1
π

∫
|x|<a

1
1 + x2

dx.

Proof. We have

π−1

∫
|mF (z) − mG(z)|du � π−1

∫ x

−∞
Im(mF (z) − mG(z))du

=π−1

∫ x

−∞

∫ ∞

−∞

v

(u − y)2 + v2
d(F (y) − G(y))du

=π−1

∫ ∞

−∞

∫ (x−y)/v

−∞

1
u2 + 1

d(F (y) − G(y))du

=π−1

∫ ∞

−∞

∫ x−uv

−∞

1
u2 + 1

d(F (y) − G(y))du

=π−1

∫ ∞

−∞

F (x − uv) − G(x − uv)
u2 + 1

du

�π−1

∫
|u|<a

F (x − uv) − G(x − uv)
u2 + 1

du − Δ(1 − γ)

�γ[F (x − av) − G(x − av)]

−π−1

∫
|u|<a

G(x − av) − G(x − uv)
u2 + 1

du − Δ(1 − γ)

�γ[F (x − av) − G(x − av)]

−π−1 sup
x

∫
|u|<2a

|G(x) − G(x − u)|du − Δ(1 − γ).

Thus we obtain

sup
x

γ[F (x) − G(x)] − Δ(1 − γ)

�π−1

∫
|mF (z) − mG(z)|du−π−1 sup

x

∫
|u|<2a

|G(x)−G(x − u)|du. (13)
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Similarly, we have

π−1

∫
|mF (z) − mG(z)|du � π−1

∫ x

−∞
Im(mG(z) − mF (z))du

�γ[G(x + av) − F (x + av)]

−π−1 sup
x

∫
|u|<2a

|G(x) − G(x − u)|du − Δ(1 − γ).

Hence,

sup
x

γ[G(x) − F (x)] − Δ(1 − γ)

�π−1

∫
|mF (z)−mG(z)|du−π−1 sup

x

∫
|u|<2a

|G(x)−G(x − u)|du. (14)

Combining (13) and (14), we obtain

Δ(2γ−1)�π−1

∫
|mF (z)−mG(z)|du−π−1 sup

x

∫
|u|<2a

|G(x)−G(x−u)|du.

The desired inequality follows.
Remark. By the difference of the corresponding Stieltjes transforms,
this inequality is to be used to establish the convergence rate for empir-
ical spectral distributions of large dimensional random matrices.
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Chapter 5

Probability Inequalities of Random

Variables

Probability inequalities of random variables, especially those of sums of
random variables, play important roles in analytic probability theory,
say, limiting theorems. Not only the applications of these inequalities,
the proofs of these inequalities are also good illustrations of some impor-
tant mathematical methodologies in probability theory.

Most of the inequalities and their proofs can be found in Loéve (1977),
Hall and Heyde (1980). Some new inequalities will be referenced therein.

5.1 Inequalities Related to Two r.v.’s

5.1.a. For any two r.v.’s X and Y ,

P (X + Y � x) � P (X � x/2) + P (Y � x/2);

P (|X + Y | � x) � P (|X| � x/2) + P (|Y | � x/2);

|P (X < x1, Y < y1) − P (X < x2, Y < y2)|
� |P (X < x1) − P (X < x2)| + |P (Y < y1) − P (Y < y2)|.

5.1.b. Suppose that X and Y are independent. Then

P (X + Y � x) � P (X � x/2)P (Y � x/2);

P (|X + Y | � x) � P (|X| � x/2)P (|Y | � x/2)

and for x > 0 large enough,

P (|X| > x) � 2P (|X| > x, |Y | < x/2) � 2P (|X + Y | > x/2).

5.1.c. Let X and Y be i.i.d. r.v.’s. Then for any a > 0.

P (|X + Y | � a) � 2P (|X − Y | � a).

Z. Lin et al., Probability  Inequalities

© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010
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Proof. At first, without loss of generality, we may prove the inequality
only for a = 1. Furthermore, the inequality follows from

P (|X + Y | � 1) � γP (|X − Y | � 1), ∀γ > 2. (14)

Now, let γ > 2 be a given constant. We first show that for any probability
measure P following which X and Y are distributed,

P ({x;P (|x + Y | � 1) − γP (|x − Y | � 1) < 0}) > 0. (15)

If (15) is not true, then P (A) = 1, where A = {x;P (|x + Y | � 1) �
γP (|x − Y | � 1)}. Define α = supx∈A P (|x − Y | � 1). Choose as
positive ε < γ−2(γ − 2)(γ − 1)α. Then there is a point x0 ∈ A such that
P (|x0−Y | � 1) � α−ε. Consequently, we have P (|x0 +Y | � 1) � γα−
γε. If there is a point x1 ∈ A

⋂
[−x0,−x0 +1], then P ([−x0,−x0 +1]) �

P ([x1 − 1, x1 + 1]) � α. Therefore, P ([−x0 − 1,−x0]) � (γ − 1)α − γε.

If such an x1 does not exist, then P ([−x0,−x0 + 1]) = 0 and we also
have P ([−x0 − 1,−x0]) � (γ − 1)α − γε. Finally, we can choose a point
x2 ∈ A

⋂
[−x0−1,−x0] such that P ([x2−1, x2+1]) � P ([−x0−1,−x0]) �

(γ − 1)α − γε.

Furthermore, P ([−x2 − 1,−x2 + 1]) � γ(γ − 1)α − γ2ε. Using the
above argument, we may choose a point x3 ∈ A

⋂
[−x2 − 1,−x2] such

that P ([x3 − 1, x3 + 1]) � (γ(γ − 1) − 1)α − γ2ε > α. This leads to a
contradiction to the definition of α. The proof of (15) is now complete.

Finally, let us prove (14). We first consider the discrete case. Suppose
that X takes value ai with probability qi, i = 1, · · · , n (note that

∑
qi =

1). In this case, we have

γP (|X − Y | � 1) − P (|X + Y | � 1) = q′Qq,

where q = (q1, · · · , qn), Q = (γI(|ai − aj | � 1) − I(|ai + aj | � 1))n
i,j=1.

By the method of Lagrange multiplier, the minimum of q′Qq is reached
when 2Qq − tl = 0, where l is the vector of all entries 1. By (15), Qq

has at least one positive element. Thus all elements are positive and
hence q′Qq > 0. This proves (14). The general case follows by a routine
approach.
Remark. The constant 2 is sharp by the following example. Let
X, Y take values {−2n+1, · · · ,−1, 2, 4, · · · , 2n} with probability 1/(2n).
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Then P (|X − Y | � 1) = P (X = Y ) = 1/(2n). On the other hand,
P (|X + Y | � 1) = (4n − 2)/(2n)2 = 1/n − 1/(2n2).

Although the constant 2 in 5.1.c cannot be further reduced, we have
the following integrated inequality.
5.1.d. Let X and Y be i.i.d. r.v.’s. Then for any a > 0,∫ a

0

P (|X + Y | � x)dx �
∫ a

0

P (|X − Y | � x)dx.

The conclusion 5.1.d follows easily from the formula∫ a

0

P (|X| � x)dx = lim
T→∞

∫ T

−T

1 − cos(at)
πt2

f(t)dt,

where f is the c.f. of X.
Remark. As a consequence of 5.1.d, we have the following expectation
inequality. Let X and Y be i.i.d. r.v.’s. Then E|X − Y | � E|X + Y |.
Proof.

E|X + Y | − E|X − Y |

= lim
T→∞

∫ T

0

(P (|X + Y | > x) − P (|X − Y | > x))dx

= lim
T→∞

∫ T

0

(P (|X − Y | � x) − P (|X + Y | � x))dx � 0.

An alternative proof is to use the formula

E|X+Y |−E|X − Y |=
∫ ∞

0

(1 − F (u) − F (−u))(1 − G(u) − G(−u))du,

where F and G are the distribution functions of X and Y respectively.

5.2 Perturbation Inequality

Let {Xn, n � 1} and {Yn, n � 1} be sequences of r.v.’s such that either
(i) Xn and (Y1, · · · , Yn) are independent for all n � 1 or (ii) Xn and
(Yn, Yn+1, · · · ) are independent for all n � 1. Then for any constants
εn, δn, ε and δ,

P

{ ∞⋃
n=1

(Xn + Yn > εn)

}
�P

{ ∞⋃
n=1

(Xn > εn+δn)

}
inf
n�1

P{Yn � −δn};

P
{

lim
n→∞(Xn + Yn) � ε

}
� P

{
lim

n→∞Xn > ε + δ
}

lim
n→∞

P{Yn � −δ}.
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Proof. Put An = {Xn > εn + δn}, Bn = {Yn � −δn}. By 1.5.c, for
m � 1

P

{ ∞⋃
n=m

(Xn + Yn > εn)

}
�P

{ ∞⋃
n=m

AnBn

}
�P

{ ∞⋃
n=m

An

}
inf

n�m
P (Bn).

Letting m = 1 yields the first inequality while letting m → ∞ and
εn ≡ ε, δn ≡ δ yields the second one.

The following inequalities all are related to the sum Sn =
n∑

j=1
Xj .

5.3 Symmetrization Inequalities

Let X and X ′ be i.i.d. r.v.’s, Xs = X − X ′, mX be the median of X,
i.e. the number satisfying P (X � mX) � 1

2
� P (X � mX).

5.3.a. (weak symmetrization inequalities). For any x and a,

1
2
P (X − mX � x) � P (Xs � x);

1
2
P (|X − mX| � x) � P (|Xs| � x) � 2P (|X − a| � x/2).

Proof.

P (Xs � x)=P{(X − mX) − (X ′ − mX ′) � x}
�P{X − mX � x,X ′ − mX ′ � 0}
=P (X − mX � x)P (X ′ − mX ′ � 0)

� 1
2
P (X − mX � x).

This proves the first inequality, which, together with the inequality ob-
tained by changing X into −X, prove the left inequality in the second
one. The RHS inequality follows from

P (|Xs| � x)=P{|(X − a) − (X ′ − a)| � x}
�P

(
|X − a| � x

2

)
+ P

(
|X ′ − a| � x

2

)
=2P

(
|X − a| � x

2

)
.

5.3.b (symmetrization inequalities). Let {Xn, n � 1} be a sequence of
r.v.’s. Then for any x > 0 and any sequence {cn, n � 1} of numbers,
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1
2
P

{
sup
n�1

(Xn − mXn) � x

}
�P

{
sup
n�1

Xs
n � x

}
;

1
2
P

{
sup
n�1

|Xn − mXn| � x

}
�P

{
sup
n�1

|Xs
n| � x

}

�2P

{
sup
n�1

|Xn − cn| � x/2
}

.

Proof. Let Xs
n = Xn − X ′

n. Putting the events

An = {Xn − mXn � x}, Bn = {X ′
n − mX ′

n � 0}, Cn = {Xs
n � x},

we have AnBn ⊂ Cn. Using 1.5.c, with infn P (Bn) � 1
2 , we obtain the

first inequality. The second one follows by arguments similar to those
used in the proof of 5.3.a.

5.4 Lévy Inequality

Let X1, · · · , Xn be independent r.v.’s, x > 0.

5.4.a. P

{
max

1�j�n
(Sj − m(Sj − Sn)) � x

}
� 2P (Sn � x).

5.4.b. P

{
max

1�j�n
|Sj − m(Sj − Sn)| � x

}
� 2P (|Sn| � x).

Proof. Let S0 = 0, S∗
k = max

1�j�k
(Sj − m(Sj − Sn)) and

Ak = {S∗
k−1 < x, Sk − m(Sk − Sn) � x},

Bk = {Sn − Sk − m(Sn − Sk) � 0}.
Note that m(Sn − Sk) = −m(Sk − Sn). Then

P (Sn � x)�P

(
n⋃

k=1

AkBk

)
=

n∑
k=1

P (AkBk)

=
n∑

k=1

P (Ak)P (Bk) � 1
2

n∑
k=1

P (Ak) =
1
2
P (S∗

n � x),

from which 5.4.a follows. Replacing Xj by −Xj , 1 � j � n, in 5.4.a we
obtain 5.4.b.

The most applicable form of Lévy inequality in limiting theorems is
the following corollary.
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5.4.c (corollary to Lévy’s inequality). Suppose that EXj = 0, EX2
j <

∞, j = 1, · · · , n. Put Bn =
n∑

j=1

EX2
j . Then

P

{
max

1�j�n
Sj � x

}
� 2P (Sn � x −

√
2Bn). (16)

Proof. By Chebyshev inequality (see 6.1.c),

P (|Sj − Sn| �
√

2ES2
n) � 1

2
for j � n,

which implies |m(Sj − Sn)| �
√

2ES2
n and therefore 5.4.c follows from

5.4.a.
Remark. As mentioned in 6.1.e, the inequality |m(Sj −Sn)| �

√
2ES2

n

can be improved to |m(Sj −Sn)| �
√

ES2
n. Thus, (16) can be sharpened

to

P

{
max

1�j�n
Sj � x

}
� 2P (Sn � x −

√
Bn).

This inequality is frequently used in proving the strong law of large
numbers.

5.5 Bickel Inequality

Let X1, · · · , Xn be independent symmetric r.v.’s, and c1 � c2 � · · · �
cn � 0 be constants and let g(x) be a nonnegative convex function1.
Define

Gk =
k−1∑
j=1

(cj − cj+1)g(Sj) + ckg(Sk), k = 1, · · · , n.

Then for any x > 0,

P

{
max

1�j�n
cjg(Sj) � x

}
� 2P (Gn � x).

Proof. At first, we prove that for any 0 � r � n − 1 and any real a,

P

⎧⎨
⎩

n−r∑
j=1

(cr+j − cr+j+1)g(Sj + a) − cr+1g(a) < 0

⎫⎬
⎭ � 1

2
, cn+1 = 0.

(17)
1 A finite real function g on an interval J ⊂ R1 is called convex on J if whenever

x1, x2 ∈ J and λ ∈ [0, 1], g(λx1 + (1 − λ)x2) � λg(x1) + (1 − λ)g(x2)
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Recall the following facts for a convex function g: A convex function is
continuous and possesses right and left derivatives at every point. Let
these derivatives be g′+ and g′− respectively. Then for all x, y, g(x + y)−
g(x) � yg′

±(x) and g′+(x) � g′−(x), implying that yg′±(x + y) � yg′±(x).
Hence, we can write

n−r∑
j=1

(cr+j − cr+j+1)g(Sj + a) − cr+1g(a)

=
n−r∑
j=1

(cr+j − cr+j+1)(g(Sj + a) − g(a))

�
n−r∑
j=1

g′±(a)(cn+j − cn+j+1)Sj .

Consequently,

P

⎧⎨
⎩

n−r∑
j=1

(cr+j − cr+j+1)g(Sj + a) − cr+1g(a) < 0

⎫⎬
⎭

�P

⎧⎨
⎩

n−r∑
j=1

g′±(a)(cn+j − cn+j+1)Sj < 0

⎫⎬
⎭

which proves (17) by symmetry of the r.v.’s.
Let T = min{k � n : Gk � x} and T = n + 1 if no such k exists.

Then, since g � 0, we have Gk � ckg(Sk). Hence,

P

{
max

1�j�n
cjg(Sj) � x

}
� P

{
max

1�j�n
Gj � x

}

=
n∑

k=1

(P{T = k, Gn − GT � 0} + P{T = k, Gn − GT < 0})

�P (Gn � x) +
n∑

k=1

P{T = k, Gn − GT < 0}.

But

P{T = k, Gn − GT < 0} =
∫
{T=k}

P{Gn − Gk < 0|X1, · · · , Xk}dP

�
∫
{T=k}

P

⎧⎨
⎩

n∑
j=k+1

(cj − cj+1)g(Sj) − ck+1g(Sk) < 0|X1, · · · , Xk

⎫⎬
⎭ dP

� 1
2
P (T = k)
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by using the independence of X ′
js and (17). Then Bickel’s inequality

follows from the above two inequalities.

5.6 Upper Bounds of Tail Probabilities of Partial

Sums

Let X1, · · · , Xn be independent symmetric r.v.’s. Then for any 1 � p <

2, there exists a constant C(p) > 0 such that

sup
x>0

xpP (|Sn| � x) � C(p)
n∑

j=1

sup
x>0

xpP (|Xj | � x). (18)

Proof. If
n∑

j=1

sup
x>0

xpP (|Xj | � x) = 0 or ∞, the inequality (18) is trivial.

Otherwise, if
n∑

j=1
sup
x>0

xpP (|Xj | � x) = ap ∈ (0,∞), we may prove (18) for

Yj = Xj/a and y = x/a instead of xj and x respectively. Thus, without

loss of generality, we may assume that
n∑

j=1

sup
x>0

xpP (|Xj | � x) = 1. Then

for any x > 0

xpP (|Sn| � x) � 1 + xpP

⎧⎨
⎩

∣∣∣∣∣∣
n∑

j=1

XjI(|Xj | < x)

∣∣∣∣∣∣ > x

⎫⎬
⎭

�1 + xp−2E

⎛
⎝ n∑

j=1

XjI(|Xj | < x)

⎞
⎠

2

� 1 + xp−2
n∑

j=1

X2
j I(|Xj | < x)

�1 + xp−2

∫ x

0

n∑
j=1

P{|Xj | � y}dy2 � 1 + xp−2

∫ x

0

y−pdy2

=1 +
2

2 − p
= C(p).

The conclusion follows.

5.7 Lower Bounds of Tail Probabilities of Partial

Sums

5.7.a. For any r.v.’s X1, · · · , Xn,

P{ max
1�j�n

|Sj | � x} � P{ max
1�j�n

|Xj | � 2x}.
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Proof. Note that Xj = Sj − Sj−1.

5.7.b. For independent symmetric r.v.’s X1, · · · , Xn,

2P{|Sn| � x} � P{ max
1�j�n

|Xj | � x}.

Proof. Let τ = inf{j : |Xj | � x}. We have

P{|Sn| � x} =
n∑

j=1

P{|Sn| � x, τ = j}.

Now, since for every j = 1, · · · , n, (−X1, · · · ,−Xj−1, Xj ,−Xj+1, · · · ,

−Xn) has the same distribution as (X1, · · · , Xn), and {τ = j} only
depends on |X1|, · · · , |Xj |, we also have

P{|Sn| � x} =
n∑

j=1

P{|Xj − Tj | � x, τ = j},

where Tj = Sn −Xj , j � n. Then, summing the two preceding probabil-
ities and noting that |Sn| + |Xj − Tj | = |Xj + Tj | + |Xj − Tj | � 2|Xj |,
we obtain

2P (|Sn| � x) �
n∑

j=1

P (τ = j) = P{ max
1�j�n

|Xj | � x}.

5.8 Tail Probabilities for Maximum Partial Sums

Let X1, · · · , Xn be independent r.v.’s.
5.8.a (Ottaviani’s inequality).

P{ max
1�j�n

|Sj | � 2x} � P (|Sn| � x)
min

1�j�n
P (|Sn − Sj | � x)

.

In particular, if for every j = 1, · · · , n, P (|Sn − Sj | � x) � 1
2 , then

P{ max
1�j�n

|Sj | � 2x} � 2P (|Sn| � x).

Proof. Let T = inf{j : |Sj | � 2x}. Then, by independence, we obtain

P (|Sn| � x) � P

⎧⎨
⎩

n⋃
j=1

(T = j, |Sn − Sj | < x)

⎫⎬
⎭

=
n∑

j=1

P (T = j)P (|Sn − Sj | < x),
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which implies the desired inequality.
5.8.b (Lévy-Skorohod inequality). For any 0 < c < 1,

P{ max
1�j�n

Sj � x} � P (Sn � cx)
min

1�j�n
P (Sn − Sj � −(1 − c)x)

.

The proof is similar to that of Ottaviani’s inequality.

5.9 Tail Probabilities for Maximum Partial Sums

(Continuation)

Let X1,· · ·, Xn be r.v.’s. Put S0 =0, Sj =
j∑

k=1

Xk,Mn = max
1�j�n

|Sj |,M ′
n =

max
0�j�n

(|Sj |∧|Sn−Sj |),mijk = |Sj −Si|∧|Sk−Sj |, Ln = max
1�i�j�k�n

mijk.

5.9.a.
P (Mn � x) � P (M ′

n � x/2) + P (|Sn| � x/2);

P (Mn � x) � P (M ′
n � x/4) + P

(
max

1�j�n
|Xj | � x/4

)
.

Proof. The first inequality is due to

|Sj | � min{|Sn|+ |Sj |, |Sn| + |Sn − Sj |} = |Sn| + |Sj | ∧ |Sn − Sj |. (19)

For the second inequality, we only need to show that

Mn � 3M ′
n + max

1�j�n
|Xj |. (20)

Consider the set I = {j, 0 � j � n; |Sj | � |Sn − Sj |}. Obviously, 0 ∈ I.
If Sn = 0, then Mn = M ′

n, and (20) trivially holds. We need only
consider the case Sn 
= 0. In this case, n 
∈ I and thus there is an
integer j, 0 < j � n such that j − 1 ∈ I and j 
∈ I. Consequently, we
have |Sj−1| � |Sn − Sj−1|, |Sj−1| � M ′

n. Also, |Sn − Sj | < |Sj | and
|Sn − Sj | � M ′

n. For this j we have

|Sn| � |Sj−1| + |Xj | + |Sn − Sj | � 2M ′
n + |Xj |.

Then, (20) follows from this and (19).
5.9.b. Suppose that there exist γ � 0, α > 1 and nonnegative numbers
u1, · · · , un such that for any x > 0,

P (|Sj − Si| � x) �

⎛
⎝ ∑

i<l�j

ul

⎞
⎠

α /
xγ , 0 � i < j � n.
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Then there exists a constant Kγ,α depending only on γ and α such that

P (Mn � x) � Kγ,α

(
n∑

l=1

ul

)α /
xγ .

5.9.c. Suppose that there exist γ � 0, α > 1 and nonnegative numbers
u1, · · · , un such that for any x > 0,

P (mijk � x) �

⎛
⎝ ∑

i<l�k

ul

⎞
⎠

α /
x2γ , 0 � i < j < k � n.

Then there exists constant K ′
γ,α depending only on γ and α such that

P (Ln � x) � K′
γ,α

(
n∑

l=1

ul

)α /
x2γ .

The proofs of 5.9.b and 5.9.c can be found in Billingsley (1999) (Chap-
ter 2, Section 10).

5.10 Reflection Inequality of Tail Probability (Hoff-

mann-Jør-gensen)

Let X1, · · · , Xn be independent r.v.’s. Then for any s, t > 0,

P

{
max

1�j�n
|Sj | � 3t + s

}
�

(
P

{
max

1�j�n
|Sj |� t

})2

+P

{
max

1�j�n
|Xj |�s

}
.

If the r.v.’s are symmetric, then for any s, t > 0,

P{|Sn| � 2t + s} � 4(P{|Sn| � t})2 + P

{
max

1�j�n
|Xj | � s

}
.

Proof. Let τ = inf{k � n : |Sk| � t}. Then, on {τ = k}, |Sj | � t for
j < k and

|Sj | � t + |Xk| + |Sj − Sk|, for j � k.

Therefore, in either case,

max
1�j�n

|Sj | � t + max
1�k�n

|Xk| + max
k�j�n

|Sj − Sk|.

Hence, by independence,

P{τ = k, max
1�j�n

|Sj | � 3t + s}
�P{τ = k, max

1�j�n
|Xj | � s} + P{τ = k}P{ max

k�j�n
|Sj − Sk| � 2t}.
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Since maxk�j�n |Sj − Sk| � 2max1�j�n |Sj |, a summation over k =
1, · · · , n yields the first inequality.

For the second one,

|Sn| � |Sk−1| + |Xk| + |Sn − Sk|
for each k = 1, · · · , n, so that

P{τ = k, |Sn| � 2t + s}�P{τ = k, max
1�j�n

|Xj | � s}
+P{τ = k}P{|Sn − Sk| � t}.

Noting
n∑

k=1

P{τ = k} = P
{

max
1�k�n

|Sk| � t
}

, using Lévy’s inequality

5.4.b and summing over k yield the second inequality.

5.11 Probability of Maximal Increment (Shao)

Let {Xn} be independent r.v.’s. Suppose that there exist ε > 0, 0 < α <

1, and integer p � 1 such that for a certain x > 0,

P
{

max
1�k�p

|Sk| � εx
}

� α.

Then

P

{
p⋃

n=0

( max
1�k�N

|Sn+k − Sn| � x)

}
� 1

1 − α
P

{
max

1�k�N
|Sk| � (1 + ε)x

}
.

Proof. Let
Ep =

{
max

1�k�N
|Sp+k − Sp| � x

}
,

Ei =
⋂

i<n�p

{
max

1�k�N
|Sn+k − SN | > x

}⋂ {
max

1�k<N
|Si+k − Si| � x

}
,

i = p − 1, p − 2, · · · , 0.

Apparently,
p⋃

n=0

{ max
1�k�N

|Sn+k − Sn| � x}

=
p⋃

n=0

En

⋂ {
max

1�k�N
|Sk| < (1 + ε)x

}
⋃ (

p⋃
n=1

(
En

⋂
{ max
1�k�N

|Sk| � (1 + ε)x}
))
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⊂{ max
1�k�N

|Sk| < (1 + ε)x}
⋃ (

p⋃
n=1

(
En

⋂
{ max
1�k�n

|Sk| � (1 + ε)x}
))

⋃ (
p⋃

n=1

(
En

⋂
{ max

n�k�N
|Sk| � (1 + ε)x}

))

⊂{ max
1�k�N

|Sk| < (1 + ε)x}
⋃ (

p⋃
n=1

(
En

⋂ {
max

1�k�n
|Sk| � (1 + ε)x

}))

⋃ (
p⋃

n=1

(
En

⋂
{|Sn| � εx}

))

⊂{ max
1�k�N

|Sk| < (1 + ε)x}
⋃ (

p⋃
n=1

(
En

⋂
{ max
1�k�n

|Sk| � εx}
))

.

Noting that En and {max1�k�n |Sk| � εx} are independent, we have

P

{
p⋃

n=0

(
max

1�k�N
|Sn+k − Sn| � x

)}

�P{ max
1�k�N

|Sk| � (1 + ε)x} +
p∑

n=1

P (En)P{ max
1�k�n

|Sk| � εx}

�P{ max
1�k�N

|Sk| � (1 + ε)x} + α

p∑
n=1

P (En)

�P{ max
1�k�N

|Sk| � (1 + ε)x} + αP

{
p⋃

n=0

( max
1�k�N

|Sn+k − Sn| � x)

}
.

This proves the desired inequality.

5.12 Mogulskii Minimal Inequality

Let X1, · · · , Xn be independent r.v.’s, 2 � m � n, x1, x2 > 0. Then

P{ min
m�k�n

|Sk| � x1} � P{|Sn| � x1 + x2}/ min
m�k�n

P{|Sm − Sk| � x2}.

Proof.

P{|Sn|�x1+x2}�
n∑

k=m

P{ min
m�j�k−1

|Sj |>x1, |Sk|�x1, |Sn|�x1 + x2}



50 Chapter 5 Probability Inequalities of Random Variables

�
n∑

k=m

P{ min
m�j�k−1

|Sj | > x1, |Sk| � x1}P{|Sn − Sk| � x2}

�P{ min
m�k�n

|Sk| � x1} min
m�k�n

P{|Sn − Sk| � x2}.

5.13 Wilks Inequality

Let X have a distribution function F (x1, · · · , xk) and let F (xi), i =
1, · · · , k, denote the marginal distributions. We have

F (x1, · · · , xk) �
(

k∏
i=1

F (xi)

)1/k

.

Proof. By the Hölder inequality, for any random variables Y1, · · · , Yk,

we have E|Y1 · · ·Yk| �
(
E|Y1|k · · ·E|Yk|k

)1/k

. Then, the Wilks inequal-
ity follows by taking Yi = I(Xi � xi), i = 1, · · · , k.
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Chapter 6

Bounds of Probabilities in Terms of

Moments

Let X be a r.v. with the d.f. F (x). If
∫ |x|dF (x) < ∞, we say that the

(mathematical) expectation, or mean, of X exists. The expectation is
defined by

∫
xdF (x) and denoted by EX.

Let k be a positive number. If EXk and E|X|k exist, then we call
them the moment and the absolute moment of order k (about the origin)
respectively. If E(X −EX)k and E|X −EX|k exist, they are called the
central moment and the absolute central moment of order k, respectively.
In particular, E(X − EX)2 is called the variance of X, usually denoted
by VarX.

Let (Ω,F , P ) be a probability space, X be a r.v. defined on Ω with
E|X| � ∞, A be a sub-σ-algebra of F . The conditional expectation of
X given A , denoted by E(X|A ), is defined to be a r.v. satisfying

(i) E(X|A ) is A -measurable,

(ii)
∫
A

E(X|A )dP =
∫

A
XdP for all A ∈ A .

Let {Yn, n � 1} be a sequence of r.v.’s with E|Yn| < ∞, {An, n �
1} be an increasing sequence of sub-σ-algebras for which Yn is An-
measurable (we say that Yn is adapted to An.) The sequence {Yn,An, n �
1} is called a martingale, if for every n,

E(Yn+1|An) = Yn a.s.

It is called a submartingale (or supermartingale) if the “=” in the above
equality is replaced by “�” (correspondingly “�”). If {Yn,An} is a
martingale, putting Xn = Yn − Yn−1 with Y0 = 0, {Xn, n � 1} is called
a martingale difference sequence.

Z. Lin et al., Probability  Inequalities

© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010
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6.1 Chebyshev-Markov Type Inequalities

6.1.a (general form). Let X be a r.v. and g(x) > 0 be a nondecreasing
function on R. Then for any x,

P (X � x) � Eg(X)
g(x)

. (21)

Proof.

P (X � x) �
∫
{g(X)�g(x)}

dP � Eg(X)I(g(X) � g(x))
g(x)

� Eg(X)
g(x)

.

Here, and in the sequel, I(·) denotes the indicator function of the set in
the braces, that is, it takes value 1 or 0 according to whether or not the
sample point belongs to the set.
6.1.b (inequality with lower bounds). Let g(x) > 0 be an even function
and nondecreasing on [0,∞). Suppose that Eg(X) < ∞. Then for any
x > 0,

Eg(X) − g(x)
a.s. sup g(X)

� P (|X| � x) � Eg(X)
g(x)

. (22)

in which a.s.sup g(X) = inf{t : P (g(X) > t) = 0}.
Proof. The right part is the same as (21), and the left follows from

Eg(X)=
∫
{|X|�x}

g(X)dP +
∫
{|X|<x}

g(X)dP

�a.s.sup g(X)P (|X| � x) + g(x).

Two important consequences of general form are the following in-
equalities:
6.1.c (Chebyshev inequality). For any x > 0,

P (|X − EX| � x) � Var(X)/x2.

6.1.d (Markov inequality). For any r > 0 and x > 0,

P (|X| � x) � E|X|r/xr.

6.1.e (generalization of the Chebyshev inequality). Put σ2 = Var(X).
For any x and a,

P (X − EX � x) � σ2 + a2

(x + a)2
.
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By taking a = σ2/x,

P (X − EX � x) � σ2

x2 + σ2
.

Furthermore, letting x = σ, we have P (X � EX + σ) � 1/2, which
implies m(X) � EX + σ. By symmetry, we obtain |EX − m(X)| � σ.

Proof. P (X − EX � x) � E(X−EX+a)2

(x+a)2
= σ2+a2

(x+a)2
.

6.1.f (discrete case). Let X be a discrete r.v. with possible values
1, 2, · · · . Suppose that P (X = k) is nonincreasing in k. Then for all
k � 1,

P (X = k) � 2
k2

EX.

Proof.

EX =
∞∑

j=1

jP (X = j) �
k∑

j=1

jP (X = j) �
k∑

j=1

jP (X = k)

=
k(k + 1)

2
P (X = k) >

k2

2
P (X = k).

6.2 Lower Bounds

6.2.a. If |X| � 1, then

P (|X| � x) � EX2 − x2.

This is a special case of the left hand side (LHS) inequality in 6.1.b.
6.2.b. If X � 0, then for any 0 < x < 1,

P (X > xEX) � (1 − x)2(EX)2/EX2.

Proof. By the Cauchy-Schwarz inequality (see 8.4.b),

EX =EXI(|X| > xEX) + EXI(|X| � xEX)

� (EX2P (X > xEX))1/2 + xEX.

6.3 Series of Tail Probabilities

If X � 0, then

∞∑
n=1

P (X � n) � EX �
∞∑

n=0

P (X � n).
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Proof. The inequalities follow from the following observation

EX =
∫ ∞

0

xdP (X < x) =
∫ ∞

0

P (X � x)dx =
∞∑

n=0

∫ 1

0

P (X � n+x)dx.

6.4 Kolmogorov Type Inequalities

Let X1, · · · , Xn be independent r.v.’s with EXj = 0, x > 0.

6.4.a (Kolmogorov inequality).

P

{
max

1�j�n
|Sj | � x

}
� Var(Sn)/x2.

If, in addition, there is a constant c > 0 such that |Xj | � c, 1 � j � n,
we also have

P

{
max

1�j�n
|Sj | � x

}
� 1 − (x + c)2

Var(Sn)
.

Proof. Let S0 = 0, Ak = { max
1�j<k

|Sj | < x � |Sk|}. Noting independence

of SkI(Ak) and Sn − Sk, we have∫
Ak

S2
ndP =

∫
Ak

(Sk + Sn − Sk)2dP =
∫

Ak

S2
kdP +

∫
Ak

(Sn − Sk)2dP

�
∫

Ak

S2
kdP � x2P (Ak).

Summing over k = 1, · · · , n, we obtain

Var(Sn) � x2P

(
n⋃

k=1

Ak

)
= x2P

{
max

1�j�n
|Sj | � x

}
.

The upper bound part is proved.
Consider the case of |Xj | � c. Let B0 = Ω, Bk = { max

1�j�k
|Sj | < x}.

Since

Sk−1I(Bk−1) + XkI(Bk−1) = SkI(Bk−1) = SkI(Bk) + SkI(Ak)

and Sk−1I(Bk−1) and Xk are independent while I(Bk)I(Ak) = 0, it
follows that

E(Sk−1I(Bk−1))2 + EX2
kP (Bk−1) = E(SkI(Bk))2 + E(SkI(Ak))2.



6.4 Kolmogorov Type Inequalities 55

Since P (Bk−1) � P (Bn) and |Xk| � c, and hence

|SkI(Ak)| � |Sk−1I(Ak)| + |XkI(Ak)| � (x + c)I(Ak),

it follows that

E(Sk−1I(Bk−1))2 + EX2
kP (Bn) � E(SkI(Bk))2 + (x + c)2P (Ak).

Summing up over k = 1, · · · , n we obtain(
n∑

k=1

EX2
k

)
P (Bn)�E(SnI(Bn))2 + (x + c)2P

(
n⋃

k=1

Ak

)

�x2P (Bn) + (x + c)2P (Bc
n) � (x + c)2,

which implies the second inequality.
6.4.b (generalized Kolmogorov inequality). Let r � 1. Put A =
{ max
1�j�n

|Sj | � x}. We have

xrP{ max
1�j�n

|Sj | � x} � E|Sn|rI(A) � E|Sn|r.

Proof. Let S0 = 0, Ak = { max
1�j�k

|Sj | < x � |Sk|}. By the moment

inequality in section 8.7,

E|Sn|rI(A) =
n∑

k=1

E|Sn|rI(Ak) �
n∑

k=1

E|Sk|rI(Ak) � xrP (A).

6.4.c (another generalization).

P{ max
1�j�n

Sj � x} � Var(Sn)/(x2 + Var(Sn)).

Proof. For any a > 0,∫
Ak

(Sn + a)2dP =
∫

Ak

(Sk + a + Sn − Sk)2dP

=
∫

Ak

(Sk + a)2dP +
∫

Ak

(Sn − Sk)2dP

�
∫

Ak

(Sk + a)2dP � (x + a)2P (Ak).

From this it follows that

P{ max
1�j�n

Sj � x} � [Var(Sn) + a2]/(x + a)2.

The generalized Kolmogorov inequality follows by choosing a = Var(Sn)/x.
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6.5 Generalization of Kolmogorov Inequality for a

Submartingale

Let {Yn,An, n � 1} be a submartingale, x > 0.
6.5.a (Doob inequality).

xP{ max
1�j�n

Yj � x} �
∫
{ max
1�j�n

Yj�x}
YndP � EY +

n � E|Yn|.

Proof. Let α = inf{k � n : Yk � x}, and α = n + 1 if no such k exists.
Clearly Yα is a r.v., and {α = k} ∈ Ak. Moreover by the definitions of
a submartingale and conditional expectation, for k < n,∫

{α=k}
YkdP �

∫
{α=k}

E(Yk+1|Ak)dP =
∫
{α=k}

Yk+1dP

and inductively ∫
{α=k}

YkdP �
∫
{α=k}

YndP.

Then

xP{ max
1�j�n

Yj � x} �
∫
{ max
1�j�n

Yj�x}
YαdP

�
n∑

k=1

∫
{ max
1�j�n

Yj�x,α=k}
YkdP =

n∑
k=1

∫
{α=k}

YkdP

�
n∑

k=1

∫
{α=k}

YndP =
∫
{ max
1�k�n

Yk�x}
YndP.

6.5.b.

xP{ min
1�j�n

Yj � −x} � E(Yn−Y1)−
∫
{ min
1�j�n

Yj�−x}
YndP � EY +

n −EY1.

Proof. Let β = inf{k � n : Yk � −x}, and β = n+1 if no such k exists.
Put

Ak = { min
1�j�k

Yj � −x} = {β � k}.
β is a stopping time relative to {An}. Hence {Y1, Yβ∧n} is a two-term
submartingale (cf. Chung (1974), Theorem 9.3.4), and so

EY1 � EYβ =
∫
{β�n}

YβdP +
∫

Ac
n

YndP

�−xP (An) + EYn −
∫

An

YndP.
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6.5.c. Let 1 � m � n,Am ∈ Am and A = { max
1�j�n

Yj � x}, then

xP (AmA) �
∫

AmA

YndP.

Proof. Same as for 6.5.a.

6.5.d. If {Yn,An, n � 1} is a martingale, p � 1, then for any x > 0,

xpP{ max
1�j�n

|Yj | � x} �
∫
{ max
1�j�n

Yj�x}
|Yn|pdP � E|Yn|p.

Proof. Apply 6.5.a to the submartingale {|Yn|p}.

6.6 Rényi-Hájek Type Inequalities

This is a generalization of the Kolmogorov inequality for the weighted
sums. We give a result on a submartingale. A consequence in the inde-
pendent case is clear.
6.6.a (Rényi-Hájek-Chow inequality). Let {Yn,An, n � 1} be a sub-
martingale, r.v. τj ∈ Aj−1 with τ1 � τ2 � · · · � τn > τn+1 = 0 a.s.
Then for any x > 0, 1 � m � n,

P{ max
m�j�n

τjYj � x} � {E(τmY +
m ) +

n∑
j=m+1

E(τj(Y +
j − Y +

j−1))}/x.

Proof. Let Ak = { max
m�j<k

τj |Yj | < x � τk|Yk|},m � k � n. Similar to

the proof in 6.5.a, for k � j we have∫
Ak

τj+1YjdP �
∫

Ak

τj+1Yj+1dP.

Hence ∫
Ak

τkYkdP =
∫

Ak

(τk − τk+1)YkdP +
∫

Ak

τk+1YkdP

�
∫

Ak

(τk − τk+1)YkdP +
∫

Ak

τk+1Yk+1dP.

Repeating this procedure we obtain∫
Ak

τkYkdP �
∫

Ak

n∑
j=k

(τj − τj+1)YjdP.
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Then

xP{ max
m�j�n

τjYj � x} = x

n∑
k=m

P (Ak)

�
n∑

k=m

∫
Ak

τkYkdP �
n∑

k=m

n∑
j=k

∫
Ak

(τj − τj+1)YjdP

�
n∑

j=m

j∑
k=m

∫
Ak

(τj − τj+1)Y +
j dP

�
n∑

j=m

∫
{ max

m�k�j
τkYk�x}

(τj − τj+1)Y +
j dP

�
n∑

j=m

E(τj − τj+1)Y +
j

=E(τmY +
m ) +

n∑
j=m+1

E(τj(Y +
j − Y +

j−1)).

6.6.b (a special case). Let {Xn, n � 1} be a martingale difference se-
quence with σ2

n ≡ EX2
n < ∞, n = 1, 2, · · · , let constants c1 � c2 � · · · �

cn > 0, 1 � m � n. Put Sn =
n∑

j=1

Xj . Then for any x > 0,

P{ max
m�j�n

cj |Sj | � x} � 1
x2

(
c2
m

m∑
j=1

σ2
j +

n∑
j=m+1

c2
jσ

2
j

)
.

6.6.c (further generalization). Let Y1, Y2, · · · , Yn be r.v.’s and A1, A2,

· · · ,An be σ-algebras. Suppose that Yj is adaptive to Aj (j = 1, 2, · · · , n),
and

E(|Yj ||Aj−1) � aj |Yj−1| a.s. for 1 � j � n

(where Y0 = 0) with 0 � aj � 1 for every j. Let constants c1 � c2 �
· · · � cn > cn+1 = 0, r � 1, 1 � m � n. Then for any x > 0,

P{ max
m�j�n

cj |Yj | � x}�
n∑

j=m

(cr
j − ar

j+1c
r
j+1)E|Yj |r/xr

=
n∑

j=m

cr
j (E|Yj |r − ar

jE|Yj−1|r)/xr.
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Proof. Along the lines of the proof of 6.6.a and note that

cj =
n∑

k=j

(ck − ak+1ck+1)

⎛
⎝ k∏

i=j+1

ai

⎞
⎠ , here

k∏
i=k+1

ai = 1.

6.6.d (without moment condition). Let {Y1, · · · , Yn} be a martingale
difference sequence with EYj = 0, EY 2

j < ∞, j = 1, · · · , n and {Z1, · · · ,

Zn} be a sequence of random variables. Write Xj = Yj +Zj , and suppose

that c1 � c2 � · · · � cn > 0, 1 � m � n. Put Sn =
n∑

j=1

Xj . Then for any

x > 0 and 0 < ε < 1,

P{ max
m�j�n

cj |Sj | � x}� 1
(1 − ε)2x2

⎛
⎝c2

m

m∑
j=1

EY 2
j +

n∑
j=m+1

c2
jEY 2

j

⎞
⎠

+2
n∑

j=m+1

P (Zj 
= 0) + P

⎧⎨
⎩cn

∣∣∣∣∣∣
m∑

j=1

Zj

∣∣∣∣∣∣ � 1
2
εx

⎫⎬
⎭ .

Proof. Put Un =
n∑

j=1

Yj , Vn =
n∑

j=1

Zj . Then

P{ max
m�j�n

cj |Sj | � x}�P

⎧⎨
⎩

n⋃
j=m

(cj |Uj | � (1 − ε)x)

⎫⎬
⎭

+P

⎧⎨
⎩

n⋃
j=m

(cj |Vj | � εx)

⎫⎬
⎭ .

For the first term on the right hand side, we have, by 6.6.b,

P

⎧⎨
⎩

n⋃
j=m

(cj |Uj | � (1 − ε)x)

⎫⎬
⎭=P{ max

m�j�n
cj |Uj | � (1 − ε)x}

� 1
(1−ε)2x2

⎛
⎝c2

m

m∑
j=1

EY 2
j +

n∑
j=m+1

c2
jEY 2

j

⎞
⎠ .

To deal with the second term, set Aj = {cj |Vj | � εx}. Then

P

⎧⎨
⎩

n⋃
j=m

(cj |Vj | � εx)

⎫⎬
⎭ = P (An) +

n−1∑
j=m

P

⎧⎨
⎩

n⋂
k=j+1

Ac
k

⋂
Aj

⎫⎬
⎭ ,
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while

P

⎧⎨
⎩

n⋂
k=j+1

Ac
k

⋂
Aj

⎫⎬
⎭ � P (Zj+1 
= 0)

and

P (An)�P

{
cn|Vm| � 1

2
εx

}
+ P

⎧⎨
⎩cn|

n∑
j=m+1

Zj | � 1
2
εx

⎫⎬
⎭

�P

{
cn|Vm| � 1

2
εx

}
+

n∑
j=m+1

P (Zj 
= 0).

Combining these inequalities, we conclude the proof of the desired result.

6.7 Chernoff Inequality

Let {Xn, n � 1} be a sequence of i.i.d. r.v.’s with EX1 = 0 and the
moment generating function (m.g.f.) M(t) = EetX1 . Let

m(x) = inf
t

e−xtM(t).

Then for any x > 0,

P{Sn � nx} � m(x)n

and
lim

n→∞P 1/n{Sn � nx} = m(x). (23)

Proof. The first inequality is from

P{Sn � nx} � inf
t

e−tnxEetSn = (inf
t

e−xtM(t))n = m(x)n

by 6.1.a.
Now, we prove the second conclusion. If for some x0 > 0, P (X1 �

x0) = 0, then for all x � x0, P (Sn � nx) = 0 and m(x) = 0. Then (23)
is trivially true. We assume that P (X1 > x) > 0 for all x. Then, X1 is
not degenerate and it is easy to see that Rx(t) ≡ e−xtM(t) attains its
minimum at a finite t and m(x) > 0. Let τ ≡ τ(x) = inf{t : m(x) =
Rx(t)}. Write F (y) = P (X1 − x < y) and define

G(z) =
∫ z

−∞
eτydF (y)/m(x).
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It is a d.f. of some r.v., say Z. Let ξ(t) denote the m.g.f. of Z. Then

ξ(t) =
∫

etudG(u) = Rx(τ + t)/m(x).

Hence EZ = ξ′(t)|t=0 = m′(τ)/m(x) = 0 by the definition of τ . Fur-
thermore σ2 ≡ VarZ > 0 since X1 is non-degenerate. Let Z1, Z2, · · · be
a sequence of iid. r.v.’s with the common d.f. G(·). Put

Un =
1

σ
√

n

n∑
j=1

Zj and Hn(x) = P (Un < x).

By the central limit theorem, lim
n→∞Hn(x) = Φ(x). Then for any ε > 0,

P{Sn � nx}=P

⎧⎨
⎩

n∑
j=1

(Xj − x) � 0

⎫⎬
⎭

=
∫

· · ·
∫

y1+···+yn�0

dF (y1) · · ·dF (yn)

=m(x)n

∫
· · ·

∫
z1+···+zn�0

e−τ(z1+···+zn)dG(z1) · · ·dG(zn)

=m(x)n

∫ ∞

0

e−
√

nστudHn(u)

=m(x)n
√

nστ

∫ ∞

0

e−
√

nστu(Hn(u) − Hn(0))du

�m(x)n
√

nστ

∫ ∞

ε

e−
√

nστu(Hn(u) − Hn(0))du

�m(x)n(Hn(ε) − Hn(0))
√

nστ

∫ ∞

ε

e−
√

nστudu

=m(x)n(Hn(ε) − Hn(0))e−
√

nστε,

which implies that

lim inf
n→∞ (n−1/2 log(m(x)−nP{Sn � nx})) � −στε.

By the arbitrariness of ε, it follows that n−1/2 log(m(x)−nP{Sn � nx}) =
o(1), which implies

1
n

log P{Sn � nx} = log m(x) + o(1),
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proving the second conclusion.
Remark. From the proof, one can see that there is a more precise result
which is the existence of positive numbers b1, b2, · · · , with log bn = o(1),
such that

P{Sn � nx} =
bn

(2πn)1/2
m(x)n(1 + o(1))

(cf. Bahadur and Rao (1960)).

6.8 Fuk and Nagaev Inequality

Let Xj , j = 1, · · · , n, be independent r.v.’s with d.f.’s Fj(x), j = 1, · · · , n.

Let x, y1, · · · , yn be positive numbers. Put η = (y1, · · · , yn), y =
max(y1, · · · , yn),

A(r, η) =
n∑

j=1

∫
|u|�yj

|u|rdFj(u),

where 0 < r � 1. Then

P (Sn � x) �
n∑

j=1

P (|Xj | � yj) + exp
{

x

y
− x

y
log

(
xyr−1

A(r, η)
+ 1

)}
.

If xyr−1 > A(r, η), then

P (|Sn| � x) �
n∑

j=1

P (|Xj | � yj)+exp
{

x

y
− A(r, η)

yr
− x

y
log

(
xyr−1

A(r, η)

)}
.

Proof. Let

X̄j =
{

Xj , if |Xj | � yj ,
0, otherwise, j = 1, · · · , n,

S̄n =
n∑

j=1

X̄j .

Clearly, for any t > 0,

P (|Sn| � x)�P (S̄n 
= Sn) + P (|S̄n| � x)

�
n∑

j=1

P (|Xj | � yj) + e−txEet|S̄n|. (24)
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We estimate Eet|S̄n| as follows. Observe that |u|−1(et|u| − 1) attains its
maximum value in the region |u| � z for |u| = z. Therefore

Eet|S̄n| �
n∏

j=1

Eet|X̄j | =
n∏

j=1

E

(
1 +

et|X̄j | − 1
|X̄j | |X̄j |

)

�
n∏

j=1

(
1 +

etyj − 1
yj

∫
|u|�yj

|u|dFj(u)

)

�
n∏

j=1

(
1 +

ety − 1
yr

∫
|u|�yj

|u|rdFj(u)

)

� exp
(

ety − 1
yr

A(r, η)
)

.

Hence

e−txEet|S̄n| � exp
(

ety − 1
yr

A(r, η) − tx

)
. (25)

Then, the first inequality follows by substituting (25) into (24) with

t =
1
y

log
(

xyr−1

A(r, η)
+ 1

)
.

The second inequality follows by minimizing (25) with respect to t and
noticing the condition xyr−1 > A(r, η) which implies the minimizer t =
y−1 log(xyr−1A−1(r, η)) > 0.

6.9 Burkholder Inequality

Let {Yn,An} be a martingale or nonnegative submartingale. Then for
any x > 0,

P
{ ∞∑

n=1

(Yn − Yn−1)2 � x
}

� 3 sup
n�1

E|Yn|/
√

x.

Proof. We only need consider the case where sup
n�1

E|Yn| < ∞. Under

this condition, by the martingale convergence theorem, there exists a
r.v. Y∞ such that Yn → Y∞ a.s. and E|Y∞| � supn�1 E|Yn|. Set
Y0 = 0, Xn = Yn − Yn−1, μ = inf{n � 1 : |Yn| >

√
x} with the

convention that μ = ∞ if no such n exists, hence for this case Yμ are
Yμ−1 and well defined. By the dominated convergence theorem, we have
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EYμYμ−1I(μ = ∞) = EY 2
∞ �

√
x lim

n→∞E|Yn|I(μ = ∞).

On the other hand, since |Yμ−1| � √
x, we have

EYμYμ−1I(μ < ∞) = lim inf
n→∞

n∑
k=1

√
xE|YkI(μ = k)|

�
√

x lim inf
n→∞

n∑
k=1

E|Yn|I(μ = k) �
√

x lim inf
n→∞ E|Yn|I(μ � n)

�
√

x lim inf
n→∞ E|Yn|I(μ < ∞).

Combining the two inequalities, we obtain

EYμYμ−1 �
√

x sup
n�1

E|Yn|.

Let ν = μ ∧ n. By the same lines we can prove that

EYνYν−1 �
√

x sup
n�1

E|Yn|.

Furthermore

Y 2
n−1 =

n−1∑
j=1

X2
j + 2

n−1∑
j=1

Yj−1Xj .

Thus

n−1∑
j=1

X2
j + Y 2

n−1 =2Y 2
n−1 + 2Yn−1Xn − 2

n∑
j=1

Yj−1Xj

=2YnYn−1 − 2
n∑

j=1
Yj−1Xj .

Clearly, the above equality holds with n replaced by ν. Hence, by noticing
Yj−1 � 0 for the submartingale case, we obtain

E
ν∑

j=1

Yj−1Xj =
n∑

j=1

E{I(μ � j)Yj−1E(Xj |Aj−1)} � 0.

Thus

E

ν−1∑
j=1

X2
j � 2EYνYν−1 � 2

√
x sup

n�1
E|Yn|.
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Making n → ∞, one gets

E

μ−1∑
j=1

X2
j � 2

√
x sup

n�1
E|Yn|.

Since
μ−1∑
j=1

X2
j =

∞∑
j=1

X2
j on {μ = ∞} = {sup

n�1
E|Yn| � √

x}, we have

P

{ ∞∑
n=1

X2
n � x, sup

n�1
|Yn| �

√
x

}
� P

⎧⎨
⎩

μ−1∑
j=1

X2
j � x

⎫⎬
⎭

�E

μ−1∑
j=1

X2
j /x � 2 sup

n�1
E|Yn|/

√
x.

Therefore

P

{ ∞∑
n=1

X2
n � x

}
�P{sup

n�1
|Yn| >

√
x} + P

{ ∞∑
n=1

X2
n � x, sup

n�1
|Yn| �

√
x

}

�3 sup
n�1

E|Yn|/
√

x.

6.10 Complete Convergence of Partial Sums

Let {Xn, n � 1} be i.i.d. r.v.’s, EX1 = 0. Then there exist positive
constants C1 and C2 such that for any x > 0,

C1x
−2EX2

1I(|X1| � x) �
∞∑

n=1

P (|Sn| � xn) � C2x
−2EX2

1I(|X1| � x).

See the proof in (Pruss, 1997).
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Chapter 7

Exponential Type Estimates of

Probabilities

Exponential rate is the best in convergence in probability. Such inequal-
ities are important when investigating the law of large numbers and the
law of iterated logarithm. Some of such inequalities are well known
and frequently employed in statistics and probability, such as Hoeffding,
Bernstein, Bennett and Kolmogorov inequalities. These inequalities can
be found in most textbooks on limiting theorems, such as Loève (1977),
Petrov (1995). Some new inequalities will be referenced therein.

7.1 Equivalence of Exponential Estimates

7.1.a. There exist positive constants b and c such that

P (|X| � x) � be−cx for all x > 0.

7.1.b. There exist a constant H > 0 such that

EetX < ∞ for |t| < H.

7.1.c. There exist a constant a > 0 such that

Eea|X| < ∞.

7.1.d. There exist positive constants g and T such that

Eet(X−EX) � egt2 for |t| � T.

Proof. Denote the d.f. of X by F (x). Note that

Eea|X| =
∫ 0

−∞
e−axdF (x) +

∫ ∞

0

eaxdF (x) � Ee−aX + EeaX .

Z. Lin et al., Probability  Inequalities

© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010
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Hence 7.1.b and 7.1.c are equivalent.
If 7.1.c is true, then

P (|X| � x) � e−axEea|X|

for every x > 0 by 6.1.a. We can conclude that 7.1.a is also true. We
shall now show that 7.1.a implies 7.1.c. In fact, from 7.1.a, we have

F (x) � be−c|x| for x � 0 and 1 − F (x) � be−cx for x > 0.

Hence for 0 < a < c, by integration by parts, we obtain

Eea|X| =
∫ 0

−∞
e−axdF (x) −

∫ ∞

0

eaxd(1 − F (x))

�2F (0) + ab

∫ 0

−∞
e(c−a)xdx + ab

∫ ∞

0

e−(c−a)xdx < ∞.

At last, we show that 7.1.b and 7.1.d are equivalent. Obviously, 7.1.d
implies 7.1.b. Conversely, if 7.1.b is true, then

log Eet(X−EX) =
t2

2
Var(X) + o(t2) as t → 0.

For any constant g> 1
2Var(X), the inequalities log Eet(X−EX) �gt2 and

Eet(X−EX) � egt2 hold for all sufficiently small t, i.e., 7.1.d is true.

In the following sections 7.2 to 7.8, assume X1, · · · , Xn are indepen-

dent r.v.’s and write Sn =
n∑

j=1
Xj .

7.2 Petrov Exponential Inequalities

7.2.a. Suppose that there exist positive constants g1, · · · , gn, T such
that

EetXj � egkt2/2, j = 1, · · · , n,

for 0 � t � T (or for −T � t � 0). Then, putting G =
n∑

j=1

gj , we have

P (Sn � x) � e−x2/2G (correspondingly P (Sn � −x) � e−x2/2G)

for 0 � x � GT and

P (Sn � x) � e−Tx/2 (correspondingly P (Sn � −x) � e−Tx/2)
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for x � GT.

Proof. Obviously, it is enough to consider the case of 0 < t � T. For
every x, we have

P (Sn � x) � e−txEetSn = e−tx
n∏

j=1

EetXj � e−tx+Gt2/2. (26)

For fixed x, 0 < x � GT (the case of x = 0 is obvious), the function
f(t) = Gt2

2
− tx attains its minimum at t = x/G, which satisfies the

condition 0 < t � T. Taking t = x/G in (26) yields the first inequality.
Now assume x � GT. At this time, f(t) is non-increasing. Putting

t = T in (26) gives the second inequality.
7.2.b. Suppose that EXj = 0, j = 1, · · · , n, and that there exists a
constant H > 0 such that

|EXm
j | � m!

2
σ2

j Hm−2, j = 1, · · · , n,

for all m � 2, where σ2
j = EX2

j . Put Bn =
n∑

j=1

σ2
j . Then for 0 � x �

Bn/H,

P (Sn � x) � e−x2/(4Bn), P (Sn � −x) � e−x2/(4Bn)

and for x � Bn/H,

P (Sn � x) � e−Tx/2, P (Sn � −x) � e−Tx/2.

Proof. For |t| � 1/(2H),

EetXj =1 +
t2

2
σ2

j +
t3

6
EX3

j + · · ·

�1 +
t2

2
σ2

j (1 + H|t| + H2t2 + · · · )

�1 +
t2σ2

j

2(1 − H|t|) � 1 + t2σ2
j � et2σ2

j .

Applying 7.2.a, we obtain the assertion in 7.2.b.
7.2.c. If EXj � 0, j = 1, · · · , n, then the assertion in 7.2.a can be
strengthened as follows:

P ( max
1�j�n

Sj � x)� e−x2/(2G), if 0 � x � GT,

P ( max
1�j�n

Sj � x)� e−Tx/2, if x � GT.
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Proof. We just need to point out the following fact. Since EXj �
0, j = 1, · · · , n, {Sj , 1 � j � n} is a submartingale, and furthermore, so
is {etSj , 1 � j � n} for any t � 0. Hence we can use the Doob inequality
6.5.a.

7.3 Hoeffding Inequality

Suppose that 0 � Xj � 1. Put μj = EXj , X̄ = 1
n

n∑
j=1

Xj , μ = EX̄.

Then for 0 < x < 1 − μ,

P (X̄ − μ � x)�P{ max
1�j�n

(Sj − ESj) � nx}

�
{(

μ

μ + x

)μ+x (
1 − μ

1 − μ − x

)1−μ−x
}n

� e−g(μ)nx2 � e−2nx2
,

where

g(μ) =

⎧⎪⎪⎨
⎪⎪⎩

1
1 − 2μ

log
1 − μ

μ
, for 0 < μ <

1
2
,

1
2μ(1 − μ)

, for
1
2

� μ < 1.

If there exist aj � bj , such that aj � Xj � bj , j = 1, · · · , n, then for any
x > 0,

P (X̄ − μ � x)� P{ max
1�j�n

(Sj − ESj) � nx}

� exp

⎧⎨
⎩−2n2x2/

n∑
j=1

(bj − aj)2

⎫⎬
⎭ .

Proof. We only prove the first inequality as the proof of the second one
is similar. Let t > 0. Since etx is a convex function of x, we have

etx � (1 − x) + xet, for 0 � x � 1.

Hence the m.g.f Mj(t) of Xj satisfies

Mj(t) � 1 − μj + μjet.

Thus, noting that the geometric mean does not exceed the arithmetic
mean and using the Doob inequality to the submartingale et(Sj−ESj), we
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obtain

P{ max
1�j�n

(Sj − ESj) � nx}
=P{ max

1�j�n
exp{t(Sj − ESj)} � exp(nxt)}

� e−nxtEet(Sn−ESn) = e−n(μ+x)t
n∏

j=1

Mj(t)

� e−n(μ+x)t
n∏

j=1

(1 − μj(1 − et))

� e−n(μ+x)t

⎛
⎝ 1

n

n∑
j=1

(1 − μj(1 − et))

⎞
⎠

n

=(e−(μ+x)t(1 − μ(1 − et)))n.

The RHS is minimized by the choice

t0 = log
(1 − μ)(μ + x)
μ(1 − μ − x)

> 0.

Then we obtain

P (X̄−μ � x)�
{(

μ

μ+x

)μ+x (
1−μ

1−μ−x

)1−μ−x
}n

≡ exp(−nx2G(x, μ)),

where

G(x, μ) =
μ + x

x2
log

μ + x

μ
+

1 − μ − x

x2
log

1 − μ − x

1 − μ
.

We will minimize G(x, μ) with respect to x for 0 < x < 1 − μ, and the
resulting minimum will be denoted as g(μ). Now

x2 ∂G(x, μ)
∂x

=
(

1 − 2
1 − μ

x

)
log

(
1 − x

1 − μ

)

−
(

1 − 2
μ + x

x

)
log

(
1 − x

μ + x

)
, (27)

where 0 < x/(1−μ) < 1 and 0 < x/(μ+x) < 1. We expand the function

H(s)≡
(

1 − 2
s

)
log(1 − s)

=2 +
(

2
3
− 1

2

)
s2 +

(
2
4
− 1

3

)
s3 +

(
2
5
− 1

4

)
s4 + · · ·
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with all positive coefficients. Thus H(s) is increasing for 0 < s < 1.

Hence we see from (27) that (∂/∂x)G(x, μ) > 0 if and only if x/(1−μ) >

x/(μ + x) or equivalently x > 1 − 2μ. G(x, μ) achieves its minimum at
x = 1 − 2μ; while if 1 − 2μ � 0, then G(x, μ) achieves its minimum at
x = 0. Inserting these values into G(x, μ) yields its minimum

g(μ) =

⎧⎪⎪⎨
⎪⎪⎩

1
1 − 2μ

log
1 − μ

μ
, for 0 � μ <

1
2
,

1
2μ(1 − μ)

, for
1
2

� μ < 1.

Moreover, g(μ) � g(1
2 ) = 2 obviously. The first inequality can be proved

by combining these results.

7.4 Bennett Inequality

Suppose that Xj � b, EXj = 0, j = 1, · · · , n. Put σ2
j = EX2

j and σ2 =
1
n

n∑
j=1

σ2
j . Then for any x > 0,

P (X̄ > x)�P{ max
1�j�n

Sj � nx}

� exp
{
−nx

b

[(
1 +

σ

bx

)
log

(
1 +

bx

σ2

)
− 1

]}
.

Proof. Also using the Doob inequality, for any t > 0 we have

P (Sn � nx) � P{ max
1�j�n

Sj � nx} � e−nxt
n∏

j=1

EetXj .

Noting that EXj = 0 and g(x) ≡ (ex − 1 − x)/x2 (conventionally with
g(0) = 1

2 ) is nonnegative, increasing and convex on R, we have

EetXj � 1 + t2σ2
j g(tb) � exp

{
σ2

j

etb − 1 − tb

b2

}
.

Hence

P{ max
1�j�n

Sj � nx} � exp
(
−nxt + nσ2 etb − 1 − tb

b2

)
.
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Minimizing the exponent by the choice t = (1/b) log(1 + bx/σ2), we
obtain

P{ max
1�j�n

Sj � nx}

� exp
{
−nx

b
log

(
1 +

bx

σ2

)
+

nσ2

b2

(
bx

σ2
− log

(
1 +

bx

σ2

))}

=exp
{
−nx

b

[(
1 +

σ2

bx

)
log

(
1 +

bx

σ2

)
− 1

]}
.

Remark. If 0 < x < b, the bound can be changed to{(
1 +

bx

σ2

)−(1+bx/σ2)σ2/(b2+σ2) (
1 − x

b

)−(1−x/b)b2/(b2+σ2)
}n

.

7.5 Bernstein Inequality

Suppose that EXj = 0 and E|Xj |n � σ2
j n!an−2/2 for all n � 2 where

σ2
j = EX2

j , a > 0. Then, putting σ2 = 1
n

n∑
j=1

σ2
j , for any x > 0,

P (Sn �
√

nx) � P
{

max
1�j�n

Sj �
√

nx
}

� exp
{
−

√
nx2

2(
√

nσ2 + ax)

}
.

Proof. The LHS inequality is trivial. To prove the RHS inequality,
we first note that for any t > 0, etx is a convex function and that
{etSj , j � n} forms a submartingale. Let t > 0 satisfy ta � c < 1. Then,
we have

P
{

max
1�j�n

Sj �
√

nx
}

=P
{

max
1�j�n

exp(tSj)�etx
√

n
}

�e−tx
√

n
n∏

j=1

EetXj ,

EetXj =1 +
t2

2
EX2

j +
t3

3!
EX3

j + · · ·

�1 +
t2

2
σ2

j +
t3

2
σ2

j a + · · ·

�1 +
t2σ2

j

2(1 − c)
� exp

{
t2σ2

j

2(1 − c)

}
,

Hence

e−
√

nxtEetSn � exp
{
−√

nxt +
t2nσ2

2(1 − c)

}
. (28)
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The exponent achieves its minimum at t0 = (1 − c)x/(
√

nσ2). Letting
t0a = c, we obtain

c =
ax√

nσ2 + ax
< 1,

and

t0 =
x√

nσ2 + ax
.

Inserting them into (28) yields the required inequality.

Remark. If |Xj | � a a.s., then the moment condition is met.

7.6 Exponential Bounds for Sums of Bounded Vari-

ables

Suppose EXj = 0 and |Xj | � dj a.s., j = 1, · · · , n, where d1, · · · , dn

are positive constants. Let x > 0. Put a =

(
n∑

j=1
d2

j

)1/2

and b =

max
1�j�n

j1/p|dj | for some 1 < p < 2.

7.6.a. For any x > 0, P (|Sn| � x) � 2 exp(−x2/2a2).

Proof. Note that the function y → exp(ty) is convex and ty = t(1 +
y)/2 − t(1 − y)/2. For |y| � 1,

exp(ty) � cosh t + y sinh t � exp(t2/2) + y sinh t.

Hence, applying this inequality with y = Xj/dj , we have

E exp(tSn) �
n∏

j=1

exp(t2d2
j/2) = exp(t2a2/2).

By taking t = x/a2, it follows that

P (Sn � x) � exp{−tx + t2a2/2} = exp(−x2/2a2).

7.6.b. With q = p/(p − 1), there exists a constant cq > 0 such that

P (Sn � x) � 2 exp(−cqx
q/bq).
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Proof. For any integers 0 < m � n write

|Sn|�
m∑

j=1

|Xj | +
∣∣∣∣∣∣

n∑
j=m+1

Xj

∣∣∣∣∣∣ � b
m∑

j=1

j−1/p +

∣∣∣∣∣∣
n∑

j=m+1

Xj

∣∣∣∣∣∣
� bqm1/q +

∣∣∣∣∣∣
n∑

j=m+1

Xj

∣∣∣∣∣∣ .

Consider first the case where x > 2bq and let m = max{j : x > 2bqj1/q}.
Then by 7.8.a,

P (|Sn| � x)� P

⎛
⎝

∣∣∣∣∣∣
n∑

j=m+1

Xj

∣∣∣∣∣∣�bqm1/q

⎞
⎠

� 2 exp

⎧⎨
⎩−b2q2m2/q

/⎛
⎝2

n∑
j=m+1

d2
j

⎞
⎠

⎫⎬
⎭ ,

where
n∑

j=m+1

d2
j � b2

n∑
j=m+1

j−2/p � b2q

q − 2
m1−2/p.

Hence

P (|Sn| � x) � 2 exp{−q(q − 2)m/2} � 2 exp(−c′qx
q/bq),

where c′q = q(q − 2)/(4(2q)q).
When x � 2bq, taking c′′q = (log 2)/(2q)q, we have

P (|Sn| � x) � 1 � 2 exp(−c′′q xq/bq).

The inequality follows with cq = c′q ∨ c′′q .

7.7 Kolmogorov Inequalities

Suppose that EXj = 0, σ2
j ≡ EX2

j < ∞, |Xj | � csn a.s., j = 1, · · · , n,
where c > 0 is a constant and s2

n =
∑n

j=1 σ2
j . Let x > 0.

7.7.a (the upper bound). If xc � 1, then

P (Sn/sn � x) � exp
{
−x2

2

(
1 − xc

2

)}
;
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and if xc � 1, then

P (Sn/sn � x) � exp
{
− x

4c

}
.

7.7.b (the lower bound). For given γ > 0, there exist x(γ) and π(γ)
such that for all x(γ) < x < π(γ)/c,

P (Sn/sn � x) � exp
{
−x2

2
(1 + γ)

}
.

Proof. Let t > 0. It follows that for tcsn � 1,

EetXj �1 +
t2σ2

j

2

(
1 +

tcsn

3
+

t2c2s2
n

4 · 3 + · · ·
)

� exp

{
t2σ2

j

2

(
1 +

tcsn

2

)}
.

Then

e−tsnxEetSn � exp
{
−tsnx +

t2s2
n

2

(
1 +

tcsn

2

)}
from which 7.7.a follows if t is chosen to be x/sn or 1/(csn) according
to xc � 1 or � 1.

We begin to proceed with the proof of 7.7.b. Let α and β be small
positive constants to be determined later by the constant γ. Set t =
x/(1 − β). Then, tc � 2α < 1 by choosing π(γ) to be small enough.
Thus,

n∏
j=1

EetXj/sn �
n∏

j=1

(
1 +

t2σ2
j

2s2
n

(
1 − tc

3
− t2c2

4 · 3 − · · ·
))

� exp
{

t2

2

(
1 − tc

2

)}
� exp

{
t2

2
(1 − α)

}
. (29)

On the other hand, putting q(y) = P (Sn/sn � y) and from integra-
tion by parts, we have

EetSn/sn = t

∫
etyq(y)dy.

Split the real line R into the five parts I1 = (−∞, 0], I2 = (0, t(1 − β)],
I3 = (t(1 − β), t(1 + β)], I4 = (t(1 + β), 8t] and I5 = (8t,∞). We have

J1 ≡ t

∫ 0

−∞
etyq(y)dy � t

∫ 0

−∞
etydy = 1.
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On I5, noting that c < 1/(8t) (provided π < 1/8), in the light of
7.7.a, we obtain

q(y)�

⎧⎪⎨
⎪⎩

exp(−y/(4c))�exp(−2ty), if y�1/c,

exp
{
−y2

2

(
1 − yc

2

)}
�exp(−y2/4)�exp(−2ty), if y<1/c.

Therefore
J5 ≡ t

∫ ∞

8t

etyq(y)dy � t

∫ ∞

8t

e−tydy < 1.

On I2 and I4, we have y < 8t < 1/c. Then, by 7.7.a,

etyq(y)� exp
{

ty − y2

2
(1 − yc

2
)
}

� exp
{

ty − y2

2
(1 − 4tc)

}
≡ exp{g(y)}.

The function g(y) attains its maximum for y = t
1−4tc , which, for π (hence

c) sufficiently small, lies in I3. And consequently, for y ∈ I2

⋃
I4,

g(y) � t2 − (t − y(1 − 4tc))2

2(1 − 4tc)
� t2

2

(
1 − β2

2

)
.

Hence

J2 + J4 ≡ t
( ∫ t(1−β)

0

+
∫ 8t

t(1+β)

)
etyq(y)dy � 9t2 exp

{
t2

2

(
1 − β2

2

)}
.

Now let α = β2/4. By (29),

J2 + J4 �9t2 exp
{

t2

2
(1 − β2

2
)
}

� 9x2

(1 − β)2
exp

{
− x2β2

8(1 − β)2

}
E exp

{
tSn

sn

}
.

Then for x > x(β) = x(γ) that is large enough, we obtain

J1 + J5 < 2 <
1
4
EetSn/sn , J2 + J4 <

1
4
EetSn/sn .

As a consequence, we have

J3 ≡ t

∫ t(1+β)

t(1−β)

etyq(y)dy >
1
2
EetSn/sn ,
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which, together with (29), implies that

2t2βet2(1+β)q(x) >
1
2

exp
{

t2

2
(1 − α)

}
.

Hence

q(x)>
1

4t2β
exp

{
t2

2
α

}
exp

{
− t2

2
(1 + 2α + 2β)

}

> exp
{
−x2

2
1 + 2α + 2β

(1 − β)2

}

provided that x > x(γ), and t is large enough. For given γ > 0, it suffices
to choose β > 0 such that

1 + 2β + β2/2
(1 − β)2

� 1 + γ.

Therefore, for π(γ) sufficiently small and x = x(γ) sufficiently large,

q(x) > exp
{
−x2

2
(1 + γ)

}
.

This completes the proof.
7.7.c (sharpened Kolmogorov upper inequality). In addition to the as-
sumptions in 7.7.a, we assume that for some δ ∈ (0, 1],

Ln = s−(2+δ)
n

n∑
i=1

E|Xi|2+δ < ∞.

Then, for any x > 0,

P (Sn/sn � x) � exp
{
−x2

2
+

1
6
x3c1−δLnexc

}
.

Proof. For any t > 0, we have

n∏
j=1

EetXj/sn �
n∏

j=1

(
1 +

t2σ2
j

2s2
n

+

( ∞∑
k=3

tkck−2−δE|Xj |2+δ

k!s2+δ
n

))

� exp
{

t2

2
+

t3c1−δLnetc

6

}
, (30)

from which the conclusion follows by taking t = x.
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7.8 Prokhorov Inequality

Under the conditions of 7.7, for any x > 0,

P (Sn/sn � x) � exp
{
− x

2c
arcsinh

(xc

2

)}
.

Proof. Let G(x) = 1
n

∑n
j=1 P (Xj < x). The d.f. G is concentrated in

the interval [−csn, csn], and∫
y2dG(y) =

1
n

s2
n.

Let G∗ be a d.f. with

G∗({−csn}) = G∗({csn}) = 1/(2nc2), G∗({0}) = 1 − 1/(nc2).

It is easy to verify that∫
(cosh ty − 1)dG(y)�

∫
(cosh ty − 1)dG∗(y)

=
1

nc2
(cosh tcsn − 1).

Then for t > 0,

P (Sn/sn � x)� e−txsnEetSn

=e−txsn

n∏
j=1

EetXj

� exp

⎧⎨
⎩−txsn +

n∑
j=1

(EetXj − 1)

⎫⎬
⎭

=exp
{
−txsn + n

∫
(ety − 1 − ty)dG(y)

}

� exp
{
−txsn + 2n

∫
(cosh ty − 1)dG(y)

}

� exp
{
−txsn +

2
c2

(cosh tcsn − 1)
}

.

The exponent achieves its minimum at

t =
1

csn
arcsinh

xc

2
.

We find the minimum value is

− x

2c
arcsinh

xc

2
.
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7.9 Exponential Inequalities by Censoring

7.9.a (partial sum). Let X1, · · · , Xn be i.i.d. r.v.’s, a > 0. Define
censored r.v.’s

Zj = (−a) ∨ (Xj ∧ a).

Put Tn =
n∑

j=1

Zj . Then for any positive numbers r and s,

P
{
|Tn − ETn| � r

2a
ernE(X2

1 ∧ a2) +
sa

r

}
� 2e−s.

Particularly, for any σ2 � E(X2
1 ∧ a2), x > 0,

P

{
|Tn − ETn| � 1

2

(
1 + exp

(
ax√
nσ

))
x
√

nσ

}
� 2e−x2/2.

Proof. Clearly, it is enough to prove the one-sided inequality

P
{

Tn − ETn � r

2a
ernE(X2

1 ∧ a2) +
sa

r

}
� e−s.

Put F (x) = P (X1 < x), G+(x) = P (X1 > x), G−(x) = P (−X1 > x).
Let t = r/a. Then

EetZ1 �E

(
1 + tZ1 +

1
2
t2Z2

1er

)

� exp
{

tEZ1 +
1
2
ert2EZ2

1

}
.

The first inequality now follows from

P
{

Tn − ETn � r

2a
ernE(X2

1 ∧ a2) +
sa

r

}
� exp

{
−tETn − tr

2a
ernE(X2

1 ∧ a2) − tsa

r
+ ntEZ1 +

n

2
ert2EZ2

1

}
=e−s.

Letting s = x2/2 and r = ax/(
√

nσ), we obtain the second inequality.
Remark. The conclusions are also true if the censored r.v.’s Zj , j =
1, · · · , n, are replaced by the truncated r.v.’s

Yj = XjI(|Xj | � a), j = 1, · · · , n,

provided E(X2
1 ∧ a2) is replaced by EX2

1I(|X1| � a) in the inequalities.
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7.9.b (increments of partial sums, Lin). Let {Xn, n � 1} be a sequence
of independent r.v.’s satisfying that there exist positive constants δ,D

and σ such that for every j,

EXj = 0, E|Xj |2+δ � D, σ2
nk ≡

n+k∑
j=n+1

EX2
j � kσ2.

Let N and N1 = N1(N) be positive integers satisfying that N1 � N and
N2+δ

1 /N2 → ∞ as N → ∞. For a given M > 0, put

Yj =XjI(|Xj|<MN1/(2+δ))−EXjI(|Xj |<MN1/(2+δ)), Tn =
n∑

j=1

Yj .

Then for any given 0 < ε < 1, there exist C = C(ε) > 0, N0 =
N0(ε), x0 = x0(ε), such that for any N � N0, x0 � x � N

1/2
1 /N1/(2+δ),

P

{
max

1�n�N
max

1�k�N1
|Tn+k − Tn|/σnN1 � (1 + ε)x

}
� CN

N1
e−x2/2.

Proof. Let ε > 0 be given. Define mr = [N1/r] and nr = [N/mr + 1]
for a large positive r to be specified later. Then, by the fact that EX2

j �(
E|Xj |2+δ

)2/(2+δ)

� D2/(2+δ), for any n ∈ ((j − 1)mr, jmr],

σ2
n,N1

σ2
jmr ,N1

� 1 +
mrD

2/(2+δ)

N1σ2
� (1 + ε/10)2,

provided r is large enough. Similarly, we can prove the same inequality

when
σ2

n,N1
σ2

jmr,N1

is replaced by
σ2

jmr,N1
σ2

n,N1

or jmr is replaced by (j − 1)mr.

Therefore, we have

max
1�n�N

max
1�k�N1

|Tn+k − Tn|/σn,N1

� (1 + ε/10) max
1�j�nr

max
1�k�N1

|Tjmr+k − Tjmr
|/σjmr ,N1

+(1 + ε/10) max
1�j�nr

max
1�k�mr

|Tjmr−k − Tjmr
|/σ(j−1)mr,N1 .

Thus,

P{ max
1�n�N

max
1�k�N1

|Tn+k − Tn|/σnN1 � (1 + ε)x}

�P

{
max

1�j�nr

max
1�k�N1

|Tjmr+k − Tjmr
|/σjmr,N1 �

(
1 +

1
3
ε

)
x

}

+P

{
max

1�j�nr

max
1�k�mr

|Tjmr−k − Tjmr
|/σ(j−1)mr,N1 � 1

3
εx

}
. (31)
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By sharpened Kolmogorov upper bound (see 7.7.c) with c = MN1/(2+δ)/

σjmr,N1 < Mσ−1N1/(2+δ)N
−1/2
1 , for x � N

1/2
1 N−1/(2+δ),

P

{
max

1�j�nr

max
1�k�N1

|Tjmr+k − Tjmr
|/σjmr,N1 �

(
1 +

1
3
ε

)
x

}

�
nr∑

j=1

P

{
max

1�k�N1
|Tjmr+k − Tjmr

|/σjmr,N1 �
(

1 +
1
3
ε

)
x

}

�nr exp

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
−

x2

(
1 +

1
3
ε

)2

2

(
1 − 1

3
(M/σ)1−δeM/δDσ−(2+δ)N

−δ/2
1

)
⎫⎪⎪⎪⎬
⎪⎪⎪⎭

�C1rNN−1
1 exp

(
−x2

2

)
, (32)

for all large N so that (1+ 1
3
ε)2(1− 1

3
(M/σ)1−δeM/δDσ−(2+δ)N

−δ/2
1 ) � 1.

Note that σjmr,mr
� √

mrD
1/(2+δ). By taking r so large that

εσjmr ,N1

3σjmr,mr

� εσ
√

N1

3
√

mrD1/(2+δ)
� εσ

√
r

3D1/(2+δ)
� 1 +

1
3
ε,

and using the same argument as in the proof of (32), we have

P

{
max

1�j�nr

max
1�k�mr

|Tjmr−k − Tjmr
|/σ(j−1)mr ,N1 � 1

3
ε

}

�
nr∑

j=1

P

{
max

1�k�mr

|Tjmr−k − Tjmr |/σ(j−1)mr,mr
�

εxσ(j−1)mr ,N1

3σ(j−1)mr,mr

}

�
nr∑

j=1

P

{
max

1�k�mr

|Tjmr−k − Tjmr
|/σ(j−1)mr,mr

�
(

1 +
1
3
ε

)
x

}

�C2rNN−1
1 exp

(
−x2

2

)
. (33)

The desired inequality then follows by substituting (32) and (33) into
(31).

7.10 Tail Probability of Weighted Sums

Let {Xn, n � 1} be a sequence of i.i.d. r.v.’s with P (X1 = 1) = P (X1 =
−1) = 1/2, the so-called Bernoulli (or Rademacher) sequence, {αn, n �
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1} be a sequence of real numbers with a ≡
( ∞∑

n=1
α2

n

)1/2

< ∞. Then for

any x > 0,

P

{∣∣∣∣∣
∞∑

n=1

αnXn

∣∣∣∣∣ � x

}
� 2 exp(−x2/2a2).

If there exists a constant K > 0 satisfying x � Ka and xmax
n�1

|αn| �

K−1a2, then

P

{∣∣∣∣∣
∞∑

n=1

αnXn

∣∣∣∣∣ � x

}
� exp(−Kx2/a2).

Proof. The first inequality is shown by noting that for any t > 0,

E exp

(
t

∞∑
n=1

αnXn

)
�

∞∏
n=1

exp
(

t2

2
α2

n

)
= exp

(
t2a2

2

)
.

And the second one can be deduced from 7.9.a.
Remark. Let {Yn, n � 1} be a sequence of r.v.’s. We may consider
the sum

∑
XnYn instead of

∑
Yn, where {Xn} is a Bernoulli sequence

independent of {Yn}. The two sums have the same d.f. As the first step,
one investigates

∑
XnYn given {Yn} conditionally.
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Chapter 8

Moment Inequalities Related to One

or Two Variables

In this chapter, we shall introduce some important moment inequali-
ties, such as Hölder, Cauchy-Schwarz and Jensen inequalities. These
inequalities not only frequently used in research works, but also help
to embedding random variables into some linear spaces so that many
probabilistic problems can be understood and analyzed geometrically.

The following moment inequalities are given by the expectation E(·),
but they are also true if we replace E(·) by the conditional expectation
E(·|A ).

8.1 Moments of Truncation

For any positive numbers r and C,

E|XI(|X| � C)|r � E|X|r.
Proof.

E|X|r =
∫

P{|Xr > x} dx

�
∫

P{|X|rI(|X| � C) > x} dx = E|XI(|X| � C)|r.

8.2 Exponential Moment of Bounded Variables

If X � 1 a.s., then

E(expX) � exp(EX + EX2).

Proof. The inequality follows from the elementary inequality

ex � 1 + x + x2 for all x � 1.

Z. Lin et al., Probability  Inequalities

© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010
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8.3 Hölder Type Inequalities

8.3.a (Hölder inequality). For p > 1 and q > 1 with 1
p

+ 1
q

= 1,

E|XY | � (E|X|p) 1
p (E|Y |q) 1

q .

Proof. We may assume that 0 < E|X|p, E|Y |q < ∞, since the inequal-
ity is trivial otherwise. Note that − log x is a convex function on (0,∞).
Hence, for a, b > 0 we have

− log
(

ap

p
+

bq

q

)
� −1

p
log ap − 1

q
log bq = − log ab,

or equivalently

ab � ap

p
+

bq

q
, 0 � a, b � ∞.

Thus

E(|X|/(E|X|p)1/p)(|Y |/(E|Y |q)1/q)

� 1
p
E(|X|/(E|X|p)1/p)p +

1
q
E(|Y |/(E|Y |q)1/q)q

=
1
p

+
1
q

= 1,

which implies the desired inequality.

8.3.b (Cauchy-Schwarz inequality).

E|XY | � (EX2)1/2(EY 2)1/2.

Proof. Let p = q = 2 in the Hölder inequality.

8.3.c (Lyapounov inequality). Put βp = E|X|p. For 0 � r � s � t,

βt−r
s � βt−s

r βs−r
t .

Proof. Let p = t−r
t−s

, q = t−r
s−r

and let X and Y in 8.3.a be replaced by

|X| t−s
t−r r and |X| s−r

t−r t respectively.

Remark. From Lyapounov’s inequality, we have

log βs � t − s

t − r
log βr +

s − r

t − r
log βt.
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That is to say, log βs is a convex function in s.
8.3.d (a generalization of Hölder’s inequality). For 0 < p < 1 and
q = −p/(1 − p),

E|XY | � (E|X|p)1/p(E|Y |q)1/q.

Proof. Put X
′
= |XY |p, Y

′
= |Y |−p. Then by the Hölder inequality

E|X|p = EX
′
Y ′ � (EX

′1/p)p(EY
′1/(1−p))1−p = (E|XY |)p(E|Y |q)1−p,

which implies the desired inequality.

8.4 Jensen Type Inequalities

8.4.a (Jensen inequality). Let g be a convex function on R. Suppose
that expectations of X and g(X) exist. Then

g(EX) � Eg(X).

Equality holds for strictly convex g if and only if X = EX a.s.
Proof. We need the following property of a convex function on R: for
any x and y,

g(x) � g(y) + (x − y)g′r(y), (34)

where g′r is the right derivative of g (c.f., e.g., Hardy et. al. (1934,
91-95)). Let x = X, y = EX in the above inequality. We obtain

g(X) � g(EX) + (X − EX)g′r(EX).

Taking expectation yields the desired inequality.
When g is strictly convex, g′r is strictly increasing. If X = EX a.s.,

Eg(X) = g(EX), obviously. On the contrary, if Eg(X) = g(EX), by
letting x = EX, y = X in (34), we obtain

E(EX − X)g′r(X) = 0 ⇒ E(EX − X)(g′r(X) − g′r(E(X))) = 0,

which implies that X = EX a.s.
8.4.b (monotonicity of Lr-norm——consequence of the Jensen inequal-
ity). For any 0 < r � s,

(E|X|r)1/r � (E|X|s)1/s.
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In particular, for any p � 1,

E|X| � (E|X|p)1/p.

Proof. Take g(x) = |x|s/r and replace X by |X|r in the Jensen inequal-
ity.
Remark. This inequality shows that β

1/s
s is an increasing function in

s.
8.4.c (arithmetic-geometric inequality). Let X be a non-negative r.v.,
then

EX � exp{E log X}.
Unless X is a degenerate r.v. or E log X = ∞, the inequality is strict.
Proof. Apparently we only need to consider the case where EX < ∞.
The inequality is a direct consequence of 8.4.a, setting g as: when x > 0,
g(x) = − log x; when x � 0, g(x) = ∞.
Remark. A formal generalization of the inequality above is: let X be
a non-negative r.v., then

(EXr)1/r � exp{E log x}, r � 1;

(EXr)1/r � exp{E log x}, 0 < r < 1.

8.5 Dispersion Inequality of Censored Variables

Put Y = aI(X < a) + XI(a � X � b) + bI(X > b) (−∞ � a < b � ∞).
Then, if E|X| < ∞, for 1 � p < ∞,

E|X − EX|p � E|Y − EY |p.
Proof. Put α(t) = a∨ (t∧ b) and β(t) = t−α(t)−EX +Eα(X), where
both are nondecreasing in t. By inequality (34) for a convex function
used in 8.4.a with g(x) = |x|p, we have

|X − EX|p � |α(X) − Eα(X)|p + β(X)g
′
r(α(X) − Eα(X)).

Since both g
′
r(α(t) − Eα(X)),and β(t) are nondecreasing,

Eβ(X)g
′
r(α(X) − Eα(X)) � Eβ(X)Eg

′
r(α(X) − Eα(X)) = 0.

Taking expectation in the above two inequalities yields the desired con-
clusion.
Remark. As a consequence, we have Var X+ � Var X, Var X− � Var
X.
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8.6 Monotonicity of Moments of Sums

If X and Y are two r.v.’s with E|X|r < ∞, E|Y |r < ∞, r � 1, and
E(Y |X) = 0 a.s., then

E|X + Y |rIA � E|X|rIA,

where A is a event defined on X. In particular, if, in addition, X and Y

are independent with EY = 0, then

E|X + Y |r � E|X|r. (35)

Proof. The desired inequality follows from the following (conditional)
Jensen inequality,

|X|rIA = |E((X + Y )IA|X)|r � E(|X + Y |rIA|X).

Remark. In general, if f(x) is a convex function on [0,∞), then

Ef(|X + Y |IA) � Ef(|X|IA).

This follows from the conditional Jenssen inequality f(|X|IA) =
f(|E((X + Y )IA|X)|) � E[f(|X + Y |IA)|X].

8.7 Symmetrization Moment Inequalities

Let X and X ′ be iid. r.v.’s satisfying E|X|r < ∞ for some r.
8.7.a. 1

2E|X − X ′|r � E|X|r for 0 < r � 2.

Proof. For the case of r = 2 the inequality is trivial. If 0 < r < 2,
denote the d.f. and c.f. of X by F (x) and f(t) respectively. We have
the formula

|x|r = K(r)
∫

(1 − cos xt)/|t|r+1dt, 0 < r < 2,

where x is a real number and

K(r) =
(∫

1 − cos u

|u|r+1
du

)−1

=
Γ(r + 1)
π

sin
rπ

2
.

Then

E|X|r =
∫

|x|rdF (x) = K(r)
∫ ∫

1 − cos xt

|t|r+1
dtdF (x)

=K(r)
∫

1 − Ref(t)
|t|r+1

dt. (36)
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Using this and the identity 2(1−Ref(t)) = (1−|f(t)|2)+ |1− f(t)|2, we
obtain

E|X|r =
1
2
E|X − X

′ |r +
1
2
K(r)

∫ |1 − f(t)|2
|t|r+1

dt, 0 < r < 2,

which implies the desired inequality.
8.7.b. For any a,

1
2
E|X − mX|r � E|X − X ′|r � 2crE|X − a|r for r > 0.

Proof. By the elementary inequality |α + β|r � cr(|α|r + |β|r), where
cr = 1 or 2r−1 in accordance with r � 1 or not, we have

E|X − X ′|r =E|(X − a) − (X ′ − a)|r � cr(E|X − a|r + E|X ′ − a|r)
=2crE|X − a|r.

This is the RHS. As for the LHS, it is trivial if E|X −X ′|r = ∞. Then,
according to the inequality just proven (with a = mX), E|X −mX|r =
∞. Thus we can assume that E|X − X ′|r < ∞. Let

q(x) = P{|X − mX| � x} and qs(x) = P{|X − X
′ | � x}.

By the weak symmetrization inequality 5.3.a, q(x) � 2qs(x). Therefore
it follows, upon integration by parts, that

E|X − mX|r =
∫ ∞

0

rxr−1q(x)dx � 2
∫ ∞

0

rxr−1qs(x)dx = 2E|X − X ′|r

as desired.

8.8 Kimball Inequality

Let u(x) and v(x) be both nonincreasing or both nondecreasing func-
tions. Then

Eu(X)Ev(X) � E(u(X)v(X)),

if the indicated expectations exist.
Proof. We use the Hoeffding lemma.

Cov(u(X), v(X)) =
∫ ∫

{P (u(X) < s, v(X) < t)

−P (u(X) < s)P (v(X) < t)}dsdt. (37)
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Since u(x) and v(x) are both nonincreasing or both nondecreasing, we
have

P (u(X) < s, v(X) < t)=min{P (u(X) < s), P (v(X) < t)}
�P (u(X) < s)P (v(X) < t).

Inserting it into (37) yields the desired inequality.

8.9 Exponential Moment of Normal Variable

Let 1 � p < 2, X be a standard normal r.v. Then,

exp(t
2

2−p βp) � E exp(t|X|p)
� exp

{
tδp + t

2
2−p βp + t

3
2

9
(2 − p)2

}

∧ exp{(1 + ε)tδp + t
2

2−p (βp + c(ε, p))}

for each t > 0, ε > 0 where

δp = E|X|p, βp = p
p

2−p
2 − p

2
, c(ε, p) =

(
18

2 − p

) 8
2−p

(
1
ε

) 3p−2
2−p

.

Proof. Let f(x) = exp(−1
2
x2 + txp). It is clear that f(x) is increasing

on (0, (pt)1/(2−p)) and decreasing on ((pt)1/(2−p),∞). Hence we have

f(x)� exp{t(pt)p/(2−p) − 1
2
(pt)2/(2−p)}

=exp(t
2

2−p βp) for 0 � x � (pt)1/(2−p),

f(x + (pt)
1

2−p )

=exp
{

t(pt)
p

2−p

(
1 +

x

(pt)1/(2−p)

)p

− 1
2
(x + (pt)

1
2−p )2

}

� exp
{

t(pt)
p

2−p

(
1 +

px

(pt)1/(2−p)
+

p(p − 1)x2

2(pt)2/(2−p)

)
− 1

2
(x + (pt)

1
2−p )2

}

=exp(t
2

2−p βp) exp
(
−2 − p

2
x2

)
for x > 0.

Moreover we have

ex � 1 + x +
1
2
x3/2ex for x � 0.



8.9 Exponential Moment of Normal Variable 91

If pt � 1, by the above three inequalities we have

E exp(t|X|p) � 1 + tE|X|p +
t3/2

2
E|X|3p/2et|X|p

=1 + tδp +

√
2
π

t3/2

{∫ (pt)1/(2−p)

0

x3p/2f(x)dx

+
∫ ∞

0

(x + (pt)1/(2−p))3p/2f(x + (pt)1/(2−p))dx

}

=1 + tδp +

√
2
π

t3/2 exp(t2/(2−p)βp)

·
{

1 + 23p/2−1

∫ ∞

0

(1 + x3p/2) exp
(
−2 − p

2
x2

)
dx

}

�1 + tδp + t3/2 exp(t2/(2−p)βp)
(

1 +
2

(2 − p)1/2
+

6
(2 − p)3p/4+1/2

)

�1 + tδp +
9t3/2

(2 − p)2
exp(t2/(2−p)βp)

� exp
{

tδp + t2/(2−p)βp +
9t3/2

(2 − p)2

}
.

Similarly, for pt > 1, we have

E exp(t|X|p)

=
2√
2π

{∫ (pt)1/(2−p)

0

f(x)dx +
∫ ∞

0

f(x + (pt)1/(2−p))dx

}

� exp(t2/(2−p)βp)
{

(pt)1/(2−p) +
2√
2π

∫ ∞

0

exp
(
−2 − p

2
x2

)
dx

}
=exp(t2/(2−p)βp){(pt)1/(2−p) + (2 − p)−1/2}
� exp

{
t2/(2−p)βp +

2
3(2 − p)

log (pt)3/2 +
1
2

log
1

2 − p

}

� exp
{

t2/(2−p)βp +
2(pt)3/2

3(2 − p)
+

(pt)3/2

2(2 − p)

}

� exp
{

t2/(2−p)βp +
8

2 − p
t3/2

}

� exp
{

t2/(2−p)βp + tδp +
9

(2 − p)2
t3/2

}
.
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By these two inequalities we obtain

E exp(t|X|p) � exp
{

tδp + t2/(2−p)βp + t3/2 9
(2 − p)2

}
.

Now we show another upper bound. Noting that δp � (E|X|)p =
(
√

2/π)p � 1/2, we have

9
(2 − p)2

t3/2 � εt

2
+

9
(2 − p)2

(
18

ε(2 − p)2

) 4
2−p−3

t
2

2−p

� εδpt +
(

18
2 − p

) 8
2−p

(
1
ε

) 3p−2
2−p

βpt
2

2−p ,

which, in combination with the first upper bound, implies the second
one.

Consider the lower bound. We have

E exp(t|X|p)

=
2√
2π

∫ (pt)
1

2−p

0

exp
(

txp − x2

2

)
dx +

2√
2π

∫ ∞

(pt)
1

2−p

exp
(

txp − x2

2

)
dx

� 2√
2π

∫ (pt)
1

2−p

0

exp

{
t(pt)

p
2−p

(
1 − x

(pt)
1

2−p

)p

− 1
2

(
(pt)

1
2−p − x

)2
}

dx

+
2√
2π

exp
(
t(pt)

p
2−p

) ∫ ∞

(pt)
1

2−p

exp
(
−1

2
x2

)
dx.

Hence, noting that for 0 � x � (pt)1/(2−p),

t(pt)
p

2−p

(
1 − x

(pt)1/(2−p)

)p

− 1
2
((pt)1/(2−p) − x)2

� t(pt)
p

2−p

(
1 − px

(pt)1/(2−p)

)
− 1

2
((pt)1/(2−p) − x)2

= t
2

2−p βp − 1
2
x2.
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We conclude that

E exp(t|X|p)� 2√
2π

exp(t
2

2−p βp)
∫ (pt)1/(2−p)

0

exp
(
−x2

2

)
dx

+
2√
2π

exp(t
2

2−p p
p

2−p )
∫ ∞

(pt)
1

2−p

exp
(
−x2

2

)
dx

� exp(t
2

2−p βp),

as desired.
See Csáki, Csörgő and Shao (1995).

8.10 Inequalities of Nonnegative Variable

Let X be a nonnegative r.v.
8.10.a. Let d > 0 be an integer. The following are equivalent:

(i) There is a K > 0 such that for any p � 2,

(EXp)1/p � Kpd/2(EX2)1/2.

(ii) For some t > 0,

E exp(tX2/d) < ∞.

Proof. The equivalence is obtained via the Taylor expansion of the
exponential function in (ii).
8.10.b. Let a and b be positive numbers. The following are equivalent:

(1) There is a K > 0 such that for any x > 0,

P{X > K(b + ax)} � K exp(−x2/K).

(2) There is a K > 0 such that for any p � 1,

(EXp)1/p � K(b + a
√

p).

Proof. (1)⇔(ii) with d = 1 ⇔(i) with d = 1 ⇔(2).
8.10.c (Tong). If EXk < ∞, then

EXk � (EXk/r)r � (EX)k + (EXk/r − (EX)k/r)r (38)

holds for all k > r � 2; a special form is
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EXk � (EX)k + (VarX)k/2. (39)

Equality holds if and only if X = EX a.s.
Proof. The first inequality in (38) follows from Lyapounov’s inequal-
ity 8.3.c while the second in (38) follows from the following elementary
inequality: for any a > b > 0,

(a + b)r − ar = rbξr−1 � br for any r � 1, (40)

where ξ � a > b.
The inequality (39) immediately follows from (38) with r = k/2. By

8.4.a, the equality signs hold if and only if X = EX a.s.

8.11 Freedman Inequality

Let X be a r.v. with |X| � 1, EX = 0 and σ2 = EX2, λ be a positive
number. Then

exp{(e−λ − 1 + λ)σ2} � E exp(λX) � exp{(eλ − 1 − λ)σ2}.

Proof. We first prove the RHS inequality. By Taylor’s expansion,

E exp(λX)=1 +
1
2
λ2σ2 +

∞∑
k=3

λk

k!
EXk � 1 +

1
2
λ2σ2 +

∞∑
k=3

λk

k!
σ2

� exp
( ∞∑

k=2

λk

k!
σ2

)
= exp

(
σ2(eλ − 1 − λ)

)
.

Next, we show the LHS inequality. To this end, set

g(λ) = EeλX − exp
(
σ2(e−λ − 1 + λ)

)
.

It is easy to verify that

g′(λ)=EXeλX − σ2(1 − e−λ) exp
(
σ2(e−λ − 1 + λ)

)
,

g′′(λ)=EX2eλX −
(
σ2e−λ − σ4(1 − e−λ)2

)
exp

(
σ2(e−λ − 1 + λ)

)
.

Note that g(0) = g′(0) = g′′(0) = 0. To show g(λ) � 0 for all λ > 0, we
only need to show that g′′(λ) � 0 for all λ > 0.
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Noticing X � −1 and thus EX2eλX −σ2e−λ = EX2(eλX − e−λ) � 0
for all λ > 0, we only need to show that

σ2e−λ −
(
σ2e−λ − σ4(1 − e−λ)2

)
exp

(
σ2(e−λ − 1 + λ)

)
� 0.

This is equivalent to

h(λ) ≡ exp
( − σ2(e−λ − 1 + λ)

) − (
1 − σ2(1 − e−λ)2eλ

)
� 0. (41)

It is easy to verify that

h′(λ)=σ2(e−λ − 1) exp
( − σ2(e−λ − 1 + λ)

)
+ σ2(eλ − e−λ)

�σ2(1 − e−λ)
(
1 − exp

( − σ2(e−λ − 1 + λ)
))

� 0,

where the last step follows from the fact that e−λ − 1 + λ > 0 for all
λ > 0. (41) follows from the above and h(0) = 0. Consequently, the
proof of the LHS inequality is complete.

8.12 Exponential Moment of Upper Truncated Vari-

able

Let X be a r.v. with EX = 0. Let a > 0 and 0 � α � 1. Then for any
t � 0, we have

E exp{tXI(X � a)} � exp
{

t2

2
EX2 +

t2+αetaE|X|2+α

(α + 1)(α + 2)

}
.

Proof. For u � u0, we have

eu − 1 − u − 1
2
u2 =

∫ u

0

∫ s

0

(ew − 1)dwds �
∣∣∣∣
∫ u

0

∫ s

0

|w|αeu0dwds

∣∣∣∣
=

|u|2+αeu0

(α + 1)(α + 2)
.

Thus

E exp{tXI(X � a)}
=1 + tEXI(X � a) +

t2

2
EX2I(X � a) +

t2+αetaE|X|2+α

(α + 1)(α + 2)

�1 +
t2

2
EX2 +

t2+αetaE|X|2+α

(α + 1)(α + 2)

� exp
{

t2

2
EX2 +

t2+αetaE|X|2+α

(α + 1)(α + 2)

}
,
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as desired.
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Chapter 9

Moment Estimates of (Maximum

of) Sums of Random Variables

Limiting properties of partial sums of a sequence of random variables
form one of the largest subjects of probability theory. Therefore, mo-
ment estimation of the (maximal) sum of random variables is very impor-
tant in the research of limiting theorems. In this chapter, we introduce
some most important inequalities, such as von Bahr-Esseen, Khintchine,
Marcinkiewics-Zygmund-Berkholder inequalities. Proofs of such inequal-
ities are rather involved. Some simpler proofs will be provided in this
Chapter. For those with complicated proofs, the references will be given
therein.

9.1 Elementary Inequalities

Let X1, · · · , Xn be r.v.’s and Sn =
n∑

j=1

Xj .

9.1.a. cr-inequality

E |Sn|r � cr

n∑
i=1

E|Xi|r,

where cr = 1 or nr−1 according whether 0 < r � 1 or r > 1.

Proof. We use the method of probability to prove the desired inequality.
First put r > 1. Let ξ be a r.v. which has values a1, · · · , an in equal
probability, then

E|ξ| =
1
n

n∑
i=1

|ai|, E|ξ|r =
1
n

n∑
i=1

|ai|r.

Using the Jensen inequality, we can easily obtain

Z. Lin et al., Probability  Inequalities

© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010
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1
nr

(
n∑

i=1

|ai|
)r

� 1
n

n∑
i=1

|ai|r.

When 0 < r � 1, it is only necessary to prove for the situation where
a1, · · · , an not all equals 0. Here

|ak|
/ n∑

i=1

|ai| � |ak|r
/ (

n∑
i=1

|ai|
)r

, k = 1, · · · , n.

By adding all the inequalities above we can obtain the desired inequality.
9.1.b. Let 1 � r � 2. If X1, · · · , Xn are independent and symmet-
ric r.v.’s (or, more generally, the conditional d.f. of Xj+1 given Sj is
symmetric, 1 � j � n − 1), then

E|Sn|r �
n∑

j=1

E|Xj |r. (42)

Proof. The inequality is trivial when n = 1. We shall prove the in-
equality by induction. Fix m, 1 � m < n and let fm(t) be the c.f. of
Xm+1 (in the general case, fm(t) = E(exp(itXm+1)|Sm)). According to
the symmetry assumption, fm(t) is real. The conditional c.f. of Sm+1

given Sm is exp(itSm)fm(t). Applying (36), we have

E(|Sm+1|r|Sm) = K(r)
∫

1 − cos(tSm)fm(t)
|t|r+1

dt a.s.

But

1 − cos(tSm)fm(t)

= (1 − cos(tSm)) + (1 − fm(t)) − (1 − cos(tSm))(1 − fm(t))

� (1 − cos(tSm)) + (1 − fm(t)).

Therefore

E(|Sm+1|r|Sm)�K(r)
∫

1 − cos(tSm)
|t|r+1

dt + K(r)
∫

1 − fm(t)
|t|r+1

dt

= |Sm|r + E(|Xm+1|r|Sm).

Taking expectation, we obtain E|Sm+1|r � E|Sm|r + E(|Xm+1|r). The
inequality is thus proved by induction.
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9.2 Minkowski Type Inequalities

9.2.a (Minkowski inequality).⎛
⎝E

∣∣∣∣∣∣
n∑

j=1

Xj

∣∣∣∣∣∣
r⎞
⎠

1/r

�
n∑

j=1

(E|Xj |r)1/r for r � 1;

⎛
⎝E

⎛
⎝ n∑

j=1

|Xj |
⎞
⎠

r⎞
⎠

1/r

>
n∑

j=1

(E|Xj |r)1/r for 0 < r < 1.

Proof. Clearly, it is enough to consider the case where n = 2. Let r > 1.
By the Hölder inequality 8.3.a,

E|X1 + X2|r �E(|X1||X1 + X2|r−1) + E(|X2||X1 + X2|r−1)

� ((E|X1|r)1/r + (E|X2|r)1/r)(E|X1 + X2|r)(r−1)/r.

Dividing both sides by (E|X1 + X2|r)(r−1)/r yields the first inequality.
Similarly we can prove the second one by using 8.3.d instead of 8.3.a.

Remark. If fact, when r � 1, (E|X|r)1/r can be regarded as a norm of
X. Therefore, the first inequality is just a consequence of the triangular
inequality.
9.2.b (companion to the Minkowski inequality).

E

⎛
⎝ n∑

j=1

|Xj |
⎞
⎠

r

�
n∑

j=1

E|Xj |r for r � 1;

E

⎛
⎝ n∑

j=1

|Xj |
⎞
⎠

r

<

n∑
j=1

E|Xj |r for 0 < r < 1.

Proof. Noting that for r � 1, |Xj |
/(

n∑
k=1

|Xk|r
)1/r

� 1 for each j =

1, · · · , n, we have

n∑
j=1

|Xj |
/ (

n∑
k=1

|Xk|r
)1/r

�
n∑

j=1

|Xj |r
/ (

n∑
k=1

|Xk|r
)

= 1,

which implies the first inequality. The second inequality can be seen from
the fact that the above inequality has a inverse direction if 0 < r < 1.
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9.3 The Case 1 � r � 2

9.3.a (von Bahr-Esseen). Let 1 � r � 2 and Dr ≡ (13.52/(2.6r)r)Γ(r)
sin(rπ/2) < 1. If X1, · · · , Xn are independent r.v.’s with EXj = 0, j =
1, · · · , n, then

E|Sn|r � (1 − Dr)−1
n∑

j=1

E|Xj |r.

Proof. By simple calculations it follows that for any real number a,

|1 − eia + ia| � 1.3|a|, |1 − eia + ia| � 0.5a2.

Multiplying the (2 − r)th power of the first inequality by the (r − 1)th
power of the second one, we have |1 − eia + ia| � (3.38/(2.6)r)|a|r. Let
X be a r.v. with d.f. F (x), c.f. f(t), EX = 0 and βr ≡ E|X|r < ∞.

Then

|1 − f(t)|=
∣∣∣∣
∫

(1 − eitx + itx)dF (x)
∣∣∣∣

� (3.38/(2.6)r)βr|t|r, −∞ < t < ∞, 1 � r � 2,

which implies that

J ≡
∫ |1 − f(t)|2

|t|r+1
dt

�2
(

3.38
(2.6)r

βr

)2 ∫ b

0

t2r

tr+1
dt + 2

∫ ∞

b

4
tr+1

dt

=
2
r

{(
3.38

(2.6)r
βr

)2

br +
4
br

}
.

Choosing b so that this expression is a minimum, we obtain

J � (27.04/(2.6r)r)βr. (43)

Then, by (36) we conclude that

E|X|r � (2(1 − Dr))−1E|X − X
′ |r, (44)

where X ′ denotes an independent copy of X, i.e. X and X
′
are i.i.d.

Consider the random vector (X1, · · · , Xn), and let (X ′
1, · · · , X ′

n) be

its independent copy. Put S′
n =

n∑
j=1

X ′
j . By (43), 9.1.b and 8.7.a, we
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obtain

E|Sn|r � (2(1 − Dr))−1E|Sn − S′
n|r

� (2(1 − Dr))−1
n∑

j=1

E|Xj − X ′
j |r

� (1 − Dr)−1
n∑

j=1

E|Xj |r.

9.3.b (Chatterji). Let 1 � r � 2. If E(Xj+1|Sj) = 0 a.s. for j =
1, · · · , n − 1 (in particular, if X1, · · · , Xn is a martingale difference se-
quence), E|Xj |r < ∞, j = 1, · · · , n, then

E|Sn|r � 22−r
n∑

j=1

E|Xj |r.

Proof. The cases r = 1, 2 are trivial. Consider the case where 1 < r < 2.

Noting that α ≡ supx{|1 + x|r − 1 − rx}/|x|r is finite, we have the
elementary inequality

|a + b|r � |a|r + r|a|r−1 · sgn(a)b + α|b|r

for real numbers a and b. Note also that α � 1. Integrating the inequality
with a = Sn−1 and b = Xn, we obtain

E|Sn−1 + Xn|r � E|Sn−1|r + αE|Xn|r.

The required inequality follows by induction.

9.4 The Case r � 2

Let r � 2 and X1, · · · , Xn be a martingale difference sequence. Then

E|Sn|r � Crn
r/2−1

n∑
j=1

E|Xj |r, (45)

where Cr = (8(r−1)max(1, 2r−3))r. If X1, · · · , Xn are independent r.v.’s
with zero means, then Cr can be replaced by C

′
r = 1

2r(r − 1)max(1,

2r−3)(1 + 2r−1D
(r−2)/2m
2m ), where D2m =

m∑
j=1

j2m−1/(j − 1)!, and the

integer m satisfies 2m � r < 2m + 2.



102 Chapter 9 Moment Estimates of (Maximum of) Sums of Random · · ·

Proof. Put γrn = E|Xn|r, βrn = 1
n

n∑
j=1

γrj . The inequality clearly holds

when r = 2 or βrn = ∞. Suppose r > 2 and βrn < ∞.
Consider the martingale difference case first. Write

r0 = sup{r̃ ∈ [2, r]; (45) is true for r̃}.
We first claim that (45) is true for r0. In fact, suppose that rm ↑ r0

such that (45) holds for each rm. Then, since |Sn|rm is bounded by the
integrable function 1 + |Sn|r for all m, we have

E|Sn|r0 = lim
m→∞E|Sn|rm � lim

m→∞Crm
nrm/2βrmn = Cr0n

r0/2βr0n.

Next, we claim that r0 = r. If not, i.e., r0 < r. Then, we can
choose r2 ∈ (r0, r) and define r1 = r0 + 2(1 − r0/r2). Then, we have
r0 < r1 < r2 < r. We may assume that r2 is close to r0 so that r2 � 2r1

and
γ1/r2

r2n � 2γ1/r1
r1n .

Now, we begin to derive a contradiction that (45) holds for r1. By
Taylor’s expansion,

|Sn|r1 = |Sn−1|r1 + r1sgn(Sn−1)|Sn−1|r1−1Xn

+
1
2
r1(r1 − 1)|Sn−1 + θXn|r1−2X2

n,

where 0 < θ < 1. Noting that

|Sn−1 + θXn|r1−2 � max(1, 2r1−3)(|Sn−1|r1−2 + |Xn|r1−2),

we obtain

Δn ≡ E(|Sn|r1 − |Sn−1|r1) � 1
2
r1δr1(E|Sn−1|r1−2X2

n) + γr1n), (46)

where δr1 = (r1 − 1)max(1, 2r1−3). By the Hölder inequality, we have

E(|Sn−1|r1−2X2
n) � (E|Sn−1|r0)(r2−2)/r2(E|Xn|r2)2/r2 . (47)

By the Lyapounov inequality 8.3.c,

β(r2−2)/r2
r0n =

( 1
n

n∑
j=1

γr0n

)(r2−2)/r2

�
( 1

n

n∑
j=1

γr1/r0
r0n

)r0(r2−2)/(r1r2)

�
( 1

n

n∑
j=1

γr1n

)r0(r2−2)/(r1r2)

= β(r1−2)/r1
r1n .
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By (46) and the hypothesis that (45) holds for r0, it follows that

E(|Sn−1|r1−2X2
n)� (Cr0βr0,n−1(n − 1)r0/2)(r2−2)/r2γ2/r2

r2n

�C(r2−2)/r2
r0

β
(r1−2)/r1
r1,n−1 (n − 1)(r1−2)/2γ2/r2

r2n

�C(r2−2)/r2
r0

β
(r1−2)/r1
r1,n−1 (n − 1)(r1−2)/24γ2/r1

r1n .

Since Cr = (8δr)r, Cr is increasing in r and Cr > 1, hence

C(r2−2)/r2
r0

� C(r2−2)/r2
r1

= Cr1C
−2/r2
r1

� Cr1C
−1/r1
r1

= Cr1(8δr1)
−1.

Therefore we obtain

E(|Sn−1|r1−2X2
n) � Cr1(2δr1)

−1(n − 1)(r1−2)/2β
(r1−2)/r1
r1,n−1 γ2/r1

r1n .

Thus

Δn � 1
2
r1δr1{Cr1(2δr1)

−1(n − 1)(r1−2)/2β
(r1−2)/r1
r1,n−1 γ2/r1

r1n + γr1n}.

We need the following fact: let y1, · · · , yn be non-negative numbers. Put
zn = (y1 + · · · + yn)/n, then, for all x � 1,

n∑
j=2

(j − 1)x−1z
(x−1)/x
j−1 y

1/x
j � nxx−1zn, (48)

see Dharmadhikari et al, (1968). Using this fact we obtain

E|Sn|r1 =
n∑

j=1

Δj

� 1
2
r1δr1{Cr1(2δr1)

−1 · 2r−1
1 nr1/2βr1n + nβr1n}

=
1
2
r1δr1{(r1δr1)

−1Cr1n
r1/2 + n}βr1n.

Noting that (r1δr1)
−1Cr1 > 1 and nr1/2 � n, we see that the second

term in the brackets on the RHS of the above inequality is smaller than
the first. Therefore

E|Sn|r1 � 1
2
r1δr12(r1δr1)

−1Cr1n
r1/2βr1n = Cr1n

r1/2βr1n.

Now the proof is complete for the martingale difference case.
Next suppose that X1, · · · , Xn are independent. We also need only

consider the case r > 2. Let m be the integer such that r − 2 < 2m � r.
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For 1 � p � 2m, let Ap denote the set of all p-tuples k = (k1, · · · , kp)
such that the ki’s are positive integers satisfying k1 + · · ·+kp = 2m. Let

T (i1, · · · , ip) =
∑

(2m)!/(k1! · · · kp!)E(Xk1
i1

· · ·Xkp

ip
),

where the summation is over k ∈ Ap. Then

ES2m
n =

2m∑
p=1

∑∗T (i1, · · · , ip),

where
∑∗ denotes summation over the region 1 � i1 < · · · < ip � n.

If p > m and k ∈ Ap, then min(k1, · · · , kp) = 1. Thus p > m ⇒
T (i1, · · · , ip) = 0. Moreover by Hölder’s inequality

|E(Xk1
i1

· · ·Xkp

ip
)| � γ

k1/2m
2m,i1

· · · γkp/2m
2m,ip

.

Therefore

ES2m
n �

m∑
p=1

∑∗(γ1/2m
2m,i1

+ · · · + γ
1/2m
2m,ip

)2m

�
m∑

p=1

p2m−1
∑∗(γ2m,i1 + · · · + γ2m,ip

)

=
m∑

p=1

p2m−1

(
n − 1
p − 1

) n∑
j=1

γ2m,j

�
m∑

p=1

p2m−1

(
np−1

(p − 1)!

)
nβ2m,n

�D2mnmβ2m,n,

which implies

E|Sn−1|r−2 � (ES2m
n−1)

(r−2)/2m � D
(r−2)/2m
2m (n − 1)(r−2)/2β

(r−2)/2m
2m,n−1 .

Noting that β2m,n−1 � β
2m/r
r,n−1 and γ2n � γ

2/r
rn , from (46) we obtain

Δn =
1
2
rδr(γ2nE|Sn−1|r−2 + γrn)

� 1
2
rδr{D(r−2)/2m

2m (n − 1)(r−2)/2β
(r−2)/r
r,n−1 γ2/r

rn + γrn}.
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Hence, by (48),

E|Sn|r =
n∑

j=1

Δj � 1
2
rδr(D

(r−2)/2m
2m 2r−1nr/2βrn + nβrn)

�C
′
rn

r/2βrn,

as desired.

9.5 Jack-knifed Variance

Let X1, · · · , Xn be independent r.v.’s, S = S(X1, · · · , Xn) be a statistic
having finite second moment. Put S(i) = S(X1, · · · , Xi−1, Xi+1, · · · , Xn)

and S(·) =
n∑

i=1
S(i)/n. Then

E

n∑
i=1

(S(i) − S(·))2 � 1
n

n∑
i=1

VarS(i) � n

n − 1
VarS(·). (49)

Proof. Put μ = ES, Ai = E(S|Xi) − μ and

Aij = E(S|Xi, Xj) − Ai − Aj + μ

etc. Then we have the following ANOVA decomposition:

S(X1, · · · , Xn) = μ +
∑

i

Ai +
∑
i<j

Aij

+
∑

i<j<k

Aijk + · · · + H(X1, · · · , Xn), (50)

where all 2n −1 r.v.’s on the right side have mean zero and are mutually
uncorrelated. In fact, the coefficient of μ on the right side is

1 −
(

n
1

)
+

(
n
2

)
− · · · = (1 − 1)n = 0.

Likewise the coefficient of Ai is (1 − 1)n−1 = 0, the coefficient of Aij is
(1 − 1)n−2 = 0, etc. The last term H(X1, · · · , Xn), itself has first term
S(X1, · · · , Xn), which is the only term not canceling out. This verifies
(50).

First assume μi ≡ ES(i) = 0, i = 1, 2, · · · , n. Put D = (n −
1)

n∑
i=1

VarS(i) − n2VarS(·) and let I, II, III be the three terms, from left
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to right, in (49). We have

I − II = D/n and II − III = D/(n(n − 1)).

We now show that D � 0. From (50) for S(i) with μi = 0 we can write

S(i) =
∑

J

SiJ ,

where J indexes the 2n − 2 nonempty proper subsets of {1, 2, · · · , n}.
For example, with i = 1 and J = {2, 3}, S1J = A23 in (50) for S(1). The
r.v.’s SiJ satisfy

(i) ESiJ = 0;
(ii) SiJ = 0 if i ∈ J ;
(iii) ESiJSi

′
J

′ = 0 if J 
= J
′
. Define S+J =

∑
i

SiJ and notice that

ES+JS+J ′ = 0 for J 
= J
′
. Therefore En2S2

(·) = E
∑
J

S2
+J , and likewise

E(n − 1)
∑
i

S2
(i) = E

∑
J

{(n − 1)
∑
i

S2
iJ}, so

D = E
∑

J

{
(n − 1)

∑
i

S2
iJ − S2

+J

}
.

Letting nJ to be the number of elements in J and S̄J = S+J/(n − nJ ),
we obtain

D = E
∑
J

⎧⎨
⎩(nJ − 1)

∑
i

S2
iJ + (n − nJ )

∑
i	∈J

(SiJ − S̄J )2

⎫⎬
⎭ � 0.

Now if we drop the assumption that μi = 0, II and III are unchanged,
while I is increased by the amount

∑
(μi − μ.)2, μ. =

∑
μi/n. This

completes the proof of the inequality.
See Efron and Stein (1981).

9.6 Khintchine Inequality

Let X1, · · · , Xn be i.i.d. r.v.’s with P (X1 = 1) = P (X1 = −1) = 1
2

and b1, · · · , bn be any real numbers. Then for any r > 0, there exist
constants 0 < Cr � C

′
r < ∞ such that

Cr

⎛
⎝ n∑

j=1

b2
j

⎞
⎠

r/2

� E

∣∣∣∣∣∣
n∑

j=1

bjXj

∣∣∣∣∣∣
r

� C
′
r

⎛
⎝ n∑

j=1

b2
j

⎞
⎠

r/2

.
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Proof. At first, suppose that r = 2k, where k is an integer. Then,

putting Tn =
n∑

j=1

bjXj , we have

ET 2k
n =

∑
Al1,··· ,lj b

l1
i1
· · · blj

ij
EXl1

i1
· · ·X lj

ij
,

where l1, · · · , lj are positive integers with
j∑

u=1
lu = 2k, Al1,··· ,lj = (l1 +

· · · + lj)!/l1! · · · lj !, and 1 � i1 < · · · < ij � n. Since EXl1
i1
· · ·X lj

ij
= 1

when l1, · · · , lj are all even and 0 otherwise,

ET 2k
n =

∑
A2p1,··· ,2pj

b2p1
i1

· · · b2pj

ij
,

where p1, · · · , pj are positive integers with
j∑

u=1
pu = k. Hence

ET 2k
n =

∑ A2p1,··· ,2pj

Ap1,··· ,pj

Ap1,··· ,pj b
2p1
i1

· · · b2pj

ij
� c2ks2k

n ,

where s2
n =

n∑
j=1

b2
j and

c2k =sup
A2p1,··· ,2pj

Ap1,··· ,pj

= sup
(2k)!

(2p1)! · · · (2pj)!
p1! · · · pj !

k!

� sup
2k(2k − 1) · · · (k + 1)

j∏
u=1

2pu(2pu − 1) · · · (pu + 1)
� 2k(2k − 1) · · · (k + 1)

2p1+···+pj

=
2k(2k − 1) · · · (k + 1)

2k
� kk.

Thus, when r = 2k the upper bound is established with C
′
2k � kk. For

r � 2k, we have

(E|Tn|r)1/r � (ET 2k
n )1/2k � c

1/2k
2k sn,

hence the upper bound is obtained with C
′
r � kr/2, where k is the

smallest integer � r/2.
To complete the proof of the Khintchine inequality, it suffices to

establish the lower bound for 0 < r < 2 since otherwise the Khintchine
inequality follows from the fact that (E|Tn|r)1/r � (ET 2

n)1/2. Take
r1, r2 > 0 such that r1 + r2 = 1, rr1 + 4r2 = 2. By the Hölder inequality

s2
n = ET 2

n � (E|Tn|r)r1(ET 4
n)r2 � (E|Tn|r)r1(21/2sn)4r2 .
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Here we have used the property that f(r) = log E|X|r is a convex func-
tion on [0,∞), that can be proved by the Hölder inequality. The above
inequality implies that

(E|Tn|r)r1 � 4−r2s2−4r2
n = 4−r2srr1

n ,

E|Tn|r � 4−r2/r1sr
n,

i.e., the lower bound is obtained for 0 < r < 2 with Cr � 4−r2/r1 =
2−(2−r) and for r � 2 with Cr � 1.

9.7 Marcinkiewicz-Zygmund-Burkholder Type

Inequalities

9.7.a (Marcinkiewicz-Zygmund-Burkholder inequality). Let r � 1, X1,

X2, · · · be independent r.v.’s with EXn = 0, n = 1, 2, · · · , then there
are positive constants ar � br such that

arE

⎛
⎝ n∑

j=1

X2
j

⎞
⎠

r/2

� E|Sn|r � brE

⎛
⎝ n∑

j=1

X2
j

⎞
⎠

r/2

,

arE

⎛
⎝ ∞∑

j=1

X2
j

⎞
⎠

r/2

� sup
n�1

E|Sn|r � brE

⎛
⎝ ∞∑

j=1

X2
j

⎞
⎠

r/2

.

Proof. By 9.1.a and 8.6, E|Sn|r <∞⇐⇒E|Xj|r < ∞, j =1, · · · , n ⇐⇒

E

(
n∑

j=1

X2
j

)1/2

< ∞. Hence the latter may be assumed to be true. Let

{X ′
n, n � 1} be i.i.d. with. {Xn, n � 1} and X∗

n = Xn − X
′
n. Moreover,

let {Vn, n � 1} be a sequence of i.i.d.r.v.’s with P (V1 = 1) = P (V1 =
−1) = 1

2 , which is independent of {Xn, X
′
n, n � 1}. Since

E

⎧⎨
⎩

n∑
j=1

VjX
∗
j |V1, · · · , Vn, X1, · · · , Xn

⎫⎬
⎭ =

n∑
j=1

VjXj,

it follows that for any integer n � 1,

{
n∑

j=1

VjXj ,
n∑

j=1

VjX
∗
j

}
is a two-
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term martingale leading to the first inequality of

E

∣∣∣∣∣∣
n∑

j=1

VjXj

∣∣∣∣∣∣
r

�E

∣∣∣∣∣∣
n∑

j=1

VjX
∗
j

∣∣∣∣∣∣
r

�2r−1E

⎧⎨
⎩

∣∣∣∣∣∣
n∑

j=1

VjXj

∣∣∣∣∣∣
r

+

∣∣∣∣∣∣
n∑

j=1

VjX
′
j

∣∣∣∣∣∣
r⎫⎬
⎭

=2rE

∣∣∣∣∣∣
n∑

j=1

VjXj

∣∣∣∣∣∣
r

. (51)

Applying Khintchine’s inequality 9.6 to E

{∣∣∣∣∣
n∑

j=1
VjXj

∣∣∣∣∣
r ∣∣∣∣∣X1, X2, · · ·

}
,

we obtain

CrE

⎛
⎝ n∑

j=1

X2
j

⎞
⎠

r/2

� E

∣∣∣∣∣∣
n∑

j=1

VjXj

∣∣∣∣∣∣
r

� C
′
rE

⎛
⎝ n∑

j=1

X2
j

⎞
⎠

r/2

,

which, in conjunction with (51), yields

CrE

⎛
⎝ n∑

j=1

X2
j

⎞
⎠

r/2

� E

∣∣∣∣∣∣
n∑

j=1

VjX
∗
j

∣∣∣∣∣∣
r

� 2rC
′
rE

⎛
⎝ n∑

j=1

X2
j

⎞
⎠

r/2

. (52)

By the symmetry of X∗
j ,

E

∣∣∣∣∣∣
n∑

j=1

VjX
∗
j

∣∣∣∣∣∣
r

= E

∣∣∣∣∣∣
n∑

j=1

X∗
j

∣∣∣∣∣∣
r

� 2rE

∣∣∣∣∣∣
n∑

j=1

Xj

∣∣∣∣∣∣
r

.

On the other hand, by Section 8.6,

E

∣∣∣∣∣∣
n∑

j=1

VjX
∗
j

∣∣∣∣∣∣
r

= E

∣∣∣∣∣∣
n∑

j=1

X∗
j

∣∣∣∣∣∣
r

� E

∣∣∣∣∣∣
n∑

j=1

Xj

∣∣∣∣∣∣
r

.

Inserting these two inequalities into (52) yields the first desired inequal-
ity, which implies the second one immediately.

Burkholder (1973) extended the inequalities to the case where (X1,

X2, · · · ) is a martingale difference sequence and r > 1. The proof is
omitted.
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9.7.b (Rosenthal). If {Xk} are independent non-negative, then for r � 1,

E

(
n∑

k=1

Xk

)r

� Kr

((
n∑

k=1

EXk

)r

+
n∑

k=1

EXr
k

)
.

Proof. If r = 1, the equality holds for Kr = 1/2. For the general
case, we need only consider the case where the number of r.v.’s are finite
since the case of infinitely many r.v.’s can be obtained by the monotone
convergence theorem and making the number tend to infinity. At first,
if 1 < r � 2, then by 9.7.a, we have

E

(
n∑

k=1

Xk

)r

�2r−1

((
n∑

k=1

EXk

)r

+ E

(
n∑

k=1

(Xk − EXk)

)r)

�2r−1

⎛
⎝(

n∑
k=1

EXk

)r

+ KrE

(
n∑

k=1

(Xk − EXk)2
)r/2

⎞
⎠

�2r−1

((
n∑

k=1

EXk

)r

+ Kr

(
n∑

k=1

E(Xk − EXk)r

))

�Kr

((
n∑

k=1

EXk

)r

+
n∑

k=1

EXr
k

)
.

Now, let us assume that the inequality holds for all 1 < r � 2p and
some integer p. Consider the case 2p < r � 2p+1. Then, we have

E

(
n∑

k=1

Xk

)r

� 2r−1

((
n∑

k=1

EXk

)r

+ E

(
n∑

k=1

(Xk − EXk)

)r)

� 2r−1

⎛
⎝(

n∑
k=1

EXk

)r

+ KrE

(
n∑

k=1

(Xk − EXk)2
)r/2

⎞
⎠

� 2r−1

( (
n∑

k=1

EXk

)r

+ Kr

( (
n∑

k=1

E(Xk − EXk)2
)r/2

+
n∑

k=1

E(Xk − EXk)r

))

� Kr

⎛
⎝(

n∑
k=1

EXk

)r

+

(
n∑

k=1

EX2
k

)r/2

+
n∑

k=1

EXr
k

⎞
⎠ .
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Here, the last step follows by using the Hölder inequality and

n∑
k=1

EX2
k �

(
n∑

k=1

EXk

)(r−2)/(r−1) (
n∑

k=1

EXr
k

)1/(r−1)

�max

⎧⎨
⎩

(
n∑

k=1

EXk

)2

,

(
n∑

k=1

EXr
k

)2/r
⎫⎬
⎭ .

9.7.c (Rosenthal). If {Xk} is a sequence of independent r.v.’s whose
expectations are 0, then for any r � 2,

E
∣∣∣∑ Xk

∣∣∣r � Cr

((∑
EX2

k

)r/2

+
∑

E|Xk|r
)

.

Proof. From 9.7.a and 9.7.b, we have

E
∣∣∣∑ Xk

∣∣∣r � brE
(∑

X2
k

)r/2

� brKr

((∑
EX2

k

)r/2

+
∑

E|Xk|r
)

.

9.8 Skorokhod Inequalities

Let X1, · · · , Xn be independent r.v.’s with |Xj | � c a.s., j = 1, · · · , n,

for some c > 0.
9.8.a. If the constants α and x are such that 4e2α(x+c)P (|Sn| � x) < 1,

then

E exp(α|Sn|) � e3αx/{1 − 4e2α(x+c)P (|Sn| � x))(1 − P (|Sn| � x))}.
(53)

Proof. Let (X ′
1, · · · , X ′

n) be a random vector which is i.i.d. with (X1,

· · · , Xn), and X∗
j = Xj − X ′

j , j = 1, · · · , n. We have |X∗
j | � 2c a.s.,

j = 1, · · · , n. Put S′
n =

n∑
j=1

X ′
j and S∗

n =
n∑

j=1

X∗
j . Clearly

P (|S∗
n| � 2x) � P (|Sn| � x) + P (|S′

n| � x) = 2P (|Sn| � x).

Hence we have 2e2α(x+c)P (|S∗
n| � 2x) < 1. Then

E exp(α|S∗
n|)� e2αx/(1 − 2e2α(x+c)P (|S∗

n| � 2x))

� e2αx/(1 − 4e2α(x+c)P (|Sn| � x)).

Noting that |Sn| − |S′
n| � |S∗

n|, we have

Eeα|Sn|e−α|S′
n| � e2αx/(1 − 4e2α(x+c)P (|Sn| � x));
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and in addition

Ee−α|S′
n| � e−αx(1 − P (|Sn| � x)).

The two last inequalities imply the desired conclusion.
9.8.b. If P (|Sn| � x) � 1/(8e), then there exists a constant C > 0 such
that

E|Sn|m � Cm!(2x + 2C)m.

Proof. Putting α = 1
2(x+c) and making use of 9.8.a, we obtain

E exp(α|Sn|)� e
3x

2(x+c) /((1 − 1/2)(1 − 1/(8e))

�2e3/2/(1 − 1/(8e)) ≡ C.

Therefore, E(αm|Sn|m/m!) � C, as desired.

9.9 Moments of Weighted Sums

Let X1, · · · , Xn be i.i.d. r.v.’s with EX1 = 0, E|X1|2p+γ < ∞ for some

integer p > 0 and 0 � γ < 2, a1, · · · , an be numbers satisfying
n∑

j=1

a2
j = 1.

Then, when γ = 0,

E

⎛
⎝ n∑

j=1

ajXj

⎞
⎠

2

= EX2
1 , p = 1,

E

⎛
⎝ n∑

j=1

ajXj

⎞
⎠

2p

<

(
3
2

)p−2

(2p − 1)!!EX2p, p � 2;

when 0 < γ < 2,

E

∣∣∣∣∣∣
n∑

j=1

ajXj

∣∣∣∣∣∣
2+γ

<

{
1+2Γ(3+γ)

1
π

(
21−γ

Γ(3+γ)
+

2
γ

+
3

16(2−γ)

)
sin

γ

2
π

}

·E|X1|2+γ , p = 1,

E

∣∣∣∣∣∣
n∑

j=1

ajXj

∣∣∣∣∣∣
2p+γ

<

{
1+2Γ(2p+1+γ)

1
π

(
21−γ

Γ(2p+1+γ)
+

2
γ(2p)!

+
1

(2−γ)(2p+2)!!

(
3
2

)p

+
2

γ(2p)!!

(
3
2

)p−2
)

sin
γ

2
π

}

·E|X1|2p+γ , p � 2.
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The proof can be found in Tao and Cheng (1981).

9.10 Doob Crossing Inequalities

Let (Y1, Y2, · · · , Yn) be a sequence of real numbers, Si =
i∑

j=1

Yj and a < b

be two real numbers. Define τ1 = inf{j � n; Sj < a}. By induction,
define ζk = inf{j ∈ (τk, n]; Sj > b} and τk+1 = inf{j ∈ (ζk, n]; Sj < a},
where we use the convention that inf{j ∈ ∅} = n + 1. Note that both
the τ ’s and ζ’s are stopping times if the sequence (Y ) is random. We
call the largest k such that ζk � n the number of upcrossings over the
interval [a, b]. Similarly, we define the number of downcrossing of the
sequence (Y ) over the interval [a, b] by the number of upcrossings of the
sequence (−Y ) over the interval [−b,−a].
9.10.a (upcrossing inequality). Let {Yj ,Aj , 1 � j � n} be a submartin-
gale, a < b be real numbers. Put ν

(n)
ab as the number of upcrossings of

[a, b] by (Y1, · · · , Yn). Then

Eν
(n)
ab � 1

b − a
(E(Yn − a)+ − E(Y1 − a)+) � 1

b − a
(EY +

n + |a|).

Proof. Consider first the case where Yj � 0 for any j and 0 = a < b.

When n = 2, the inequality is confirmed by

E(bν(2)
ab ) + EY1 =

∫
{Y1=0,Y2�b}

bdP +
∫
{Y1>0}

Y1dP

�
∫
{Y1=0,Y2�b}

Y2dP +
∫
{Y1>0}

Y2dP � EY2.

Suppose inductively that the inequality holds with n replaced by n − 1
for all submartingales, and put

Zj = Yj , 1 � j � n − 2,

Zn−1 =
{

Yn, if 0 < Yn−1 < b,
Yn−1, otherwise.

For A ∈ An−2,∫
A

Zn−2dP =
∫

A

Yn−2dP �
∫

A

Yn−1dP

�
∫

A{Yn−1�b}
Yn−1dP +

∫
A{0<Yn−1<b}

YndP =
∫

A

Zn−1dP.
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Hence E(Zn−1|An−2)�Zn−2 a.s. Clearly, for 2�j �n−1, E(Zj |Aj−1)�
Zj−1 a.s. and so {Zj ,Aj , 1 � j � n−1} is a nonnegative submartingale.

Let ν̄
(n)
ab be the number of upcrossings of [0, b] by (Z1, · · · , Zn−1).

Then
ν

(n)
ab = ν̄

(n)
ab + I(Yn−1 = 0, Yn � b).

Hence by the inductive hypothesis

E(bν(n)
ab ) + EY1 =E(bν̄(n)

ab ) + E(bI(Yn−1 = 0, Yn � b)) + EY1

�EZn−1 + E(bI(Yn−1 = 0, Yn � b))

�
∫
{0<Yn−1<b}

YndP +
∫
{Yn−1�b}

Yn−1dP

+
∫
{Yn−1=0,Yn�b}

YndP

�
∫
{Yn−1>0}

YndP +
∫
{Yn−1=0,Yn�b}

YndP � EYn.

In the general case we apply the case just proved to {(Yj − a)+, 1 �
j � n} which is a nonnegative submartingale and ν

(n)
ab is the number of

upcrossings of [0, b − a] by ((Y1 − a)+, · · · , (Yn − a)+).

9.10.b (downcrossing inequality). Let {Yj ,Aj , 1 � j � n} be a super-
martingale, a < b be real numbers. Put μ

(n)
ab as the number of down-

crossings of [a, b] by (Y1, · · · , Yn). Then

Eμ
(n)
ab � 1

b − a
(E(Y1 ∧ b) − E(Yn − b)).

Proof. {−Yj , 1 � j � n} is a submartingale and μ
(n)
ab is ν

(n)
−b,−a for this

submartingale. Hence the upcrossing inequality becomes

Eμ
(n)
ab � 1

−a−(−b)
E{(−Yn+b)+−(−Y1+b)+}=

1
b−a

{(b−Yn)+−(b−Y1)+}.

Substituting (b− x)+ = b− (b∧ x) into the above, this is the same as in
the desired inequality.

9.11 Moments of Maximal Partial Sums

Let X1, · · · , Xn be independent r.v.’s, r > 0. Put

x0 = inf
{

x > 0 : P{ max
1�j�n

|Sj | � x} � (2 · 4r)−1

}
.
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Then
E max

1�j�n
|Sj |r � 2 · 4rE max

1�j�n
|Xj|r + 2(4x0)r.

If, moreover, the Xj ’s are symmetric, and x0 = inf{x > 0 : P (|Sn| �
x) � (8 · 3r)−1}, then

E|Sn|r � 2 · 3rE max
1�j�n

|Xj |r + 2(3x0)r.

Proof. We only show the latter using the second inequality in 5.10. The
proof of the former is similar by using the first inequality in 5.10. By
integration by parts and the second inequality in 5.10, for u satisfying
4 · 3rP (|Sn| � u) � 1/2, we have

E|Sn|r =3r

(∫ u

0

+
∫ ∞

u

)
P (|Sn| � 3x)dxr

� (3u)r+4 · 3r

∫ ∞

u

(P (|Sn|�x))2dxr+3r

∫ ∞

u

P ( max
1�j�n

|Xj |�x)dxr

� (3u)r+4 · 3rP (|Sn|�u)
∫ ∞

0

P (|Sn| � x)dxr + 3rE max
1�j�n

|Xj |r

�2(3u)r + 2 · 3rE max
1�j�n

|Xj|r.

Since this holds for arbitrary u > x0, the second inequality is shown.

9.12 Doob Inequalities

9.12.a. Let {Yn,An, n � 1} be a nonnegative submartingale. Then

E

{
max

1�j�n
Yj

}
� e

e − 1
(1 + E(Yn log+ Yn)),

E

{
sup
n�1

Yn

}
� e

e − 1

(
1 + sup

n�1
E(Yn log+ Yn)

)
,

and for p > 1,

E

{
max

1�j�n
Y p

j

}
�

(
p

p − 1

)p

EY p
n ,

E

{
sup
n�1

Y p
n

}
�

(
p

p − 1

)p

sup
n�1

EY p
n .

Proof. We shall prove the first and third inequalities, the second and
the fourth are consequences of the first and the third respectively. Put
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Y ∗
n = max

1�j�n
Yj . For a r.v. X � 0 with EXp < ∞ and d.f. F (x), using

integration by parts we have

EXp = p

∫ ∞

0

tp−1(1 − F (t))dt, p > 0. (54)

Hence, and using the inequality 6.5.a, we obtain

EY ∗
n − 1�E(Y ∗

n − 1)+ =
∫ ∞

0

P (Y ∗
n − 1 � x)dx

�
∫ ∞

0

1
x + 1

∫
{Y ∗

n �x+1}
YndPdx

=EYn

∫ Y ∗
n −1

0

dx

x + 1
= EYn log Y ∗

n .

We need the following elementary inequality. For constants a � 0 and
b > 0, a log b � a log+ a + be−1. Set g(b) = a log+ a + be−1 − a log b.
Then g′′(b) = a/b2 > 0 and g′(ae) = e−1 − a/(ae) = 0. Thus, g(ae) =
a log+ a − a log a � 0 is the minimum of g(b). The inequality is proved.
Applying this inequality, we obtain

EY ∗
n − 1 � EYn log+ Yn + e−1EY ∗

n ,

from which the first inequality is immediate.
If p > 1, using (54), the inequality 6.5.a and the Hölder inequality,

we obtain

EY ∗p
n =p

∫ ∞

0

xp−1P (Y ∗
n � x)dx

�p

∫ ∞

0

xp−2

∫
{Y ∗

n �x}
YndPdx

=pEYn

∫ Y ∗
n

0

xp−2dx

=
p

p − 1
EYn(Y ∗

n )p−1

� p

p − 1
(EY p

n )1/p(EY ∗p
n )(p−1)/p,

which yields the third inequality.
9.12.b. Let X1, · · · , Xn be i.i.d. r.v.’s with E|Xj |r < ∞ for some
r, j = 1, · · · , n. Then

E max
1�j�n

|Sj |r � 8 max
1�j�n

E|Sj |r, r > 0,
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E max
1�j�n

|Sj |r � 8E|Sn|r, r � 1.

Proof. Since {|Sj |r, j = 1, . . . , n} is a non-negative submartingale when
r � 1, max

1�j�n
E|Sj |r = E|Sn|r, and hence the two desired inequalities are

the same if r � 1. By integrating the Lévy inequality 5.4.b, it follows
that

E max
1�j�n

|Sj − m(Sj − Sn)|r � 2E|Sn|r.

By Markov’s inequality 6.2.d, P{|Sj | � (2E|Sj |r)1/r}� 1/2, which im-
plies |m(Sj)|r � 2E|Sj |r. Therefore, using the cr-inequality 9.1.a, we
obtain

E max
1�j�n

|Sj |r � crE max
1�j�n

|Sj − m(Sj − Sn)|r + cr max
1�j�n

|m(Sj − Sn)|r

�2crE|Sn|r + 2cr max
1�j�n

E|Sj |r � 4cr max
1�j�n

E|Sj |r.

Since 4cr � 8 if 0 < r � 2, the desired inequality is proved. If r >

2, noting that
(

r
r−1

)r

� 8, the third inequality of 9.12.a implies the
conclusion.

9.13 Equivalence Conditions for Moments

Let {Xn, n � 1} be a sequence of i.i.d. r.v.’s.
9.13.a (Marcinkiewicz-Zygmund-Burkholder). The following statements
are equivalent:

(1) E(|X1| log+ |X1|) < ∞ for r = 1 or E|X1|r < ∞ for r > 1;

(2) E

(
sup
n�1

|Sn/n|r
)

< ∞ for r � 1;

(3) E

(
sup
n�1

|Xn|/n|r
)

< ∞ for r � 1.

Proof. For any integer n, define Fn+1−j = σ{Sj/j, Xj+1, Xj+2, · · · }.
Then, {F1, · · ·,Fn} is a sequence of increasing σ fields and with respect
to it, {Sn/n, · · · , S2/2, S1} forms a martingale. Hence, {|Sn|/n, · · · ,

|S2|/2, |S1|} is a nonnegative submartingale.
Applying Doob’s inequality 9.12, it follows that

E max
j�n

|Sj |/j � e
e − 1

E(|X1| log+ |X1|),

and for r > 1,

E max
j�n

|Sj/j|r �
( r

r − 1

)r

E(|X1|r).
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Making n → ∞ yields (1)⇒ (2) and consequently (2)⇒(3) by noting
that Xn = Sn − Sn−1.

When r > 1, from sup
n�1

|Xn/n|r � |X1|r, we conclude (3)⇒(1). When

r = 1, (3) implies that

∞>

∫ ∞

0

P

(
sup
n�1

|Xn|/n � x

)
dx

=
∫ ∞

0

⎡
⎣1 −

∏
n�1

(1 − P (|Xn|/n � x))

⎤
⎦dx

�
∫ ∞

0

⎡
⎣1 − exp

⎛
⎝−

∑
n�1

P (|X1|/n � x)

⎞
⎠

⎤
⎦dx.

Choose an M such that for any x � M ,

∑
n�1

P (|Xn|/n � x) < 1.

Then, we have

∞>

∫ ∞

M

∑
n�1

P (|X1|/n � x)dx

=
∑
n�1

EI(|X1| � Mn)
∫ |X1|/n

M

dx

=
∑
n�1

EI(|X1| � Mn)[|X1|/n − M ]

=EI(|X1| � M)
∑

|X1|/M�n�1

[|X1|/n − M ]

� 1
2
EI(|X1| � M)[|X1| log(|X1|/M) − |X1|],

which implies (1) for r = 1. The proof is now complete.
9.13.b (Siegmund-Teicher). Suppose EX1 = 0. Then the following
statements are equivalent:

(i) E(Xr
1L(|X1|)/L2(|X1|)) < ∞ for r = 2 or E|X1|r < ∞ for r > 2;

(ii) E

(
sup
n�1

|Sn/
√

nL2(n)|r
)

< ∞ for r � 2;
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(iii) E

(
sup
n�1

|Xn/
√

nL2(n)|r
)

< ∞ for r � 2,

where L(x) = 1 ∨ log x, L2(x) = L(L(x)).
Proof. First consider the situation when r = 2. We will prove that
(i)⇒(ii)⇒(iii)⇒(i). Put

an = (nL2(n))−1, bn = n1/2(L2(n))−1,

Define

X
′
n = XnI(|Xn| � bn), X ′′

n = Xn−X ′
n; S

′
n =

n∑
j=1

X
′
j , S′′

n = Sn−S′
n.

To prove (i)⇒(ii), assume that the d.f. of X1 is symmetric and
EX2

1 = 1. From (i) we have

∞∑
j=1

ajEX
′′2
j =

∞∑
j=1

aj

∞∑
k=j

∫
{bk<|X1|�bk+1}

X2
1dP

=
∞∑

k=1

k∑
j=1

aj

∫
{bk<|X1|�bk+1}

X2
1dP

� c1

∞∑
k=1

(L(k)/L2(k))
∫
{bk<|X1|�bk+1}

X2
1dP

� c1E{X2
1L(|X1|)/L2(|X1|)} < ∞,

here c1, c2, · · · stand for positive constants. Similarly

n∑
j=1

a
1/2
j E|X ′′

j | � c2EX2
1 < ∞.

Therefore

E

(
sup
n�1

anS
′′2
n

)
�E

⎛
⎝ ∞∑

j=1

a
1/2
j |X ′′

j |
⎞
⎠

2

�
∞∑

j=1

ajEX
′′2
j + 2

⎛
⎝ ∞∑

j=1

a
1/2
j E|X ′′

j |
⎞
⎠

2

< ∞. (55)
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Then consider S
′
n. Put nk = 3k. From the Lévy inequality 5.4.b, for any

x > 0,

P

{
sup
n�1

a1/2
n |S′

n| > x

}
�

∞∑
j=0

P

{
a1/2

nj
sup

nj�n<nj+1

|S′
n| > x

}

�4
∞∑

j=0

P{a1/2
nj

S
′
nj+1

> x}.

Using inequalities 6.1.a and 8.2, for 0 < t � b−1
nj+1

, j = 0, 1, · · · ,

P{S′
nj+1

> a−1/2
nj

x} � exp{−ta1/2
nj

x + t2nj+1}.

Putting t = b−1
nj+1

, we have

log P{S′
nj+1

> a−1/2
nj

x} � −c2(x − c3)L2(nj+1).

Choosing x0 such that c2(x0 − c3) � 2, we have

∫ ∞

x0

xP

{
sup
n�1

a1/2
n |S′

n| > x

}
dx

� c4

∞∑
j=1

∫ ∞

x0

x exp {−c2(x − c3)L2(nj)} dx

� c4

∞∑
j=1

∫ ∞

x0

x exp {−c2(x − c3) log j} exp {−c2(x − c3)L2(3)} dx

� c4

∞∑
k=1

k−2

∫ ∞

x0

x exp {−c2(x − c3)L2(3)} dx < ∞.

Thus we obtain

E

{
sup
n�1

anS
′2
n

}
< ∞.

Combining this with (55), we find (ii) is true under the symmetric con-
dition. Generally, let X∗

1 , X∗
2 , · · · be r.v.’s which are independent with

X1, X2, · · · and having identical distribution with X1. Put S∗
n =

n∑
j=1

X∗
j .

Referring the result under the symmetric condition, we have
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E

{
sup
n�1

anS2
n

}
=E

{
sup
n�1

an|Sn − E(S∗
n|X1, X2, · · · )|2

}

�E

{
sup
n�1

anE(|Sn − S∗
n|2|X1, X2, · · · )

}

�E

{
E(sup

n�1
an|Sn − S∗

n|2|X1, X2, · · · )
}

�E

{
sup
n�1

an|Sn − S∗
n|2

}
< ∞.

To prove (ii)⇒(iii), we only need to focus on the following relation.

anX2
n = an(Sn − Sn−1)2 � 2(anS2

n + an−1S
2
n−1).

Now assume that (iii) is true, thus we have
∞∑

k=1

P

{
sup
n�1

anX2
n � k

}
< ∞.

Let F be the d.f. of X2
1 . Without loss of generality, assume that F (1) >

0. Then∫ ∞

1

∫ ∞

1

(1 − F (xL2(x)y)) dydx

�
∞∑

n=1

∞∑
j=1

(1 − F (a−1
n j)) � −

∞∑
j=1

log
∞∏

n=1

F (a−1
n j)

� c5

∞∑
j=1

(
1 −

∞∏
n=1

F (a−1
n j)

)
� c6

∞∑
j=1

P

{
sup
n�1

anX2
n � j

}
< ∞.

Put u = xL2(x)y. Then∫ ∞

1

∫ ∞

xL2(x)

(1 − F (u)) du(xL2(x))−1 dx < ∞.

Denote the inverse of function x → xL2(x) by ϕ. By the Fubini theorem,
we have ∫ ∞

1

{∫ ϕ(u)

1

(xL2(x))−1 dx

}
(1 − F (u)) du < ∞.

Since ϕ(u) ∼ (u/L2(u)) (u → ∞) and
∫ t

1
(xL2(x))−1 dx ∼ L(t)/L2(t)

(t → ∞), the expression above is equivalent to∫ ∞

1

(L(u)/L2(u))(1 − F (u)) du < ∞.
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Furthermore, it is also equivalent to (i).
Now consider the condition when r > 2. Let Y1, Y2, · · · be a sequence

of independent and non-negative r.v.’s. By the Lyapounov inequality
8.3.c and the Hölder inequality 8.3.a, for 0 < b < c < d, we have

∞∑
j=1

ac
jEY c

j �
∞∑

j=1

(ab
jEY b

j )(d−c)/(d−b)(ad
jEY d

j )(c−b)/(d−b)

�

⎛
⎝ ∞∑

j=1

ab
jEY b

j

⎞
⎠

(d−c)/(d−b) ⎛
⎝ ∞∑

j=1

ad
jEY d

j

⎞
⎠

(c−b)/(d−b)

.

If the following condition is satisfied
∞∑

j=1

ar
jEY r

j < ∞ and
∞∑

j=1

aα
j EY α

j < ∞

(when r is an integer, α = 1; otherwise α = r − [r]), then for α � h � r,
∞∑

j=1

ah
j EY h

j < ∞. (56)

We will show that E(Σ∞
j=1ajEYj)r < ∞ can be proved from the above

formula. Just consider the condition when r is not an integer. Put
k = r − α, and using independence, we obtain

E

⎛
⎝ ∞∑

j=1

ajYj

⎞
⎠

r

= E

⎛
⎝ ∞∑

j=1

ajYj

⎞
⎠

α ⎛
⎝ ∞∑

j=1

ajYj

⎞
⎠

k

� E

⎛
⎝ ∞∑

j=1

aα
j Y α

j

⎞
⎠ { ∞∑

j=1

ak
j Y k

j + · · ·

+k!
∑

1�j1<···<jk

aj1Yj1 · · · ajk
Yjk

}

=
∞∑

j=1

ar
jY

r
j +

∑
i	=j

aα
i EY α

i ak
j EY k

j + · · ·

+k!
∑

1�j1<···<jk,j 	=jl,1�l�k

aj1EYj1 · · · ajk
EYjk

aα
j EY α

j

+k!
∑

1�j1<···<jk−1,j 	=jl,1�l�k

aj1EYj1

· · · ajk−1EYjk−1a
1+α
j EY 1+α

j .
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Each term on the RHS is limited by products like (56). For example,
the last term is no more than

k!

⎛
⎝ n∑

j=1

ajEYj

⎞
⎠

k−1 ⎛
⎝ n∑

j=1

aα+1
j EY α+1

j

⎞
⎠ .

To prove (i)⇒(ii). Introduce X
′
n, X

′′
n , S

′
n and S

′′
n as defined earlier,

where bn = n1/r. For h = α or r,

∞∑
n=1

ah/2
n E|X ′′

n |h =
∞∑

n=1

∞∑
j=n

1
(nL2(n))h/2

∫
{bj<|X1|�bj+1}

|X1|h dP

� c7

∞∑
j=1

j1−h/2

(L2(j))h/2

∫
{bj<|X1|�bj+1}

|X1|h dP

= c7

∞∑
j=1

jh(1/r−1/2)

(L2(j))h/2

∫
{bj<|X1|�bj+1}

|X1|h dP

� c8E|X1|r < ∞.

Noting the result about {Yn} which has been proved, we obtain

E sup
n�1

|S′′
n |r

(nL2(n))r/2
� E

⎛
⎝sup

n�1
an

n∑
j=1

|X ′′
j |

⎞
⎠

r

� E

( ∞∑
n=1

an|X
′′
n |

)r

< ∞.

Then we will prove E supn�1(|S
′
n|r/(nL2(n))r/2) < ∞, or equiva-

lently prove: for sufficiently big x0,∫ ∞

x0

xr−1P

{
sup
n�1

a1/2
n |S′

n| > x

}
dx < ∞.

The proof is similar to that under the condition when r = 2, except
choosing t = (L2(nj+1)/nj+1)1/2 instead of b−1

nj+1
. Without the symmet-

ric assumption, the proof is also similar. Thus it is clear that (i)⇒(ii),
(ii)⇒(i) and (ii)⇒(iii)⇒(i) under the present condition.

9.14 Serfling Inequalities

Let Sa,n = Xa+1 + · · · + Xa+n, Ma,n = max
1�j�n

|Sa,j|. The integer a0 > 0

is arbitrary but fixed.
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9.14.a. Let r � 2. Suppose that there exists a functional g(a, n) of the
joint d.f. of Xa+1, · · · , Xn+n, satisfying

E|Sa,n|r � gr/2(a, n) for a � a0, n � 1,

g(a, k) + g(a + k, l) � g(a, k + l) for a � a0, 1 � k < k + l.

Then
EMr

a,n � (log2 2n)rgr/2(a, n) for a � a0, n � 1.

Remark. As a consequence, if Xa+1, · · · , Xa+n are mutually orthogo-
nal, then

EMr
a,n � (log2 2n)2(σ2

a+1 + · · · + σ2
a+n)r/2,

where σ2
j = EX2

j .

Proof. Let N > 1 be a given integer and put m = [(N + 1)/2]. For
m < n � N we have

S2
a,n =S2

a,m + S2
a+m,n−m + 2Sa,mSa+m,n−m

�M2
a,m + M2

a+m,N−m + 2|Sa,m|Ma+m,N−m.

For 1 � n � m we have S2
a,n � M2

a,m. Therefore

M2
a,N � M2

a,m + M2
a+m,N−m + 2|Sa,m|Ma+m,N−m,

and, by Minkowski’s inequality 9.2.a,

(EMr
a,N )2/r � (EMr

a,m)2/r + (EMr
a+m,N−m)2/r

+2(E|Sa,mMa+m,N−m|r/2)2/r.

Clearly, the desired conclusion is true for N = 1. Suppose inductively
that it is true for n < N. Then, defining

f(k) = (log2 2k)2, k � 1,

we have, using Cauchy-Schwarz’s inequality 8.3.b,

(EM r
a,N )2/r � f(m)g(a,m) + f(N − m)g(a + m,N − m)

+2{(E|Sa,m|r)1/2(E(Mr
a+m,N−m))1/2}2/r

� f(m)g(a,m) + f(N − m)g(a + m,N − m)

+2(E|Sa,m|r)1/rf1/2(N − m)g1/2(a + m,N − m).
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Then, by the conditions on g, the inequality 2AB � A2 + B2 and the
fact that f(N − m) � f(m), it follows that

(EMr
a,N )2/r � (f(m) + f1/2(m))g(a,N). (57)

Now note that

f(2k) = (log2 2k + 1)2 � f(k) + 2f1/2(k), k � 1,

and since 21/2(2k − 1) � 2k if k � 2,

f(2k − 1) = (log2(2
1/2(2k − 1)) + 1/2)2 � f(k) + f1/2(k), k � 2.

Hence, whether N = 2m or N = 2m − 1,

f(N) � f(m) + f1/2(m), N > 1,

so that (57) yields

EM r
a,N � (log2 2N)rgr/2(a,N).

This proves the conclusion by induction.
9.14.b. Let r > 2. Suppose that

E|Sa,n|r � gr/2(n) for a � a0, n � 1,

where g(n) is a nondecreasing function satisfying 2g(n) � g(2n) and
g(n)/g(n + 1) → 1 as n → ∞. Then there exists a constant K (which
may depend on r, g and the joint d.f. of Xj ’s) such that

EMr
a,n � Kgr/2(n) for a � a0, n � 1.

Proof. Let k = r − 1 if r is an integer and k = [r] otherwise. Put
ε = r − k. It follows that the function

w(x) ≡
k−1∑
j=1

(
k
j

)
x−(j+ε)/r +

k∑
j=1

(
k
j

)
x−j/r ↓ 0 as x → ∞.

Hence there exists x0 such that

x � x0 ⇒ w(x) � 2rδ/2 − 2,
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where 2/r < δ < 1. Also, since g(n) ∼ g(n+1), there exists n0 such that

n � n0 ⇒ g(n) � 21−δg(n − 1).

By the hypothesis the quantity qn ≡ supa�a0
EM r

a,n/gr/2(n) is finite.
Define

K = max{q1, q2, · · · , qn0 , x0}.
Thus, for this K, the conclusion holds for all n � n0. We shall show that
it holds for all N > n0 if it is assumed true for all n < N.

Let N > n0 be given and put m = [(N + 1)/2]. For m < n � N, we
have

|Sa,n|r � (|Sa,m| + Ma+m,N−m)r

� |Sa,m|r + Mr
a+m,N−m +

k−1∑
j=0

(
k
j

)
|Sa,m|j+εMk−j

a+m,N−m

+
k∑

j=1

(
k
j

)
|Sa,m|jMk−j+ε

a+m,N−m.

For 1 � n � m, we have |Sa,n|r � M r
a,m. It follows that

Mr
a,N � M r

a,m + M r
a+m,N−m +

k−1∑
j=0

(
k
j

)
|Sa,m|j+εMk−j

a+m,N−m

+
k∑

j=1

(
k
j

)
|Sa,m|jMk−j+ε

a+m,N−m. (58)

Using Hölder’s inequality 8.3.a, for u � 0, v � 0 with u + v = r,

E(|Sa,m|uMv
a+m,N−m)� (E|Sa,m|r)u/r(EMr

a+m,N−m)v/r

�Kv/rgu/2(m)gv/2(N − m) � Kv/rgr/2(m)

since N − m � m and g is nondecreasing. Applying this result in each
term on the RHS of (58) yields

EMr
a,N � Kgr/2(m)(2 + w(K)).

Since K � x0, 2m � n0, the definitions of x0 and n0 and the assumptions
on g(·) imply that

EMr
a,N �K2rδ/2gr/2(m) = K2r(δ−1)/2(2g(m))r/2

�K2r(δ−1)/2gr/2(2m) � Kgr/2(2m − 1)

�Kgr/2(N),
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i.e., the conclusion holds for n = N. This completes the proof.

9.15 Average Fill Rate

Let y1, · · · , yn be i.i.d. positive r.v.’s and define xi = yi ∧ t where t

is a positive r.v. The expected fill rate over period n is defined by
ρn = E x1+···+xn

y1+···+yn
.

9.15.a. For any fixed n, ρ1 � ρn � lim infm→∞ρm.
This result was proved by Chen et al (2003) who also conjectured

that ρn is decreasing in n.
9.15.b. The sequence of fill rates ρn is decreasing in n.

This conjecture was proved by Banerjeea et al (2005). We shall fur-
ther generalize it as the following result and provide a simple proof.
9.15.c. Let y1, · · · , yn be a set of positive, exchangeable r.v.’s and define
xi = g(yi, t), where g(y, t)/y is non-increasing in y for each given t. Then
ρn = E x1+···+xn

y1+···+yn
is deceasing in n.

Proof. Denote sx = x1 + · · · + xn, sy = y1 + · · · + yn, n � 2. Then,
using

1
sy − yi

=
1
sy

+
yi

sy(sy − yi)
,

we obtain

ρn−1 =
1
n

n∑
i=1

E
sx − xi

sy − yi
( by exchangeability )

=
1
n

n∑
i=1

E(sx − xi)
[

1
sy

+
yi

sy(sy − yi)

]

=ρn − ρn

n
+

1
n

n∑
i=1

E(sx − xi)
yi

sy(sy − yi)

=ρn +
1
n

n∑
i=1

E

[
sxy2

i

s2
y(sy − yi)

− xiyi

sy(sy − yi)

]

=ρn +
1
n

n∑
i=1

n∑
j=1

E
xjyi

s2
y

(
yi

sy − yi
− yj

sy − yj

)

=ρn +
1
n

∑
yi>yj

E
xjyi − xiyj

s2
y

(
yi

sy − yi
− yj

sy − yj

)

>ρn,
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where the last step follows from the fact that

yi

sy − yi
− yj

sy − yj
> 0

and xjyi−xiyj = yiyj(xj/yj−xi/yi) > 0 since g(y, t)/y is non-increasing.
Refer to Chen, Lin and Thomas (2003).
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Chapter 10

Inequalities Related to Mixing

Sequences

Most theorems in classical probability theory are derived under the as-
sumption of independence of random variables or events. However, in
many practical cases, the random variables are dependent. Thus, investi-
gation on dependent random variables has both theoretical and practical
importance. In chapter 6, we have introduced the concept of martingales
that is a big class of dependent random variables. There is another class
of dependent random variables, that is, time-dependent observations or
time series. It is imaginable that observations at nearer time instants
have stronger dependency while the dependency becomes weaker when
the time distance increases. To describe such sequences of random vari-
ables, we shall introduce the concept of mixing. There are at least six
different definitions of mixing sequences. In this chapter, we only give
three most commonly used definitions.

Let {Xn, n � 1} be a sequence of r.v.’s. Denote the σ-algebra F b
a =

σ(Xn, a � n � b), N = {1, 2, · · · }. Lp(F b
a) is a set of all F b

a -measurable
r.v.’s with p-th moments.

A sequence {Xn, n � 1} is said to be α-mixing (or strong mixing) if

α(n) ≡ sup
k∈N

sup
A∈Fk

1 ,B∈F∞
k+n

|P (AB) − P (A)P (B)| → 0 as n → ∞;

it is said to be ρ-mixing if

ρ(n) ≡ sup
k∈N

sup
X∈L2(Fk

1 ),Y ∈L2(F∞
k+n)

|EXY − EXEY |√
VarXVarY

→ 0 as n → ∞;

it is said to be ϕ-mixing (or uniformly strong mixing) if

ϕ(n) ≡ sup
k∈N

sup
A∈Fk

1 ,B∈F∞
k+n

|P (B|A) − P (B)| → 0 as n → ∞.

Z. Lin et al., Probability  Inequalities

© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010
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We have the relations ϕ-mixing ⇒ ρ-mixing ⇒ α-mixing.

10.1 Covariance Estimates for Mixing Sequences

10.1.a. Let {Xn, n � 1} be an α-mixing sequence, X ∈ Fk
1 , Y ∈ F∞

k+n

with |X| � C1, |Y | � C2 a.s. Then

|EXY − EXEY | � 4C1C2α(n).

Proof. By the property of conditional expectation, we have

|EXY − EXEY |= |E{X(E(Y |F k
1 ) − EY )}|

�C1E|E(Y |F k
1 ) − EY |

=C1|Eξ{E(Y |F k
1 ) − EY }|,

where ξ = sgn(E(Y |F k
1 ) − EY ) ∈ F k

1 , i.e.,

|EXY − EXEY | � C1|EξY − EξEY |.

With the same argument procedure it follows that

|EξY − EξEY | � C2|Eξη − EξEη|,

where η = sgn(E(ξ|F∞
k+n) − Eξ). Therefore

|EXY − EXEY | � C1C2|Eξη − EξEη|. (59)

Put A = {ξ = 1}, B = {η = 1}. It is clear that A ∈ F k
1 , B ∈ F∞

k+n.

Using the definition of α-mixing, we obtain

|Eξη − EξEη|= |P (AB) + P (AcBc) − P (AcB) − P (ABc)

−(P (A) − P (Ac))(P (B) − P (Bc))|
� 4α(n).

Inserting it into (59) yields the desired inequality.
10.1.b. Let {Xn, n � 1} be an α-mixing sequence, X ∈ Lp(F k

1 ), Y ∈
Lq(F∞

k+n) with p, q, r � 1 and 1
p + 1

q + 1
r = 1. Then

|EXY − EXEY | � 8α(n)1/r||X||p||Y ||q,

where ||X||p = (E|X|p)1/p.
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Proof. At first assume that |Y | � C a.s. and 1 < p < ∞. For some
a > 0, define X

′
= XI(|X| � a) and X

′′
= X − X

′
. Now, by 10.1.a,

|EXY − EXEY |� |EX
′
Y − EX

′
EY | + |EX

′′
Y − EX

′′
EY |

�4Caα(n) + 2CE|X ′′ |,

where E|X ′′ | � a1−pE|X|p. Putting a = ||X||pα(n)−1/p we obtain

|EXY − EXEY | � 6C||X||pα(n)1−1/p.

If Y is not bounded a.s., put Y
′
= Y I(|Y | � b) and Y

′′
= Y −Y

′
for

some b > 0. Similarly

|EXY − EXEY | � 6b||X||pα(n)1−1/p + 2||X||p(E|Y ′′ | qr
q+r )

q+r
qr ,

where

(E|Y ′′ | qr
q+r )

q+r
qr � (b−q+ qr

q+r E|Y |q) q+r
qr = b−q/r||Y ||(q+r)/r

q .

Putting b = ||Y ||qα(n)−1/q, we obtain the desired inequality.
10.1.c. Let {Xn, n � 1} be a ρ-mixing sequence, X ∈ Lp(F k

1 ), Y ∈
Lq(F∞

k+n) with p, q � 1 and 1
p + 1

q = 1. Then

|EXY − EXEY | � 4ρ(n)
2
p∧ 2

q ‖X‖p‖Y ‖q.

Proof. Without loss of generality assume that p � 2, which implies that
q � 2. Let Y ′ = Y I(|Y | � C) and Y ′′ = Y − Y ′ for some C > 0. Write

|EXY − EXEY | � |EXY ′ − EXEY ′| + |EXY ′′ − EXEY ′′|. (60)

By the definition of ρ-mixing and Hölder’s inequality,

|EXY ′ − EXEY ′| � ρ(n)‖X‖2‖Y ‖2 � ρ(n)C1−q/2‖X‖p‖Y ‖q/2
p ,

|EXY ′′|� (E|Y ′′|q)1−2/p(E(|X|p/2|Y ′′|q/2))2/p

� (E|Y |q)1−2/p
(
E(|X|p/2E|Y ′′|q/2

+ρ(n)(E|X|p)1/2(E|Y ′′|q)1/2
)2/p

� ‖X‖p‖Y ‖q
qC

−q/p + ρ(n)2/p‖X‖p‖Y ‖q
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and

|EXEY ′′| � ‖X‖p‖Y ‖q
qC

−q/p.

Inserting these estimates into (60) and taking C = ‖Y ‖qρ(n)−2/q yield
the desired inequality.

10.1.d. Let {Xn, n � 1} be a ϕ-mixing sequence, X ∈ Lp(F k
1 ), Y ∈

Lq(F∞
k+n) with p, q � 1 and 1

p + 1
q = 1. Then

|EXY − EXEY | � 2ϕ(n)1/p‖X‖p‖Y ‖q.

Proof. At first, we assume that X and Y are simple functions, i.e.,

X =
∑

i

aiIAi
, Y =

∑
j

bjIBj
,

where both
∑
i

and
∑
j

are finite sums and Ai

⋂
Ar = ∅ (i 
= r), Bj

⋂
Bl =

∅ (j 
= l), Ai, Ar ∈ F k
1 , Bj , Bl ∈ F∞

k+n. So

EXY − EXEY =
∑
i,j

aibjP (AiBj) −
∑
i,j

aibjP (Ai)P (Bj).

By Hölder’s inequality we have

|EXY − EXEY |
=

∣∣∣∣ ∑
i

ai(P (Ai))1/p
∑

j

(P (Bj |Ai) − P (Bj))bj(P (Ai))1/q

∣∣∣∣
�

( ∑
i

|ai|pP (Ai)
)1/p( ∑

i

P (Ai)|
∑

j

bj(P (Bj |Ai) − P (Bj))|q
)1/q

� ‖X‖p

∣∣∣∣ ∑
i

P (Ai)
( ∑

j

|bj |q(P (Bj |Ai)

+P (Bj))
)( ∑

j

|P (Bj |Ai) − P (Bj)|
)q/p∣∣∣∣

1/p

� 21/q‖X‖p‖Y ‖q max
i

( ∑
j

|P (Bj |Ai) − P (Bj)|
)1/p

. (61)
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Note that

∑
j

|P (Bj |Ai) − P (Bj)|=
(

P

( +⋃
j

Bj |Ai

)
− P

( +⋃
j

Bj

))

−
⎛
⎝P

⎛
⎝ −⋃

j

Bj |Ai

⎞
⎠ − P

⎛
⎝ −⋃

j

Bj

⎞
⎠

⎞
⎠

� 2ϕ(n),

where
+⋃
j

(
−⋃
j

)
is carried out over j such that P (Bj |Ai) − P (Bj) >

0 (P (Bj |Ai) − P (Bj) < 0). Inserting it into (61) yields the desired esti-
mate for the simple function case.

For the general case, let

XN =
{

0, if |X| > N,
k/N, if k/N < X � (k + 1)/N, |X| � N ;

YN =
{

0, if |Y | > N,
k/N, if k/N < Y � (k + 1)/N, |Y | � N.

Noting the result showed for XN and YN and

E|X − XN |p → 0, E|Y − YN |q → 0 as N → ∞,

we obtain the desired inequality.

10.2 Tail Probability on α-mixing Sequence

Let {Xn, n � 1} be an α-mixing sequence. For any given integers p, q

and k, let ξj be F
jp+(j−1)q
(j−1)(p+q)+1 measurable, j = 1, 2, · · · , k. Then for any

x > 0,

P

{
max
1�l�k

|ξ1 + · · · + ξl| > 2x

}
� P{|ξ1 + · · · + ξk| > x} + kα(q)

min
1�l�k−1

P{|ξl+1 + · · · + ξk| � x} .

Proof. Let

A={ max
1�l�k

|ξ1 + · · · + ξl| > 2x}, B={|ξ1 + · · · + ξk| > x},
A1 ={|ξ1|>2x},
Al ={ max

1�r�l−1
|ξ1 + · · · + ξr|�2x}, |ξ1 + · · · + ξl| > 2x}, l=2, · · · , k,

Bl ={|ξl+1 + · · · + ξk| � x}, l=1, · · · , k − 1, Bk =Ω.
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Then by α-mixing condition

P (AlBl)�P (Al)P (Bl) − α(q)

�P (Al) min
1�j�k−1

P (Bj) − α(q), l = 1, · · · , k,

and hence

P (B)�
k∑

l=1

P (AlBl) �
k∑

l=1

P (Al) min
1�j�k−1

P (Bj) − kα(q)

=P (A) min
1�l�k−1

P (Bl) − kα(q),

which implies the desired inequality.
See Lin (1982).

10.3 Estimates of 4-th Moment on ρ-mixing Sequence

Let {Xn, n � 1} be a ρ-mixing stationary sequence with EX1 = 0 and
EX4

1 < ∞. Then for any ε > 0 there exists a C = C(ε, ρ(·)) > 0 such
that for each n � 1,

ES4
n � C(n1+εEX4

1 + σ4
n),

where σ2
n = ES2

n.
Proof. Denote am = ‖Sm‖4. It is clear that

a2m � ‖Sm + Sk+m(m)‖4 + 2ka1,

where Sk+m(m) =
k+2m∑

j=k+m+1

Xj . Using the Cauchy-Schwarz inequality

and by the definition of ρ-mixing, we have

E|Sm + Sk+m(m)|4
� 2a4

m + 6E|SmSk+m(m)|2 + 8a2
m(E|SmSk+m(m)|2)1/2

� 2a4
m + 6(σ4

m + ρ(k)a4
m) + 8a2

m(σ4
m + ρ(k)a4

m)1/2

� 2(1 + 7ρ1/2(k))a4
m + 8a2

mσ2
m + 6σ4

m

� (21/4(1 + 7ρ1/2(k))1/4am + 2σm)4.

It follows that

a2m � 21/4(1 + 7ρ1/2(k))1/4am + 2σm + 2ka1.
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Let 0 < ε < 1/3 and k be large enough such that 1 + 7ρ1/2(k) � 2ε. By
the recurrence method for each integer r � 1, we have

a(2r)�2r(1+ε)/4a1 + 2
r∑

j=1

2(j−1)(1+ε)/4(σ(2r−j) + ka1)

� c(2r(1+ε)/4a1 + σ(2r))

for some c > 0, which implies the desired inequality.
Remark. Using the method in 10.4 and 10.5 below, we can extend the
result to the non-stationary case.

See Peligrad (1987).

10.4 Estimates of Variances of Increments of ρ-mixing

Sequence

Let {Xn, n � 1} be a ρ-mixing sequence with EXn = 0, EX2
n < ∞ for

each n � 1. Then for any ε > 0, there exists a C = C(ε) > 0 such that

ES2
k(n) � Cn exp

⎧⎨
⎩(1 + ε)

[log n]∑
j=0

ρ(2j)

⎫⎬
⎭ max

k<j�k+n
EX2

j (62)

for each k � 1 and n � 1, where Sk(n) =
k+n∑

j=k+1

Xj .

Proof. Without loss of generality, assume 0 < ε < 1/4. Let mj =
[2j/(1+ε)] + 1. We shall prove that for some constant C1 and any n <

2N+1,

ES2
k(n) � C1n exp

⎧⎨
⎩

N∑
j=1

(ρ(mj) + 4m
1/2
j 2−j/2)

⎫⎬
⎭ max

k<j�k+n
EX2

j . (63)

It is obvious that (63) holds for n � 16 by choosing C1 = 16. Suppose
that (63) holds for n < 2N with C1 = 16, that is to say,

ES2
k(n) � C1n exp

⎧⎨
⎩

N−1∑
j=1

(ρ(mj) + 4m
1/2
j 2−j/2)

⎫⎬
⎭ max

k<j�k+n
EX2

j . (64)

Now, we consider the case 2N � n < 2N+1. Let n1 = [(n − mN )/2] and
n2 = n − mN − n1. Then, both n1 and n2 are less than 2N . By the
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induction assumption (64),

ES2
k(n) = ES2

k(n1) + ES2
k+n1+mN

(n2)

+2ESk(n1)Sk+n1+mN
(n2) + ES2

k+n1
(mN )

+2ESk+n1(mN )Sk+n1+mN
(n2) + 2ESk(n1)Sk+n1(mN )

� (ES2
k(n1) + ES2

k+n1+mN
(n2))(1 + ρ(mN )) + ES2

k+n1
(mN )

+2(ES2
k+n1

(mN )ES2
k+n1+mN

(n2))1/2

+2(ES2
k(n1)ES2

k+n1
(mN ))1/2

� C1 exp

⎧⎨
⎩

N−1∑
j=1

(ρ(mj) + 4m
1/2
j 2−j/2)

⎫⎬
⎭ max

k<j�k+n
EX2

j

·
[
(n1 + n2)(1 + ρ(mN )) + mN + 2

√
n1mN + 2

√
n2mN

]

� C1n exp

⎧⎨
⎩

N−1∑
j=1

(ρ(mj) + 4m
1/2
j 2−j/2)

⎫⎬
⎭ max

k<j�k+n
EX2

j

·
[
1 + ρ(mN ) + 4(mN )1/22−N/2

]

� C1n exp

⎧⎨
⎩

N∑
j=1

(ρ(mj) + 4m
1/2
j 2−j/2)

⎫⎬
⎭ max

k<j�k+n
EX2

j .

This proves (63).
To finish the proof of (62), we first note that by the definition of mj ,

∞∑
j=1

m
1/2
j 2−j/2 < ∞.

Finally, we need to estimate
N∑

j=1

ρ(mj). We piecewise linearly extend

ρ(n) to all positive numbers, that is, ρ(x) = (ρi+1 − ρi)(x − i) + ρi, if
i � x < i + 1, with ρ0 = 1. Note that ρ(x) is non-increasing. Therefore,

N∑
j=1

ρ(mj)�
N∑

j=1

ρ(2j/(1+ε))

�
∫ N

0

ρ(2x/(1+ε))dx = (1 + ε)
∫ N/(1+ε)

0

ρ(2x)dx

� (1 + ε)

⎛
⎝1 +

N∑
j=1

ρ(2j)

⎞
⎠ .
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The proof is complete.
Remark. The opposite inequality can also be shown. If, in addition,

ES2
k(n)/ min

k<j�k+n
EX2

j → ∞ as n → ∞

uniformly in k and

max
k<j�k+n

EX2
j � a min

k<j�k+n
EX2

j for some a � 1,

then, for any ε > 0, there exist C′ = C ′(ε, ρ(·), a) > 0 and an integer N

such that for each k � 0 and n � N ,

ES2
k(n) � C′n exp

⎧⎨
⎩−(1 + ε)

[log n]∑
j=0

ρ(2j)

⎫⎬
⎭ min

k<j�k+n
EX2

j . (65)

See Shao (1995).

10.5 Bounds of 2 + δ-th Moments of Increments of

ρ-mixing Sequence

Let {Xn, n � 1} be a ρ-mixing sequence with EXn = 0, sup
n

E|Xn|2+δ <

∞ for some 0 < δ < 1 and

∞∑
n=1

ρ(2n) < ∞.

Then there exists a C = C(δ, ρ(·)) > 0 such that for each n � 1,

sup
k�1

E|Sk(n)|2+δ � C{n1+δ/2(sup
k�1

EX2
k)1+δ/2

+n exp{(C log n)δ/(2+δ)} sup
k�1

E|Xk|2+δ}. (66)

Proof. Put am = supk�1 ‖Sk(m)‖2+δ, σm = supk�1 ‖Sk(m)‖2 and
m1 = m + [m1/5]. Obviously

‖Sk(2m)‖2+δ � ‖Sk(m) + Sk+m1(m)‖2+δ + 2m1/5a1.

It is not difficult to verify that for x � 0,

(1 + x)2+δ �1 + (2 + δ)2(x + x1+δ) + x2+δ

�1 + 9(x + x1+δ) + x2+δ.
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Hence

E|Sk(m) + Sk+m1(m)|2+δ � 2a2+δ
m + 9E|Sk(m)|1+δ|Sk+m1(m)|

+9E|Sk(m)||Sk+m1(m)|1+δ.

Moreover, by Hölder’s inequality and 10.1.c we have

E|Sk(m)|1+δ|Sk+m1(m)|
� ‖Sk(m)‖δ

2+δ‖Sk(m)Sk+m1(m)‖(2+δ)/2

� aδ
m

{
σ2+δ

m + 4ρ([m1/5])a2+δ
m

}2/(2+δ)

� aδ
mσ2

m + 4ρ2/(2+δ)([m1/5])a2+δ
m .

Similarly

E|Sk(m)||Sk+m1(m)|1+δ � aδ
mσ2

m + 4ρ2/(2+δ)([m1/5])a2+δ
m .

Combining these inequalities yields

E|Sk(m) + Sk+m1(m)|2+δ

� 2a2+δ
m + 18(aδ

mσ2
m + 4ρ2/(2+δ)([m1/5])a2+δ

m )

�
{[

2(1 + 36ρ2/(2+δ)([m1/5]))
]1/(2+δ)

am + 18σm

}2+δ

,

which implies that

a2m �
{

2(1 + 36ρ2/(2+δ)([m1/5]))
}1/(2+δ)

am + 18σm + 2m1/5a1.

Noting the condition on ρ(·), we have

ρ(n) � c/ log n,

where c stands for a positive constant. Hence, applying 10.3 we obtain

a2r �
{

2(1 + 36ρ2/(2+δ)([2(r−1)/5]))
}1/(2+δ)

a2r−1

+18σ2r−1 + 2 · 2(r−1)/5a1

� 2(r−1)/(2+δ)
r−1∏
j=0

(1 + 36ρ2/(2+δ)([2i/5]))1/(2+δ)a1

+cσ1

r−1∑
j=0

2j/2
r−1∏

i=j+1

{
2(1 + 9ρ2/(2+δ)([2i/5]))

}1/(2+δ)
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+2a1

r−1∑
j=0

2j/5
r−1∏

i=j+1

{
2(1 + 9ρ2/(2+δ)([2i/5]))

}1/(2+δ)

� C2r/2σ1 + 2r/(2+δ) exp(Cr)δ/(2+δ)a1.

This implies the desired inequality.
Remark. If for a certain q � 2, the assumption that E|Xn|q < ∞ is
true. Then there exists C = C(q, ρ(·)) such that for every k � 0 and
n � 1,

E max
1�i�n

|Sk(i)|q � Cnq/2 exp

⎧⎨
⎩C

[log n]∑
j=0

ρ(2j)

⎫⎬
⎭ max

k<j�k+n
(E|Xj |2)q/2

+n exp

⎧⎨
⎩C

[log n]∑
j=0

ρ2/q(2j)

⎫⎬
⎭ max

k<j�k+n
E|Xj |q.

See Shao (1995).

10.6 Tail Probability on ϕ-mixing Sequence

Let {Xn, n � 1} be a ϕ-mixing sequence, 0 < η < 1. Suppose that there
exist an integer p, 1 � p � n, a number A > 0 such that

ϕ(p) + max
p�j�n

P{|Sn − Sj | � A} � η.

Then, for any a � 0, b � 0, we have

P{ max
1�j�n

|Sj | � a + A + b}

� 1
1 − η

P{|Sn| � a} +
1

1 − η
P

{
max

1�j�n
|Xj | � b

p − 1

}
,

P{|Sn| � a + A + b} � ηP{ max
1�j�n

|Sj | � a} + P

{
max

1�j�n
|Xj | � b

p

}
.

Proof. Put Ej = { max
1�i<j

|Si| < a + A + b � |Sj |}. Then

P

{
max

1�j�n
|Sj |�a+A+b

}
�P{|Sn|�a}+

n−1∑
j=1

P{Ej

⋂
(|Sn−Sj |�A+b)}.
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Here

n−1∑
j=1

P{Ej

⋂
(|Sn − Sj | � A + b)}

�
n−p−1∑

j=1

P{Ej

⋂
(|Sj+p−1 − Sj | � b)}

+
n−p−1∑

j=1

P{Ej

⋂
(|Sn − Sj+p−1| � A)}

+
n−1∑

j=n−p

P{Ej

⋂
(|Sn − Sj | � A + b)}

�
n−1∑
j=1

P

{
Ej

⋂
( max
1�i�n

|Xi| � b

p − 1
)
}

+
n−p−1∑

j=1

P (Ej)(P{|Sn − Sj+p−1| � A} + ϕ(p))

� P

{
max

1�i�n
|Xi| � b

p − 1

}
+ ηP

{
max

1�j�n
|Sj | � a + A + b

}
.

The first inequality is shown.

As for the second one, putting E′
j =

{
max
1�i<j

|Si| < a � |Sj |
}

and

noting that

|Sn − Sj+p+1| � ||Sn| − |Sj−1| − p max
1�i�n

|Xi|| for 1 � j � n − p,

we have

P{|Sn| � a + A + b}
� P

{
|Sn| � a + A + b, max

1�j�n−p
|Sj | � a, max

1�j�n
|Xj | � b/p

}

+P

{
max

1�j�n
|Xj | > b/p

}

�
n−p∑
j=1

P{E′
j

⋂
(|Sn − Sj+p−1| > A)} + P

{
max

1�j�n
|Xj | � b/p

}

� ηP

{
max

1�j�n
|Sj | � a

}
+ P

{
max

1�j�n
|Xj | � b/p

}
,
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as desired.

See Peligrad (1985).

10.7 Bounds of 2 + δ-th Moment of Increments of

ϕ-mixing Sequence

Let{Xn, n�1} be a ϕ-mixing sequence with EXn=0 and supn E|Xn|2+δ <

∞ for some δ > 0. Suppose that

sup
k

ES2
k(n) � Mn sup

k
EX2

k for some M > 0.

Then there exists a C = C(δ,M, ϕ(·)) > 0 such that for each n �1,

sup
k

E|Sk(n)|2+δ � Cn1+δ/2 sup
k

E|Xk|2+δ. (67)

Proof. It is easy to see that for r � 1 and x � 0,

(1 + x)r �
[r]∑

k=0

(
r
k

)
xk + δrx

r, (68)

where δr = 1 if r is not an integer, otherwise δr = 0. We now prove the
conclusion by induction on r = 2 + δ. Assume that the inequality holds
for l � [r], r being a non integer. Denoting am = supk ‖Sk(m)‖r and k0

an integer to be specified later, from (68), we obtain

E|Sk(m) + Sk+m+k0(m)|r
� E|Sk(m)|r + E|Sk+m+k0(m)|r

+
[r]∑

j=1

(
r
j

)
E|Sk(m)|j |Sk+m+k0(m)|r−j

�

⎛
⎝2 + 2

[r]∑
j=1

(
r
j

)
ϕ1/r(k0)

⎞
⎠ ar

m

+
[r]∑

j=1

(
r
j

)
E|Sk(m)|jE|Sk+m+k0(m)|r−j

≡ I1 + I2. (69)
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By the induction hypothesis, we have

I2 �
[r]∑

j=1

(
r
j

)
(E|Sk(m)|[r])j/[r](E|Sk+m+k0(m)|[r])(r−j)/[r]

� (m[r]/2 sup
k

E|Xk|[r])r/[r] � cmr/2ar
1

for some c > 0. Substituting the above inequality into (69), we obtain

a2m �

⎛
⎝2 + 2

[r]∑
j=1

(
r
j

)
ϕ1/r(k0)

⎞
⎠

1/r

am + cm1/2a1.

Now choosing a sufficiently large k0 and proceeding as in the proof of
10.5, we obtain the desired inequality in this case. Similarly it holds for
[r] + 1. The proof is now complete.

See Shao and Lu (1987).

10.8 Exponential Estimates of Probability on

ϕ-mixing Sequence

Let {Xn, n � 1} be a ϕ-mixing sequence with EXn = 0 and |Xn| � bn <

∞. Suppose that there exist 0 < σ2 � σ
′2 < ∞ such that

σ2n � sup
k

ESk(n)2 � σ
′2n. (70)

Let p, q, k be positive integers with p = pn � n, q = qn = o(pn), qn ↑ ∞,
k = kn = [n/(pn + qn)]. Put b = max1�j�n bj , σ2

n = ES2
n. Suppose that

pb2ϕ(q) = o(1),
k∑

j=1

ϕ1/2(jp) = O(1). (71)

Then for x = xn and small ε > 0 satisfying

4
ε
bnϕ(q) � x � εσ2

n

pb
, (72)

x2/n → ∞ as n → ∞, (73)

we have

P{ max
1�j�n

|Sj | � x} � 3 exp
{
− (1 − 6ε)x2

2σ2
n

}
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for all large n. If (72) is replaced by

x > εσ2
n/pb, (74)

then

P{ max
1�j�n

|Sj | � x} � 3 exp
{
−ε(1 − 5ε)x

2pb

}
.

Proof. We always assume that n is large enough. Define

ξi =
(i+1)p+iq∑

j=i(p+q)+1

Xj , ηi =
(i+1)(p+q)∑

j=(i+1)p+iq+1

Xj , i = 0, 1, · · · , k − 1,

ηk =
n∑

j=k(p+q)+1

Xj .

Put σ-algebra F−1 = {∅,Ω}, Fi = σ(Xj , j � (i + 1)p + iq), i =
0, 1, · · · , k − 1. Define martingale differences γi = ξi − E(ξi|Fi−1), i =
0, 1, · · · , k − 1. Write

P{|Sn|�x}�P

{∣∣∣∣∣
k−1∑
i=0

ξi

∣∣∣∣∣�
(
1− ε

2

)
x

}
+P

{∣∣∣∣∣
k∑

i=0

ηi

∣∣∣∣∣� 1
2
εx

}
≡ J1+J2.

Consider J1. We have

J1 �P

{∣∣∣∣∣
k−1∑
i=0

γi

∣∣∣∣∣�(1−ε)x

}
+ P

{∣∣∣∣∣
k−1∑
i=0

E(ξi|Fi−1)

∣∣∣∣∣� 1
2
εx

}
≡J11+J12.

By 10.1.d (note that |ξi| � pb), for any Bi−1 ∈ Fi−1,

|EξiIBi−1 | � 2ϕ(q)pbP (Bi−1),

which implies

|E(ξi|Fi−1)| � 2ϕ(q)pb a.s., i = 0, 1, · · · , k − 1. (75)

Using condition (72), we obtain J12 = 0.
We now estimate J11. It is easy to verify that for 0 < λ � ((1 +

ε)pb)−1 and large n,

ζj ≡ exp

(
λ

j∑
i=0

γi

)
exp

{
−λ2

2

(
1 +

1
2
(1 + ε)pbλ

) j∑
i=0

E(γ2
i |Fi−1)

}

where
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j = 0, 1, · · · , k − 1,

possesses the supermartingale property by noting that |γi| � (1 + ε)pb

a.s. and expanding E{exp(λγi)|Fi−1}. Write

P

{
k−1∑
i=0

γi � (1 − ε)x

}

= P

{
ζk−1 � exp(λ(1 − ε)x)

· exp

{
−λ2

2

(
1 +

1
2
(1 + ε)pbλ

) k−1∑
i=0

E(γ2
i |Fi−1)

} }
. (76)

We have |E(ξ2
i |Fi−1)−Eξ2

i | � 2ϕ(q)(pb)2 a.s. by a proof similar to (75).
Hence using conditions (70) and (71), we obtain

k−1∑
i=0

E(ξ2
i |Fi−1) = (1 + o(1))

k−1∑
i=0

Eξ2
i a.s.

Moreover (75) implies that

k−1∑
i=0

(E(ξi|Fi−1))2 � 4ϕ(q)2p2b2n = o(n) a.s.

Thus
k−1∑
i=0

E(γ2
i |Fi−1)=

k−1∑
i=0

E(ξ2
i |Fi−1) −

k−1∑
i=0

(E(ξi|Fi−1))2

=(1 + o(1))
k−1∑
i=0

Eξ2
i a.s.

We have
k−1∑
i=0

Eξ2
i = E

(
k−1∑
i=0

ξi

)2

− 2
∑

0�i<j�k−1

Eξiξj ,

∑
0�i<j�k−1

Eξiξj �
k−2∑
i=0

⎛
⎝|Eξiξi+1| +

k−1∑
j=i+2

|Eξiξj |
⎞
⎠

�2σ′p
1
2 pb

k−2∑
i=0

(ϕ(q) +
k−1∑

j=i+2

ϕ((j − i − 1)p))

= o(n)
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by 10.1.d and (71). Furthermore

E

(
k−1∑
i=0

ξi

)2

= ES2
n − 2ESn

(
k∑

i=0

ηi

)
+ E

(
k∑

i=0

ηi

)2

.

By condition (70) and the second equality in (71), we have

E

(
k∑

i=0

ηi

)2

� 2E

(
k−1∑
i=0

ηi

)2

+ 2Eη2
k = O(kq + p).

In fact Eη2
k = O(p) and

E

(
k−1∑
i=0

ηi

)2

=
k−1∑
i=0

Eη2
i + 2

∑
0�i<j�k−1

Eηiηj

�σ
′2kq + 2σ

′2q

k−1∑
j=1

(k − j)ϕ
1
2 (jp)

=O(kq).

Hence

E

(
k−1∑
i=0

ξi

)2

= (1 + o(1))σ2
n.

Combining these estimates yields

k−1∑
i=0

E(γ2
i |Fi−1) = (1 + o(1))σ2

n a.s. (77)

Inserting it into (76) and noting that P{ζk−1 � α} � α−1 for any α > 0,
we obtain

P

{
k−1∑
i=0

γi � (1 − ε)x

}

� exp
{
−λ(1 − ε)x +

λ2

2

(
1 +

1
2
(1 + ε)pbλ

)
(1 + ε)σ2

n

}
. (78)

Choosing λ = x/((1 + ε)σ2
n), we have λ � ε((1 + ε)pb)−1 by (72). Then

P

{
k−1∑
i=0

γi � (1 − ε)x

}
� exp

{
− (1 − 4ε)x2

2σ2
n

}
.
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Replacing Xj with −Xj , we obtain

J11 = P

{∣∣∣∣∣
k−1∑
i=0

γi

∣∣∣∣∣ � (1 − ε)x

}
� 2 exp

{
− (1 − 4ε)x2

2σ2
n

}
.

This also is a bound for J1 by recalling that J12 = 0.
For J2, it is clear that 3−1 exp{−(1−4ε)x2/(2σ2

n)} is one of its upper
bounds in view of qn = o(pn). Thus we have proved

P{|Sn| � x} � 7
3

exp
{
− (1 − 4ε)x2

2σ2
n

}
. (79)

In order to get the first desired inequality from (79), we use 10.6.
Choose an integer p0 such that ϕ(p0) � 10−1. Using conditions (70) and
(73), we obtain

max
1�i�n

P

{
|Sn − Si| � εx

2(1 + ε)

}
� 4(1 + ε)2σ

′2n

ε2x2
� 1

10

for large n. So η in 10.6 can be chosen as 5−1. Furthermore

max
1�i�n

|Xi| � b � εσ
′2n

px
� εσ

′2k

x2
x = o(x) (80)

by (72) and (73). Hence for large n,

P

{
max

1�i�n
|Xi| � εx

2(1 + ε)(p0 − 1)

}
= 0.

By 10.6 we obtain the first desired inequality:

P{ max
1�i�n

|Si| � x}

� 5
4
P

{
|Sn| � x

1 + ε

}
+

5
4
P

{
max

1�i�n
|Xi| � εx

2(1 + ε)(p0 − 1)

}

� 3 exp
{
− (1 − 6ε)

2σ2
n

x2

}
.

We will prove the second inequality next. Clearly we can assume that
x/pb > δ for some δ > 0. If (74) is satisfied, choosing λ = ε((1+ ε)pb)−1

in (78), we have
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P

{
k−1∑
i=0

γi � (1 − ε)x

}
� exp

{
−ε(1 − 4ε)x2

2pb

}
. (81)

By imitating the preceding procedure and replacing (80) by max1�i�n

|Xi| � b < x/pb = o(x), we obtain (77) from (81). The inequality has
now been proven.

See Lin (1991).
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Chapter 11

Inequalities Related to Associative

Variables

In this chapter, we introduce another class of dependent variables. Two
r.v.’s X and Y are said to be positive quadrant dependent (PQD) if
P (X > x, Y > y) � P (X > x)P (Y > y) for any x, y; and negative
quadrant dependent (NQD) if P (X > x, Y > y) � P (X > x)P (Y > y).

A set of n r.v.’s X1,· · · ,Xn is said to be (positive) associated (PA) if
for any coordinatewise nondecreasing functions f and g on Rn, Cov(f(X1,
· · · , Xn), g(X1, · · · , Xn))� 0, whenever the covariance exists. The set
is said to be negative associated (NA) if for any disjoint A, B ⊂ {1, · · · ,
n} and any nondecreasing functions f on RA and g on RB , Cov(f(Xk,
k ∈ A), g(Xj , j ∈ B))� 0.

An infinite family of r.v.’s is said to be linearly positive quadrant
dependent (LPQD) if for any disjoint integer sets A, B and positive aj ’s,∑
k∈A

akXk and
∑

j∈B

ajXj are PQD; linearly negative quadrant dependent

(LNQD) is obviously in an analogous manner. An infinite family of
r.v.’s is said to be (positive) associated (resp. negative associated) if
every finite subfamily is PA (resp. NA).

Clearly, for a pair of r.v.’s PQD (resp. NQD) is equivalent to PA
(resp. NA). For a family of r.v.’s, PA (resp. NA) implies LPQD (resp.
LNQD).

11.1 Covariance of PQD Varaibles

If X and Y are PQD (resp. NQD) r.v.’s, then

EXY � EXEY (resp. EXY � EXEY ),

whenever the expectations exist. The equality holds if and only if X and
Y are independent.

Z. Lin et al., Probability  Inequalities

© Science Press Beijing and Springer-Verlag Berlin Heidelberg 2010
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Proof. Consider only the PQD case. If F denotes the joint and FX and
FY the marginal distributions of X and Y , then we have

EXY − EXEY =
∫∫

(F (x, y) − FX(x)FY (y))dxdy, (82)

which implies the desired inequality immediately from the definition of
PQD.

Now suppose that the equality holds. Then F (x, y) = FX(x)FY (y)
except possibly on a set of Lebesgue measure zero. From the fact that
d.f.’s are right continuous, it is easily seen that if two d.f.’s agree al-
most everywhere with respect to the Lebesgue measure, they must agree
everywhere. Thus X and Y are independent.

See Lehmann (1966).

11.2 Probability of Quadrant on PA (NA) Sequence

Let X1,· · · ,Xn be PA (resp. NA) r.v.’s, Yj = fj(X1,· · · ,Xn) and fj be
nondecreasing, j = 1, · · · , k. Then for any x1, · · · , xk,

P

⎧⎨
⎩

k⋂
j=1

(Yj � xj)

⎫⎬
⎭ �

k∏
j=1

P{Yj � xj}

⎛
⎝resp. P

⎧⎨
⎩

k⋂
j=1

(Yj � xj)

⎫⎬
⎭ �

k∏
j=1

P{Yj � xj}
⎞
⎠ ,

P

⎧⎨
⎩

k⋂
j=1

(Yj > xj)

⎫⎬
⎭ �

k∏
j=1

P{Yj > xj}

⎛
⎝resp. P

⎧⎨
⎩

k⋂
j=1

(Yj > xj)

⎫⎬
⎭ �

k∏
j=1

P{Yj > xj}
⎞
⎠ .

Proof. Consider only the PA case. Clearly, Y1,· · · ,Yk are PA. Let Aj =
{Yj > xj}. Then Ij = I(Aj) is nondecreasing in Yj , and so, I1,· · · ,Ik are
PA. Investigate increasing functions f(t1,· · · ,tk)= t1 and g(t1,· · · ,tk)=
t2 · · · tk. f(I1,· · · ,Ik) and g(I1,· · · ,Ik) are PA and hence by 11.1,

E(I1I2 · · · Ik) � E(I1)E(I2 · · · Ik).
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Repeating use of this argument yields E(I1I2 · · · Ik) � E(I1) · · ·E(Ik).
The second desired inequality is proven.

As for the first one, consider 1 − Ij instead of Ij . Let f̄(t1,· · · ,tk) =
1− f(1− t1,· · · ,1− tk), ḡ(t1,· · · ,tk) = 1− g(1− t1,· · · ,1− tk), which are
both increasing. Then

Cov(f(1 − I1, · · · , 1 − Ik), g(1 − I1, · · · , 1 − Ik))

= Cov(f̄(I1, · · · , Ik), ḡ(I1, · · · , Ik)) � 0,

which implies the first desired inequality.

See Esary et al. (1967).

11.3 Estimates of c.f.’s on LPQD (LNQD) Sequence

Let X1, · · · , Xn be LPQD or LNQD r.v.’s, ϕj(tj) and ϕ(t1, · · · , tn) be
the c.f.’s of Xj and (X1, · · · , Xn) respectively. Then

|ϕ(t1, · · · , tn) −
n∏

j=1

ϕj(tj)| �
∑

1�k<l�n

|tktlCov(Xk, Xl)|.

Proof. We show the inequality by induction on n. For n = 2, integration
by parts, analogously to (82) in 11.1, yields

Cov(eit1X1 , eit2X2) =
∫∫

it1eit1x1 it2eit2x2H(x1, x2)dx1dx2,

where H(x1, x2) = P (X1 > x1, X2 > x2) − P (X1 > x1)P (X2 > x2).
The triangle inequality, the pointwise positivity of H and (82) in 11.1
yield the desired inequality for n = 2.

Choose a nontrivial subset A of {1, · · · , n} so that the tj ’s have a
common sign for j ∈ A and a common sign for j ∈ Ā = {1, · · · , n} − A.
Without loss of generality assume that A = {1, · · · ,m} (1 � m < n) (by

relabeling indices if necessary). Define Y1 =
m∑

j=1

tjXj , Y2 =
n∑

j=m+1

tjXj

and ϕY = E exp(iY ). Then
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|ϕ(t1, · · · , tn) −
n∏

j=1

ϕj(tj)|

� |ϕ(t1, · · · , tn) − ϕY1ϕY2 | + |ϕY1 |
∣∣∣∣∣∣ϕY2 −

n∏
j=m+1

ϕj(tj)

∣∣∣∣∣∣
+

∣∣∣∣∣∣
n∏

j=m+1

ϕj(tj)||ϕY1 −
m∏

j=1

ϕj(tj)

∣∣∣∣∣∣
� |Cov(Y1, Y2)| +

∑
m+1�k<l�n

|tktlCov(Xk, Xl)|

+
∑

1�k<l�m

|tktlCov(Xk, Xl)|

�
∑

1�k<l�n

|tktlCov(Xk, Xl)|.

See Newman (1984).

11.4 Maximal Partial Sums of PA Sequence

Let X1,· · · ,Xn be PA r.v.’s with means zero and finite variances. Put

Sk =
k∑

j=1

Xj .

11.4.a. Put Mn = max1�k�n Sk. We have

EM2
n � VarSn.

Proof. Define Kn = min{0, X2 + · · · + Xn, X3 + · · · + Xn, · · · , Xn},
Ln =max{X2, X2 +X3, · · · , X2 + · · ·+Xn}, Jn = max{0, Ln}, and note
that Kn = X2 + · · · + Xn − Jn is a nondecreasing function of Xj ’s so
that Cov(X1,Kn) � 0; thus

EM2
n =E(X1 + Jn)2 = VarX1 + 2Cov(X1, Jn) + EJ2

n

=VarX1 + 2Cov(X1, X2 + · · · + Xn) − 2Cov(X1,Kn) + EJ2
n

�VarX1 + 2Cov(X1, X2 + · · · + Xn) + EL2
n. (83)

The proof is completed by induction on n since the induction hypothesis
implies that EL2

n � Var(X2 + · · ·+Xn), which together with (83) yields
the desired inequality.
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11.4.b. Put s2
n = ES2

n. We have for any x �
√

2,

P{ max
1�j�n

|Sj | � xsn} � 2P{|Sn| � (x −
√

2)sn}.

Proof. Put S∗
n = max(0, S1, · · · , Sn) and note that for 0 � x1 < x2,

P{S∗
n � x2}�P{Sn � x1} + P{S∗

n−1 � x2, S
∗
n−1 − Sn > x2 − x1}

�P{Sn � x1} + P{S∗
n−1 � x2}P{S∗

n−1 − Sn > x2 − x1}
�P{Sn � x1} + P{S∗

n � x2}E(S∗
n−1 − Sn)2/(x2 − x1)2.

Here we have used the fact that S∗
n−1 and Sn−S∗

n−1 are PA since they are
both nondecreasing functions of the Xj ’s. Now 11.4.a with Xj replaced
by Yj = −Xn−j+1 yields

E(S∗
n−1 − Sn)2 = E(max(Y1, Y1 + Y2, · · · , Y1 + · · · + Yn)2) � ES2

n

and thus we have, for (x2 − x1)2 � s2
n,

P{S∗
n � x2} � (1 − s2

n/(x2 − x1)2)−1P{Sn � x1}. (84)

By adding to (84) the analogous inequality with each Xj replaced by
−Xj , and by choosing x2 = xsn, x1 = (x−√

2)sn, we obtain the desired
inequality.

See Newman and Wright (1981).

11.5 Variance of Increment of LPQD Sequence

Let {Xn, n � 1} be a sequence of LPQD r.v.’s with EXn = 0. Put

Sk(n) =
k+n∑

j=k+1

Xj and μ(n) = sup
k�1

∑
j:|j−k|�n

Cov(Xj , Xk).

sup
k�1

ESk(n)2 � 4n

⎛
⎝sup

n�1
EX2

n +
[logn]∑
i=1

max
(n/2i)1/3�j�n/2i−1

μ(j)

⎞
⎠ .

Proof. Put ‖ X ‖p= (E|X|p)1/p (p > 0), τm = sup
k�1

‖ Sk(m) ‖2 and

m1 = m + [m1/3]. Write

Sk(2m) = Sk(m) + Sk+m([m1/3]) + Sk+m1(m) − Sk+2m([m1/3]).

We have

‖Sk(2m)‖2 � ‖Sk(m) + Sk+m1(m)‖2 + 2[m1/3]τ1
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and

E(Sk(m) + Sk+m1(m))2 �2τ2
m + 2ESk(m)Sk+m1(m)

�2τ2
m + 2

m1∑
j=[m1/3]+1

μ(j).

Recurrently, for each integer r > 0, we obtain

τ2
2r �2

⎧⎨
⎩2rτ2

1 +
r∑

i=1

2i
2r−i+1∑

j=[2(r−i)/3]+1

μ(j) + 4
r∑

i=1

22(i−1)/3τ2
1

⎫⎬
⎭

�4 · 2r

(
τ2
1 +

r∑
i=1

max
2(r−i)/3�j�2r−i+1

μ(j)

)
,

which implies the desired estimate.
See Lin (1996).

11.6 Expectation of Convex Function of Sum of NA

Sequence

Let X1, · · · , Xn be NA r.v.’s, and X∗
1 , · · · , X∗

n be independent r.v.’s. For
each i = 1, · · · , n, X∗

i and Xi have identical distribution. Then for any
convex function f in R1,

Ef

(
n∑

i=1

Xi

)
� Ef

(
n∑

i=1

X∗
i

)
, (85)

if the expectations exist in the formula above.
If f is nondecreasing, then

Ef

(
max

1�k�n

k∑
i=1

Xi

)
� Ef

(
max

1�k�n

k∑
i=1

X∗
i

)
, (86)

if the expectations indicated exist.
Proof. We just prove (85) and for the proof of (86) one can refer to
(Shao, 2000). By induction, we shall now prove

Ef(X1 + X2) � Ef(X∗
1 + X∗

2 ). (87)



11.6 Expectation of Convex Function of Sum of NA Sequence 155

Let (Y1, Y2) be an independent copy of (X1, X2). Then we have

f(X1 + X2) + f(Y1 + Y2) − f(X1 + Y2) − f(Y1 + X2)

=
∫ Y2

X2

(f
′
+(Y1 + t) − f

′
+(X1 + t)) dt

=
∫ ∞

−∞
(f

′
+(Y1 + t) − f

′
+(X1 + t))(I(Y2 > t) − I(X2 > t)) dt,

in which f ′
+(x) is the right derivative of f(x). It is nondecreasing. By

positive association and the Fubini theorem, we obtain

2(Ef(X1 + X2) − Ef(X∗
1 + X∗

2 ))

= E(f(X1 + X2) + f(Y1 + Y2) − f(X1 + Y2) − f(Y1 + X2))

= 2
∫ ∞

−∞
Cov(f

′
+(X1 + t), I(X2 � t)) dt � 0.

Thus (87) has been proved.

Remark. We can obtain a series of important inequalities about NA
r.v.’s as consequences of the result above. For example, for 1 < p � 2,

E max
1�k�n

∣∣∣∣∣
k∑

i=1

Xi

∣∣∣∣∣
p

� 2E

∣∣∣∣∣
n∑

i=1

X∗
i

∣∣∣∣∣
p

,

E max
1�k�n

∣∣∣∣∣
k∑

i=1

Xi

∣∣∣∣∣
p

� 23−p
n∑

i=1

E|X∗
i |p;

for p > 2,

E max
1�k�n

∣∣∣∣∣
k∑

i=1

Xi

∣∣∣∣∣
p

� 2(15p/ log p)p

⎧⎨
⎩

(
n∑

i=1

EX2
i

)p/2

+
n∑

i=1

E|Xi|p
⎫⎬
⎭ .

Besides, put Sn =
n∑

i=1

Xi, Bn =
n∑

i=1

EX2
i . Then for any x > 0, a > 0

and 0 < α < 1,

P

{
max

1�k�n
Sk � x

}
� P

{
max

1�k�n
Xk > a

}
+

1
1 − α
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exp
{
− x2α

2(ax + Bn)

(
1 +

2
3

log
(

1 +
ax

Bn

))}
,

P

{
max

1�k�n
|Sk| � x

}
� 2P

{
max

1�k�n
|Xk| > a

}
+

2
1 − α

exp
{
− x2α

2(ax + Bn)

(
1 +

2
3

log
(

1 +
ax

Bn

))}
.

See Shao (2000).

11.7 Marcinkiewicz-Zygmund-Burkholder Inequality

for NA Sequence

Let X1, · · · , Xn be zero-mean-value NA r.v.’s. Then for r � 1,

E

∣∣∣∣∣
n∑

i=1

Xi

∣∣∣∣∣
r

� ArE

(
n∑

i=1

X2
i

)r/2

.

Proof. Let X, Y be zero-mean-value NA r.v.’s, and f(x) be a convex
function. Similar to the proof in 11.6, we have

Ef(X + Y ) � Ef(X − Y ).

Now let εj , j = 1, · · · , n be i.i.d. r.v.’s, of which the distribution is
P (ε1 = 1) = P (ε1 = −1) = 1

2 . Assume that {εj} and {Xj} are indepen-
dent. Take

X =
n∑

j=1

XjI(εj = 1), Y =
n∑

j=1

XjI(εj = −1).

Then

X + Y =
n∑

j=1

Xj , X − Y =
n∑

j=1

εjXj .

Under the condition of {εj}, X and Y are NA r.v.’s. Therefore

Ef

⎛
⎝ n∑

j=1

Xj

⎞
⎠=Ef(X + Y ) = E(E(f(X + Y )|ε1, ε2, · · · ))

�E(E(f(X − Y )|ε1, ε2, · · · ))

=Ef(X − Y ) = Ef

⎛
⎝ n∑

j=1

εjXj

⎞
⎠ .
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Choose f(x) = |x|r. By the Khintchine inequality 9.6 we obtain

E

∣∣∣∣∣
n∑

i=1

Xi

∣∣∣∣∣
r

� E

∣∣∣∣∣∣
n∑

j=1

εjXj

∣∣∣∣∣∣
r

� ArE

(
n∑

i=1

X2
i

)r/2

.

See Zhang (2000).
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Chapter 12

Inequalities about Stochastic
Processes and Banach Space Valued
Random Variables

In this chapter, we introduce some important inequalities about stochastic
processes and Banach space valued random elements. Because the im-
age space of the random elements is more complicated than those for
random variables or vectors, the proofs are generally more involved or
need specific approaches. Therefore, proofs of some inequalities will be
omitted and some references are given.

Herewith, we first recall the definitions of Wiener process and Poison
Process below.

A stochastic process {W (t), t � 0} defined on a probability space
(Ω,F , P ) is called a Wiener process (or a Brownian motion) if

(i) for any ω ∈ Ω, W (0, ω) ≡ 0 and for any 0 � s � t, W (t)−W (s) ∈
N(0, t − s);

(ii) sample functions W (t, ω) are continuous on [0,∞) with probabil-
ity one;

(iii) for 0 � t1 < t2 � t3 < t4 � · · · � t2n−1 < t2n, the increments
W (t2)−W (t1), W (t4)−W (t3), · · · , W (t2n)−W (t2n−1) are independent.

A stochastic process {N(t), t � 0} is called a Poisson process if for
all k � 1 and all 0 � t1 � t2 � · · · � tk, N(t1), N(t2) − N(t1), · · · ,
N(tk) − N(tk−1) are independent Poisson r.v.’s with means t1, t2 − t1,
· · · , tk − tk−1 respectively.

12.1 Probability Estimates of Supremums of a

Wiener Process

12.1.a. For any x � 0,

P
{

sup
0�s�t

W (s) � x
}

= 2P{W (t) � x},

Z. Lin et al., Probability  Inequalities
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P
{

inf
0�s�t

W (s) � −x
}

= 2P{W (t) � −x},

P
{

sup
0�s�t

|W (s)| � x
}

� 2P{|W (t)| � x} = 4P{W (1) � xt−1/2}.

Proof. We shall only prove the first identity, since the second is a dual
case by symmetry of a Wiener Process and the third one (inequality)
follows by combining the two identities. Also, when x = 0, the two
equalities and the inequality are trivially true. Thus, we assume x > 0
in the proof.

We first prove Reflection Principle of Wiener Process. If W (s),
0 � s � t � ∞ is a Wiener process, x is a real number and S is a stopping
time, then W ′(s) is also a Wiener process on [0, t], where

W ′(s) =
{

W (s), if 0 � s � S ∧ t,

2W (S) − W (s), if S ∧ t < s � t.

Especially, when W (S) = x, W ′(s) is the process obtained by reflecting
W (s), s > S about the straight line x.

By strong Markovian property of a Wiener process, W (s), s > S ∧ t

is independent of W (s), s � S ∧ t. By symmetry of a Wiener process,
W (S+s)−W (S), s � 0 has the same distribution as W (S)−W (S+s), s �
0. Thus, W and W ′ are identically distributed.

Now, let’s return to our proof of the first identity. Obviously, we have

P
{

sup
0�s�t

W (s) � x
}

= P
{

sup
0�s�t

W (s) � x;W (t) � x
}

+ P
{

sup
0�s�t

W (s) � x, W (t) < x
}

.

Since {W (t) � x} implies { sup
0�s�t

W (s) � x}, we have

P
{

sup
0�s�t

W (s) � x; W (t) � x
}

= P (W (t) � x).

By the reflection principle, we have

P
{

sup
0�s�t

W (s) � x,W (t) < x
}

= P
{

sup
0�s�t

W ′(s) � x,W ′(t) > x
}

= P (W (t) > x).

The proof is complete.
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12.1.b. For any x > 0,

P{ sup
0�t�1

W (t) � x} =
2√
2π

∫ x

0

e−u2/2du;

4
π

(
e−π

2/8x2 − 1
3
e−9π2/8x2

)
� P{ sup

0�t�1
|W (t)| � x} � 4

π
e−π

2/8x2
.

Proof. The first equality follows from the first equality of 12.1.a. To
prove the inequalities, we first prove that

P
{

sup
0�t�1

|W (t)| < x
}

=
1√
2π

∞∑
k=−∞

(−1)k

∫ (2k+1)x

(2k−1)x

e−t2/2dt.

Define τ0 = inf{t � 1; |W (t)| > x} and τ1 = inf{t � 1;W (t) < −x}.
By induction, define ζk = inf{t ∈ (τk, 1]; W (t) > x} and τk+1 = inf{t ∈
(ζk, 1]; W (t) < −x}, where we use the convention that inf{t ∈ ∅} = 2.
Note that both the τ ’s and ζ’s are stopping tines. We call the largest
k such that ζk � 1 the number of upcrossings over the interval [−x, x].
Similarly, we define the number of downcrossing of the sequence W (t)
over the interval [−x, x] by the number of upcrossings of the sequence
−W (t) over the interval [−x, x].

Let K be the number of crossings (both up- and down-) of the Wiener
process {W (t), 0 � t � 1} over the interval [−x, x].

Then

P
{

sup
0�t�1

|W (t)| < x
}

=P{W (1) ∈ [−x, x]} − P
{

sup
0�t�1

|W (t)| � x; W (1) ∈ [−x, x]
}

=P{W (1)∈ [−x, x]}−2P
{

sup
0�t�1

|W (t)|�x; W (τ0)=x, W (1) ∈ [−x, x]
}

=P{W (1) ∈ [−x, x]} − 2
∞∑

k=0

P
{

W (τ0) = x, K = k, W (1) ∈ [−x, x]
}

=P{W (1)∈ [−x, x]}−2
∞∑

k=0

(−1)kP
{
W (τ0)=x, K �k, W (1)∈ [−x, x]

}
.

Reflecting the process W (t) about x at ζ[(k+2)/2], · · · , ζ1 and reflect-
ing the process about −x at the τ[k/2], · · · , τ1, by reflection principle, we
have

P
{
W (τ0)=x, K �k, W (1)∈ [−x, x]

}
=P (W (1)∈ [(2k+1)x, (2k+3)x]).
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Then, the asserted identity is proved by noticing

P (W (1) ∈ [(2k +1)x, (2k +3)x]) = P (W (1) ∈ [−(2k +1)x,−(2k +3)x]).

Define

h(t) =
{

1, if 0 < t < x,
−1, if x < t < 2x;

h(t) = h(−t); h(t) = h(t + x).

By the Fourier expansion we have

h(t) =
4
π

∞∑
k=0

(−1)k

2k + 1
cos

(
2k + 1

2x
πt

)
.

By what being proved, we have

P
{

sup
0�t�1

|W (t)| < x
}

=
1√
2π

∞∑
k=−∞

(−1)k

∫ (2k+1)x

(2k−1)x

e−t2/2dt

=
1√
2π

∫ ∞

−∞
h(t)e−t2/2dt

=
4
π

∞∑
k=0

(−1)k

2k+1
1√
2π

∫ ∞

−∞
e−t2/2 cos

(
(2k+1)π

2x
t

)
dt

=
4
π

∞∑
k=0

(−1)k

2k + 1
exp

{
− (2k + 1)2π2

8x2

}
,

where we have used the fact that

1√
2π

∫ ∞

−∞
e−t2/2 cos αtdt = e−α2/2.

Choose only the term k = 0, we get the RHS inequality and take the
three terms k = −1, 0, 1 we obtain the LHS inequality.

Remark. The series expansion of P
{
sup0�t�1 |W (t)| < x

}
in the above

proof is itself a very important conclusion.
12.1.c (Csörgő and Révész). For any 0 < ε < 1, there exists a constant
C = C(ε) > 0 such that for any 0 < a < T and x > 0,

P
{

sup
0�t�T−a

sup
0�s�a

|W (t+s)−W (t)| � xa1/2
}

� CTa−1 exp{−x2/(2+ε)}.
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Proof. For given ε > 0, define Δ = 1/
√

1 + ε/2 and M = 2Δ
1−Δ

. Select
points ti = ia/M2, i = 0, 1, · · · ,K − 1 and tK = T − a from the interval
[0, T − a] such that 0 < tK − tK−1 < a/M2. Thus, we have K �
1 + M2T/a.

Noticing Δ(1 + 2/M) = 1, we have

P
{

sup
0�t�T−a

sup
0�s�a

|W (t + s) − W (t)| � xa1/2
}

�
K∑

i=1

(
Ii1 + Ii2 + Ii3

)
,

(88)
where

Ii1 =P
{

sup
ti�t�ti+1

sup
0�s�a

|W (t + s) − W (ti + s)| � ΔM−1xa1/2
}

=P
{

sup
0<t�a/M2

|W (t)| � ΔM−1xa1/2
}

=2P (|W (1)| � Δx) � Ce−x2/(2+ε),

where the first equality follows from the fact that W (t + s) − W (ti + s)
has the same distribution as W (t − ti), and the second equality follows
from 12.1.b. Similarly, we have

Ii2 =P
{

sup
ti�t�ti+1

|W (t) − W (ti)| � ΔM−1xa1/2
}

=P
{

sup
0<t�a/M2

|W (t)| � ΔM−1xa1/2
}

�Ce−x2/(2+ε).

Since W (ti+s)−W (ti) has the same distribution as W (s), by 12.1.b,
we obtain

Ii3 =P
{

sup
0�s�a

|W (ti + s) − W (ti)| � Δxa1/2
}

=P
{

sup
0<s�a

|W (s)| � Δxa1/2
}

� Ce−x2/(2+ε).

The desired inequality from the above estimates.

12.2 Probability Estimate of Supremum of a Poisson

Process

Let ψ(t) = 2h(t + 1)/t2 with h(t) = t(log t − 1) + 1 for t > 0.
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12.2.a. P{ sup
0�t�b

(N(t) − t)±/
√

b � x} � exp
{
−x2

2
ψ

(
±x√

b

)}
for any x > 0 in the “ + ” case and for 0 < x �

√
b in the “ − ” case.

Proof. For any r > 0, {exp(±r(N(t) − t)), 0 � t � b} are both sub-
martingales. Then by a continuous parameter version of the Doob in-
equality 6.5.a,

P{ sup
0�t�b

(N(t) − t)± � x}

= inf
r>0

P{ sup
0�t�b

exp(±r(N(t) − t)) � exp(rx)}

� inf
r>0

exp(−rx)E exp(±r(N(b) − b))

� inf
r>0

exp{−rx + b(e±r − 1) ∓ rb}

=

{
exp{x − (b + x) log((b + x)/b)} in the “ + ” case

exp{−x + (b − x) log(b/(b − x))} in the “ − ” case

= exp
{
−(x2/2b)ψ

(±x

b

)}
.

Here the minimum is obtained by differentiating the exponent and solv-
ing. Now replace x by x

√
b to get the desired inequality.

12.2.b. Let q(t) be nondecreasing and q(t)/
√

t be nonincreasing for
t � 0 and let 0 � a � (1 − δ)b < b � δ < 1. Then for x > 0,

P{ sup
a�t�b

(N(t) − t)±/q(t) � x} � 3
δ

∫ b

a

1
t

exp
{
−(1 − δ)γ±x2

2
q2(t)

t

}
dt,

where γ− = 1 and γ+ = ψ(xq(a)/a).

Proof. Let A±
n = { sup

a�t�b
(N(t) − t)±/q(t) � x}. Define θ = 1 − δ and

integers 0 � J � K by

θK < a � θK−1 and θJ < b � θJ−1 (we let K = ∞ if a = 0).

(from here on, θi denotes θi for J � i < K, but θK denotes a and θJ−1

denotes b. Note that (new θi−1) �(new θi)/θ is true for all J � i � K.)
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Since q is nondecreasing, we have

P (A±
n )�P{ max

J�i�K
sup

θi�t�θi−1
(N(t) − t)±/q(t) � x}

�P{ max
J�i�K

sup
θi�t�θi−1

(N(t) − t)±/q(θi) � x}

�
K∑

i=J

P{ sup
0�t�θi−1

(N(t) − t)±/ � xq(θi)}.

Consider A−
n first. Similarly to the proof in 12.2.a, we have

P (A−
n )�

K∑
i=J

exp
{
−x2q2(θi)

2θi−1

}

�
K−1∑

i=J+1

1
1 − θ

∫ θi−1

θi

1
t

exp
{
−x2q2(t)

2t
θ

}
dt

+ exp
{
−x2q2(a)

2a
θ

}
+ exp

{
−x2q2(θb)

2b

}

� 3
δ

∫ b

a

1
t

exp
{
−(1 − δ)

x2q2(t)
2t

}
dt.

For A+
n , using 12.2.a, as in case A−

n we have

P (A+
n )�

K∑
i=J

exp
{
−x2q2(θi)

2θi−1
ψ

(
xq(θi)
θi−1

)}

�
K∑

i=J

exp
{
−x2q2(θi)

2θi−1
ψ

(
xq(a)

a

)}

� 3
δ

∫ b

a

1
t

exp
{
−x2q2(t)

2t
θψ

(
xq(a)

a

)}
dt,

as desired.

12.3 Fernique Inequality

Let d be a positive integer. D = {t : t = (t1, · · · , td), aj � tj � bj ,
j = 1, · · · , d} with the usual Euclidean norm ‖ · ‖. Let {X(t), t ∈ D} be
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a centered Gaussian process satisfying that 0 < Γ2 ≡ sup
t∈D

EX(t)2 < ∞
and

E(X(t) − X(s))2 � ϕ(‖t − s‖),

where ϕ(·) is a nondecreasing continuous function such that
∫ ∞
0

ϕ(e−y2
)

dy < ∞. Then for λ > 0, x � 1 and A >
√

2d log 2 we have

P

{
sup
t∈D

X(t) � x

{
Γ + 2(

√
2 + 1)A

∫ ∞

1

ϕ(
√

dλ2−y2
)dy

}}

� (2d + B)

⎛
⎝ d∏

j=1

(
bj − aj

λ
+

1
2

)⎞
⎠ e−x2/2,

where B =
∞∑

n=1
exp{−2n−1(A2 − 2d log 2)}.

Proof. Put εn = λ2−2n

, n = 0, 1, · · · . For k = (k1, · · · , kd) with ki =
0, 1, · · · , kin ≡ [(bi − ai)/εn], i = 1, · · · , d, define t

(n)
k = (t(n)

1k1
, · · · , t

(n)
dkd

)
in D , where

t
(n)
iki

= ai + kiεn, i = 1, · · · , d.

Let

Tn = {t(n)
k , k = 0, · · · , kn = (k1n, · · · , kdn)},

which contains Nn ≡
d∏

i=1
kin points, Nn �

d∏
i=1

{(22n

(bi − ai)/λ) + 1}.

Then the set
∞⋃

n=0
Tn is dense in D and Tn ⊂ Tn+1. For j � 1 let

xj = xAϕ(
√

dεj−1)2j/2 and gj = 2(j−1)/2. Then

∞∑
j=1

xj =xA
∞∑

j=1

ϕ(
√

dλ2−2j−1
)2j/2

=xA

∞∑
j=1

ϕ(
√

dλ2−g2
j )(2

√
2 + 2)(gj − gj−1)

�2(
√

2 + 1)xA
∞∑

j=1

∫ gj

gj−1

ϕ(
√

dλ2−y2
)dy

�2(
√

2 + 1)xA

∫ ∞

1

ϕ(
√

dλ2−y2
)dy.



166 Chapter 12 Inequalities about Stochastic Processes and Banach · · ·

Therefore we have

P

{
sup
t∈D

X(t) � x

(
Γ + 2(

√
2 + 1)A

∫ ∞

1

ϕ(
√

dλ2−y2
)dy

)}

�P

{
sup
n�0

sup
t∈Tn

X(t) � xΓ +
∞∑

j=1

xj

}

= lim
n→∞P

{
sup
t∈Tn

X(t) � xΓ +
n∑

j=1

xj

}
.

Let

B0 = {sup
t∈T0

X(t) � xΓ}, Bn =
{

sup
t∈Tn

X(t) �
n∑

j=1

xj

}
,

An =
{

sup
t∈Tn

X(t) � xΓ +
n∑

j=1

xj

}
, n � 1.

We have

P (An)�P (Bn−1) + P (AnBc
n−1)

�P (Bn−1) + P (BnBc
n−1)

�P (B0) +
∞∑

j=1

P (BjB
c
j−1),

where

P (BjB
c
j−1)=P

{ ⋃
t∈Tj

(
X(t) �

j∑
k=1

xk

) ⋂ ⋂
s∈Tj−1

(
X(s) <

j−1∑
k=1

xk

)}

�P

{ ⋃
t∈Tj−Tj−1

⋃
s∈Tj−1

‖t−s‖�√
dεj−1

(X(t) − X(s) � xj)
}

�
∑

t∈Tj−Tj−1

∑
s∈Tj−1

‖t−s‖�√
dεj−1

P{X(t) − X(s) � xj}.

Noting the fact that there is only one point s in the set {s ∈ Tj−1 :
‖t − s‖ �

√
dεj−1} for any t ∈ Tj − Tj−1 and that

E(X(t) − X(s))2 � ϕ2(‖t − s‖) � ϕ2(
√

dεj−1),
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we have

P (BjB
c
j−1)

�
∑

t∈Tj−Tj−1

∑
s∈Tj−1

‖t−s‖�√
dεj−1

P

{
N(0, 1) � xj

ϕ(
√

dεj−1)

}

�
d∏

i=1

(
22j bi − ai

λ
+ 1

)
P{N(0, 1) � Ax2j/2}

�22jd
d∏

i=1

(
bi − ai

λ
+

1
2

)
1

2
√
π

e−A2x22j−1

=
1

2
√
π

d∏
i=1

(
bi − ai

λ
+

1
2

)
e2jd log 2−(2j−1A2−1/2)x2

e−x2/2

<d−2j((A2/2)−d log 2)
d∏

i=1

(
bi − ai

λ
+

1
2

)
e−x2/2.

Noting that A >
√

2d log 2, we obtain

∞∑
j=1

P (BjB
c
j−1) � B

d∏
i=1

(
bi − ai

λ
∨ 1

)
e−x2/2.

On the other hand,

P (B0)=P{sup
t∈T0

X(t) � xΓ}

�2d
d∏

i=1

(
bi − ai

λ
+

1
2

)
P (N(0, 1) � x)

<2d
d∏

i=1

(
bi − ai

λ
+

1
2

)
e−x2/2.

Hence

P (An) � (2d + B)
d∏

i=1

(
bi − ai

λ
+

1
2

)
e−x2/2,

which gives the desired inequality immediately.

12.4 Borell Inequality

Let {X(t), t ∈ T} be a zero-mean-value separable Gaussian process,
and the sample paths are bounded almost everywhere. Denote ||X|| =
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supt∈T |X(t)|. Then for any x > 0,

P{||X|| − E||X|| > x} � 2 exp{−x2/(2σ2
T )},

where σ2
T = supt∈T EX(t)2.

Remark. The Gaussian process in the inequality can be replaced by a
Gaussian variable in Banach space. And E||X|| can also be replaced by
the median of ||X||. If so, then the Borell inequality can be yielded by
the equi-perimeter inequality 12.6 (see Ledoux and Talagrand (1991)).
When T = [0, h], we have the following accurate big-bias conclusion.

12.5 Tail Probability of Gaussian Process

Let {X(t), t ∈ T} is a zero-mean-value separable Gaussian process,
EX2(t) = 1, t � 0,

Γ(s, t) ≡ Cov(X(s), X(t)) = 1 − C0|s − t|α + o(|s − t|α), |s − t| → 0,

where 0 < α � 2, C0 > 0. Then for any h > 0,

lim
x→∞

P{maxt∈[0,h] X(t) > x}
x2/α(1 − Φ(x))

= hC
1/α
0 Hα,

in which Hα = limT→∞
∫ ∞
0

esP{sup0�t�T Y (t) > s} ds/T > 0, Y (t) is
a Gaussian process, which has mean-value EY (t) = −|t|α and covariance
function Cov(Y (s),
Y (t)) = −|s − t|α + |s|α + |t|α.
Remark. This conclusion was obtained by Pickands (1969a,b), and
Qualls and Watanabe (1972) generalized it to the case of Rk. It can be
proved that H1 = 1, H2 = 1/

√
π. Shao (1996) presented the estimations

of the upper and lower bounds of Hα.

12.6 Tail Probability of Randomly Signed Indepen-

dent Processes

For −∞ < a < b < ∞, put T = [a, b] or [a,∞). D denotes the set of all
functions of T that are right continuous and possess left-hand limits at
each point. D denotes the σ-algebra generated by the finite dimensional
subsets of D. Let {Xi(t), t ∈ T}, i = 1, · · · , n, be independent processes
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on (D, D) that are independent of the iid. Rademacher r.v.’s ε1, · · · , εn.
Then for any x > 0,

P

{
max

1�k�n
sup
t∈T

∣∣∣∣
k∑

j=1

εjXj(t)
∣∣∣∣ > x

}
� 2P

{
sup
t∈T

∣∣∣∣
n∑

j=1

εjXj(t)
∣∣∣∣ > x

}
.

Proof. Without loss of generality assume that a = 0, 0 < b � ∞. Let

S0(t) ≡ 0, Sk(t) =
k∑

j=1
εjXj(t) and Km = {j/2m : 0 � j � 2mb}. Denote

Ak = { max
0�j<k

sup
t∈T

S+
j (t) � x < sup

t∈T
S+

k (t)},

Akm = { max
0�j<k

sup
t∈T

S+
j (t) � x < sup

t∈Km

S+
k (t)},

Jkm = min{j : Sk(j/2m) > x}, k = 1, · · · , n.

Furthermore, let K =
∞⋃

m=1
Km, which is countably dense in T . Note that

supt∈Km
|f(t)| → supt∈T |f(t)| as m → ∞ for all f ∈ D. Whereas

supt∈T |f(t)| may not equal f(τ) for some τ ∈ T (it could equal some
f(τ )), it is the case that supt∈Km

|f(t)| equals f(τ) for some τ ∈ Km.
Now noting the symmetry of Sk we have

P{sup
t∈T

S+
n (t) > x}�

n∑
k=1

P

{
Ak

⋂
(sup
t∈T

S+
n (t) > x)

}

=
n∑

k=1

lim
m→∞P

{
Akm

⋂
( sup
t∈Km

S+
n (t) > x)

}

=
n∑

k=1

lim
m→∞

b2m∑
j=0

P

{
Akm

⋂
( sup
t∈Km

S+
n (t) > x)

⋂
(Jkm = j)

}

�
n∑

k=1

lim
m→∞

b2m∑
j=0

P

{
Akm

⋂
(Sn(j/2m) � Sk(j/2m))

⋂
(Jkm = j)

}

=
n∑

k=1

lim
m→∞

b2m∑
j=0

P

{
Akm

⋂
(Jkm = j)

}

P{Sn(j/2m) − Sk(j/2m) � 0}
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� 1
2

n∑
k=1

lim
m→∞

b2m∑
j=0

P

{
Akm

⋂
(Jkm = j)

}

=
1
2

n∑
k=1

lim
m→∞ P (Akm) =

1
2

n∑
k=1

P (Ak)

=
1
2
P{ max

1�k�n
sup
t∈T

S+
k (t) > x}.

For S−
n we have the same conclusion. The inequality is proved.

Let (Ω,F , P ) be a probability space, F = {Ft ⊂ F : t � 0}
be a family of σ-algebras satisfying Fs ⊂ Ft for s < t. A process
X = {X(t), t � 0} is F -adapted, if X(t) is Ft-measurable for all t � 0.
A process X is predictable if it is measurable with respect to the σ-
algebra on (0,∞) × Ω generated by the collection of adapted processes
which are left continuous on (0,∞). A process X has a property locally
if there exists a localizing sequence of stopping times {Tk : k � 1}
such that Tk → ∞ a.s. as k → ∞ and the process X(· ∧ Tk) has the
desired property for each k � 1. An extension of the definition of a
(sub- or super-)martingale (see Chapter 6) in the continuous parameter
case is immediate. The following inequality is a generalization of Doob’s
inequality 6.5.a.

12.7 Tail Probability of Adaptive Process

Suppose that X is an adapted nonnegative process with right-continuous
sample paths, that Y is an adapted process with nondecreasing right-
continuous sample paths and Y (0) = 0 a.s. and that X is dominated by
Y , i.e., EX(T ) � EY (T ) for all stopping times T .

(i) If T is predictable, then for any x > 0, y > 0 and all stopping
times T ,

P

{
sup

0�t�T
|X(t)| � x

}
� 1

x
E(Y (T ) ∧ y) + P{Y (T ) � y}.

(ii) If sup
t>0

|Y (t) − Y (t−)| < a, then for any x > 0, y > 0 and all

stopping times T ,

P

{
sup

0�t�T
|X(t)| � x

}
� 1

x
E(Y (T ) ∧ (y + a)) + P{Y (T ) � y}.
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Proof. We first show that

P

{
sup

0�t�T
|X(t)| � x

}
� 1

x
EY (T ). (89)

Let S = inf{s � T ∧ n : X(s) � x}, T ∧ n if the set is empty. Thus S is
a stopping time and S � T ∧ n. Hence

EY (T )�EY (S) � EX(S)

�EX(S)I
(

sup
0�t�T∧n

X(t) � x

)

�xP

{
sup

0�t�T∧n
X(t) � x

}
.

Letting n → ∞ yields (89).
Denote X∗

t = sup0�s�t X(s). To prove (i), we shall show that for
x > 0, y > 0 and all predictable stopping times S,

P{X∗
S− � x} � 1

x
E{Y (S−) ∧ y} + P{Y (S−) � y}. (90)

Then (i) follows from (90) applied to the processes XT ≡ X(· ∧ T ) and
Y T ≡ Y (· ∧ T ) with the predictable stopping time S ≡ ∞.

Let R = inf{t : Y (t) � y}. Then R > 0 by the right continuity of Y

and is predictable since Y is predictable. Thus R ∧ S is predictable and
with a sequence Sn of stopping times satisfying Sn < R∧S, Sn → R∧S

and {X∗
(R∧S)− � x} ⊂ lim inf

n→∞ {X∗
Sn

� x − ε},

P{X∗
S− � x} = P{YS− < y, X∗

S− � x} + P{YS− � y, X∗
S− � x}

�P{I(YS− < y)X∗
S− � x} + P{YS− � y}

�P{X∗
(R∧S)− � x} + P{YS− � y}

� lim inf
n→∞ P{X∗

Sn
� x − ε} + P{YS− � y}

� 1
x − ε

lim inf
n→∞ EYSn

+ P{YS− � y}

=
1

x − ε
EY(R∧S)− + P{YS− � y}

� 1
x − ε

E(YS− ∧ y) + P{YS− � y}.

Letting ε ↓ 0 yields (90) which in turn implies (i). The argument for (ii)
is similar.

See Lenglart (1977).
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12.8 Tail Probability on Submartingale

Let (|St|,Ft), 0 � t � b be a submartingale whose sample paths are
right (or left) continuous. Suppose S(0) = 0 and ν(t) ≡ ES2(t) < ∞ on
[0, b]. Let q > 0 be an increasing right (or left) continuous function on
[0, b]. Then

P

{
sup

0�t�b
|S(t)|/q(t) � 1

}
�

∫ b

0

(q(t))−2dν(t).

Proof. By the right (left) continuity of the sample paths and S(0) = 0,
using 6.6.c, we have

P

{
sup

0�t�b
|S(t)|/q(t) � 1

}

=P

{
max

0�j�2n
|S(bj/2n)|/q(bj/2n) � 1 for all n � 1

}

= lim
n→∞ P

{
max

0�j�2n
|S(bj/2n)|/q(bj/2n) � 1

}

� lim
n→∞

{
1 −

2n∑
j=1

(E(S2(bj/2n) − S2(b(j − 1)/2n))/q2(bj/2n))
}

=1 − lim
n→∞

2n∑
j=1

1
q2(bj/2n)

{ν(bj/2n) − ν(b(j − 1)/2n)}

=1 −
∫ b

0

(q(t))−2dν(t),

where the convergence comes from the monotone convergence theorem.
In fact, we only need S to be separable and q to be increasing.

We shall denote the canonical Gaussian measure on RN by γN , which
is the probability measure on RN with density

(2π)−N/2 exp(−|x|2/2).

Φ(x) denotes also the d.f. of N(0, 1) on R1. SN−1 denotes the Euclidean
unit sphere in RN equipped with its geodesic distance ρ and normalized
Haar measure σN−1.

Let B be a Banach space equipped with a norm ‖ · ‖ such that, for
some countable subset D of the unit ball of B′, the dual space of all
continuous linear functionals, ‖x‖ = supf∈D |f(x)| for all x in B. We
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say that X is a Gaussian r.v. in B if f(X) is measurable for every f

in D and if every finite linear combination
∑
i

αifi(X), αi ∈ R1, fi ∈ D

is Gaussian. Let M = M(X) be a median of ‖X‖; Ef2(X), f ∈ D,
are called weak variances. A sequence {Xn, n � 1} of r.v.’s with values
in B is called a symmetric sequence if, for every choice of signs ±1,
{±Xn, n � 1} has the same distribution as {Xn, n � 1} (i.e. for each n,
(±X1, · · · ,±Xn) has the same distribution as (X1, · · · , Xn) in Bn).

Most of the inequalities for real r.v.’s such as symmetrization in-
equalities, Lévy’s inequality, Jensen’s inequality, Ottaviani’s inequality,
Hoffmann-Jφrgensen’s inequality, Khintchine’s inequality etc., can be
extended to the Banach valued r.v.’s case.

See Birnbaum and Marshall (1961).

12.9 Tail Probability of Independent Sum in B-Space

Let X1, · · · , Xn be independent B-valued r.v.’s with E‖Xj‖p < ∞ for
some p > 2, j = 1, · · · , n. Then there exists a constant C = C(p) such
that for any t > 0,

P

{∥∥∥∥
n∑

j=1

Xj

∥∥∥∥ � t + 37p2E

∥∥∥∥
n∑

j=1

Xj

∥∥∥∥
}

�16 exp{−t2/144Λn} + C
n∑

j=1

‖Xj‖p/tp,

where Λn = sup|f |�1

{
n∑

j=1

Ef2(Xj)
}

.

The proof can be found in Einmahl (1993).
We state the following important inequality without the proof. The

details may be found, for example, in Ledoux and Talagrand (1991).

12.10 Isoperimetric Inequalities

12.10.a (on a sphere). Let A be a Borel set in SN−1 and H be a
cap (i.e. a ball for the geodesic distance ρ) with the same measure
σN−1(H) = σN−1(A). Then

σN−1(Ar) � σN−1(Hr),
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where Ar = {x ∈ SN−1 : ρ(x,A) < r} is the neighborhood of order r

of A for the geodesic distance. In particular, if σN−1(A) � 1/2 (and
N � 3), then

σN−1(Ar) � 1 −
(π

8

)1/2

exp{−(N − 2)r2/2}.

12.10.b (in a Gaussian space). Let A be a Borel set in RN and H

be a half-space {x ∈ RN ;< x, u >< λ}, u ∈ RN , λ ∈ [−∞,∞], with
the same Gaussian measure γN (H) = γN (A). Then, for any r > 0,
γN (Ar) � γN (Hr) where, accordingly, Ar is the Euclidean neighborhood
of order r of A. Equivalently,

Φ−1(γN (Ar)) � Φ−1(γN (A)) + r

and in particular, if γN (A) � 1/2,

1 − γN (Ar) � 1 − Φ(r) � 1
2

exp(−r2/2).

Remark. Denoting the positive integer set by Z, we can generalize
12.10.b to measure γ = γ∞ in the infinite-dimension space RZ , which
is the product of one-dimension standard Gaussian distribution. By
12.10.b and cylindrical approximation, we have

Φ−1(γ∗(Ar)) � Φ−1(γ(A)) + r, (91)

where γ∗ is the inner measure and A is a Borel set in RZ , r > 0, Ar is
the Hilbert neighborhood of order r of A, i.e., Ar = A + rB2 = {x =
a+rh : a ∈ A, h ∈ RN , |h| � 1} where B2 is the unit ball of l2, the space

of all real sequences x = {xn} for which ‖x‖2 =
( ∞∑

n=1
x2

n

)1/2

< ∞.

12.11 Ehrhard Inequality

For any convex set A in Rn, Borel set B and any 0 � λ � 1,

Φ−1(γN (λA + (1 − λ)B)) � λΦ−1(γN (A)) + (1 − λ)Φ−1(γN (B)),

where λA + (1 − λ)B = {λa + (1 − λ)b : a ∈ A, b ∈ B}.
Refer to the proof in Latala (1996).

Remark. When A and B are both convex sets, the Ehrhard inequality
can be called Brunn-Minkowski type inequality. 12.10.b can be yielded
from 12.11.
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12.12 Tail Probability of Normal Variable in B-Space

Let X be a Gaussian r.v. in B with median M = M(X) and supremum
of weak variances σ2 = σ2(X). Then, for any t > 0,

P{|‖X‖ − M | > t} � 2(1 − Φ(t/σ)) � exp(−t2/2σ2)

and
P{‖X‖ > t} � 4 exp{−t2/8E‖X‖2}.

Proof. Let A = {x ∈ RZ : ‖x‖ � M}. Then γ(A) � 1/2. By (91) we
have γ∗(At) � Φ(t). Now, if x ∈ At, then x = a + th where a ∈ A and
|h| � 1. Noting that

σ = σ(X) = sup
f∈D

(Ef2(X))1/2 = sup
|h|�1

‖h‖,

we have
‖x‖ � M + t‖h‖ � M + tσ

and therefore At ⊂ {x : ‖x‖ � M + σt}. Applying the same argument
to A = {x : ‖x‖ � M} clearly concludes the proof of the first inequality.
From it, and from σ2 � E‖X‖2, M2 � 2E‖X‖2, we obtain the second
one.

12.13 Gaussian Measure on Symmetric Convex Sets

Let μ be a centered Gaussian measure in separable Banach space E, X

and Y be two zero-mean-value Gaussian random elements in E. Then
for any 0 < λ < 1, and any two symmetric convex sets A and B in E,

μ(A
⋂

B) � μ(λA)μ((1 − λ2)1/2B),

P{X ∈ A, Y ∈ B} � P{X ∈ λA}P{Y ∈ (1 − λ2)1/2B}.
Proof. We might as well assume that E = Rn. Let (X ′, Y ′) be the
independent copy of (X, Y ), and denote a = (1− λ2)1/2/λ. It is easy to
see that X−aX ′ and Y +Y ′/a do not intersect, and are thus independent
of each other. With X − aX ′ and X/λ identically distributed, and so is
Y + Y ′/a and Y/

√
1 − λ2. By the Anderson inequality 2.3.b, we obtain

P{X ∈ A, Y ∈ B}�P{(X, Y ) + (−aX ′, Y ′/a) ∈ A × B}
=P{X − aX ′ ∈ A, Y + Y ′/a ∈ B}
=P{X − aX ′ ∈ A}P{Y + Y ′/a ∈ B}
=P{X ∈ λA}P{Y ∈

√
1 − λ2B}.
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See Li (1999).

12.14 Equivalence of Moments of B-Gaussian Vari-

ables

Let X be a Gaussian r.v. in B. Then all the moments of ‖X‖ are
equivalent (and equivalent to M = M(X)) in the sense that for any
0 < p, q < ∞, there exists a constant Kpq depending only on p and q

such that
(E‖X‖p)1/p � Kpq(E‖X‖q)1/q.

Proof. Integrating the first inequality of 12.12 we obtain

E|‖X‖ − M |p =
∫ ∞

0

P{|‖X‖ − M | > t}dtp

�
∫ ∞

0

exp(−t2/2σ2)dtp � (K
√

pσ)p

for some numerical constant K. Now, this inequality is stronger than
what we need since σ � 2M and M can be majorized by (2E‖X‖q)1/q

for every q > 0. The proof is complete.

12.15 Contraction Principle

12.15.a. Let f : R+ → R+ be convex, {εn, n � 1} be a Rademacher
sequence. For any finite sequence {xn} in a Banach space B and any
real numbers {αn} such that |αn| � 1 for each n, we have

Ef

(∥∥∥∥∑
n

αnεnxn

∥∥∥∥
)

� Ef

(∥∥∥∥∑
n

εnxn

∥∥∥∥
)

.

Furthermore, for any t > 0,

P

{∥∥∥∥ ∑
n

αnεnxn

∥∥∥∥ > t

}
� 2P

{∥∥∥∥∑
n

εnxn

∥∥∥∥ > t

}
.

Proof. The function

(α1, · · · , αN ) → Ef

(∥∥∥∥
N∑

n=1

αnεnxn

∥∥∥∥
)

is convex. Therefore, on the compact convex set [−1, 1]N , it attains its
maximum at an extreme point, that is a point (α1, · · · , αN ) such that
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αn = ±1. For such values of αn, by symmetry, both terms in the first
inequality are equal. This proves this inequality.

Concerning the second one, replacing αn by |αn|, we may assume by
symmetry that αn � 0. Moreover, by identical distribution, we suppose

that α1 � · · · � αN � αN+1 = 0. Put Sn =
n∑

j=1

εjxj . Then

N∑
j=1

αjεjxj =
N∑

n=1

αn(Sn − Sn−1) =
N∑

n=1

(αn − αn+1)Sn.

It follows that ∥∥∥∥
N∑

j=1

αjεjxj

∥∥∥∥ � max
1�n�N

‖Sn‖.

We conclude the proof by a version of Lévy’s inequality 5.4 in the Banach
space case.
12.15.b. Let f : R+ → R+ be convex. Let {ηn} and {ξn} be two
symmetric sequences of real r.v.’s such that for some constant K � 1
and every n and t > 0,

P{|ηn| > t} � KP{|ξn| > t}.
Then, for any finite sequence {xn} in a Banach space,

Ef

(∥∥∥∥∑
n

ηnxn

∥∥∥∥
)

� Ef

(
K

∥∥∥∥∑
n

ξnxn

∥∥∥∥
)

.

Proof. Let {δn} be independent of {ηn} such that P{δn = 1} = 1 −
P{δn = 0} = 1/K for each n. Then, for any t > 0,

P{|δnηn| > t} � P{|ξn| > t}.
Taking inverses of the d.f.’s, it is easily seen that the sequences {δnηn}
and {ξn} can be constructed on some rich enough probability space in
such a way that

|δnηn| � |ξn| a.s. for each n.

From the contraction principle 12.15.a and the symmetry assumption, it
follows that

Ef

(∥∥∥∥∑
n

δnηnxn

∥∥∥∥
)

� Ef

(∥∥∥∥∑
n

ξnxn

∥∥∥∥
)

.
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The proof is then completed via Jensen’s inequality 8.4.a applied to the
sequence {δn} since Eδn = 1/K.

12.16 Symmetrization Inequalities in B-Space

Let f : R+ → R+ be convex, then for any finite sequence {Xn} of
independent mean zero (i.e. Eg(Xn) = 0 for all g ∈ D) r.v.’s in B such
that Ef(‖Xn‖) < ∞ for each n,

Ef

(
1
2

∥∥∥∥∑
n

εnXn

∥∥∥∥
)

� Ef

(∥∥∥∥∑
n

Xn

∥∥∥∥
)

� Ef

(
2
∥∥∥∥∑

n

εnXn

∥∥∥∥
)

,

where {εn} is a Rademacher sequence which is independent of {Xn}.
Proof. Let {X ′

n} be an independent copy of the sequence {Xn} and be
also independent of {εn}. Put Xs

n = Xn − X ′
n. Then, by Fubini’s theo-

rem, Jensen’s inequality, zero mean and convexity, recalling the Remark
of 8.6, we have

Ef

(∥∥∥∥∑
n

Xn

∥∥∥∥
)

� Ef

(∥∥∥∥∑
n

Xs
n

∥∥∥∥
)

= Ef

(∥∥∥∥∑
n

εnXs
n

∥∥∥∥
)

� Ef

(
2
∥∥∥∥∑

n

εnXn

∥∥∥∥
)

.

Conversely, by the same argument,

Ef

(
1
2

∥∥∥∥∑
n

εnXn

∥∥∥∥
)

�Ef

(
1
2

∥∥∥∥∑
n

εnXs
n

∥∥∥∥
)

=Ef

(
1
2

∥∥∥∥∑
n

Xs
n

∥∥∥∥
)

� Ef

(∥∥∥∥∑
n

Xn

∥∥∥∥
)

.

The inequality is proved.

12.17 Decoupling Inequality

Let {Xn, n � 1} be a sequence of real independent r.v.’s, let {Xln, n � 1}
be independent copies of {Xn, n � 1} for 1 � l � k. Furthermore, let
fi1,··· ,ik

be elements of a Banach space such that fi1,··· ,ik
= 0 unless the

i1, · · · , ik are distinct. Then for any 1 � p � ∞, we have∥∥∥∥ ∑
i1,··· ,ik

fi1,··· ,ik
Xi1 · · ·Xik

∥∥∥∥
p

� (2k+1)k

∥∥∥∥ ∑
i1,··· ,ik

fi1,··· ,ik
X1i1 · · ·Xkik

∥∥∥∥
p

,
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where ‖ξ‖p = (E‖ξ‖p)1/p for a Banach space valued r.v. ξ.
Proof. Let mn = EXn, X̄n = Xn −mn, X̄ln = Xln −mn, l = 1, · · · , k,
and let X = {Xn, n � 1}, Xl = {Xln, n � 1}, l = 1, · · · , k, and Xj =
(X1, · · · , Xj). At first we show that for 1 � r � k,

∥∥∥∥ ∑
i1,··· ,ir

fi1,··· ,irX̄1i1 · · · X̄rir

∥∥∥∥
p

� 2r

∥∥∥∥ ∑
i1,··· ,ir

fi1,··· ,ir
X1i1 · · ·Xrir

∥∥∥∥
p

.

(92)
Indeed, by interchangeability,

∥∥∥∥ ∑
i1,··· ,ir

fi1,··· ,irX̄1i1 · · · X̄rir

∥∥∥∥
p

=
∥∥∥∥ ∑

i1,··· ,ir

fi1,··· ,ir
(X1i1 − mi1) · · · (Xrir

− mir
)
∥∥∥∥

p

=
∥∥∥∥ ∑

(δ1,··· ,δr)∈{0,1}r

∑
i1,··· ,ir

fi1,··· ,ir
Xδ1

1i1
· · ·Xδr

rir
m1−δ1

i1
· · ·m1−δr

ir

∥∥∥∥
p

�
r∑

j=0

(
r
j

)∥∥∥∥ ∑
i1,··· ,ir

fi1,··· ,ir
X1i1 · · ·Xjij

mij+1 · · ·mir

∥∥∥∥
p

=
r∑

j=0

(
r
j

)∥∥∥∥ ∑
i1,··· ,ir

fi1,··· ,ir
X1i1 · · ·Xjij

E(Xj+1,ij+1 |Xj)· · ·E(Xr,ir
|Xj)

∥∥∥∥
p

=
r∑

j=0

(
r
j

)∥∥∥∥E

( ∑
i1,··· ,ir

fi1,··· ,ir
X1i1 · · ·Xjij

Xj+1,ij+1 · · ·Xr,ir
|Xj

)∥∥∥∥
p

�
r∑

j=0

(
r
j

)∥∥∥∥ ∑
i1,··· ,ir

fi1,··· ,ir
X1i1 · · ·Xjij

Xj+1,ij+1 · · ·Xrir

∥∥∥∥
p

=2r

∥∥∥∥ ∑
i1,··· ,ir

fi1,··· ,ir
X1i1 · · ·Xrir

∥∥∥∥
p

.

Here Jensen’s inequality was used.
Similarly, we have

∥∥∥∥ ∑
i1,··· ,ik

fi1,··· ,ik
Xi1 · · ·Xik

∥∥∥∥
p

�
k∑

r=0

(
k
r

)∥∥∥∥ ∑
i1,··· ,ik

fi1,··· ,ik
X̄i1 · · · X̄irmir+1 · · ·mik

∥∥∥∥
p
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=
k∑

r=0

(
k
r

)∥∥∥∥E

( ∑
i1,··· ,ik

fi1,··· ,ik
(X̄1i1 + · · · + X̄ri1) · · ·

(X̄1ir
+ · · · + X̄rir

)mir+1 · · ·mik
|X1

)∥∥∥∥
p

�
k∑

r=0

(
k
r

)∥∥∥∥ ∑
i1,··· ,ik

fi1,··· ,ik
(X̄1i1 + · · · + X̄ri1) · · ·

(X̄1ir
+ · · · + X̄rir

)mir+1 · · ·mik

∥∥∥∥
p

.

Put Gr = σ

(
r∑

j=1
Xj

)
. The last expression is equal to

k∑
r=0

(
k
r

)∥∥∥∥rrE

( ∑
i1,··· ,ik

fi1,··· ,ik
X̄1i1 · · · X̄rir

mir+1 · · ·mik
|Gr

)∥∥∥∥
p

�
k∑

r=0

(
k
r

)∥∥∥∥rr
∑

i1,··· ,ik

fi1,··· ,ik
X̄1i1 · · · X̄rir

mir+1 · · ·mik

∥∥∥∥
p

�
k∑

r=0

(
k
r

)
(2r)r

∥∥∥∥ ∑
i1,··· ,ik

fi1,··· ,ik
X1i1 · · ·Xrir

mir+1 · · ·mik

∥∥∥∥
p

=
k∑

r=0

(
k
r

)
(2r)r‖E

( ∑
i1,··· ,ik

fi1,··· ,ik
X1i1 · · ·Xrir

Xr+1,ir+1 · · ·Xkik
|Xr

)∥∥∥∥
p

� (2k + 1)k

∥∥∥∥ ∑
i1,··· ,ik

fi1,··· ,ik
X1i1 · · ·Xkik

∥∥∥∥
p

,

as desired. Here the second inequality is due to (92).
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